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PREFACE TO THE SEVENTH EDITION 


rilHIS edition is mainly a reprint of the last, but results involv- 
ing Elliptic Functions have been reduced to the notation of 
Weierstrass and the chapter on the Equilibrium of Revolving Liquid 
has been partly rewritten and contains some notice of recent re- 
search. Readers of text-books have too loflg been allowed to regard 
Maclaurin’s Spheroids and Jacobi’s Ellipsoid as a kind of mathe- 
matical accident, somewhat resembling examples that are made “,to 
come out”; and though it is impossible to reproduce here the 
extensive work of Poincar6 and others on this subject, we have 
drawn attention to the fact that these forms of equilibrium are only 
special cases in sequences of possible forms, and we have given some 
references that will be useful to those who desire to pursue the 
subject further. 

In some of the other chaptem additional references have been 
given in footnotes in the hope of increasing the utility of the 
book. 


October, 1911 . 


W. H. B. 
AS.R 



PEEFACE TO THE EIGHTH EDITION 

edition Chapter V on The Stability of Equilibrium of 
Floating Bodies has been partly rewritten. It now contains a 
new method of treatment of the general problem and an important 
correction to Leclert’s Theorem, for both of which I am indebted 
to Dr Bromwich. In other respects this edition differs but little 
from the last. 

A. S. R. 


July, 1919 . 
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HYDKOSTATICS 

CHAPTER I 

1. We loam from common experience that such substances as 
air and water are characterised by the ease with which portions of 
their mass can be removed, and by their extreme divisibility. These 
properties are illustrated by various common facts ; if, for instance, 
we consider the ease with which fluids can be made to permeate 
each other, the extreme tenuity to which one fluid can be reduced 
by mixture with a large portion of another fluid, the rarefaction of 
air which can be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility of fluid 
is unlimited : we find, moreover, that in separating portions of fiuids 
from ^ach other, the resistance offered to the division is very slight,, 
and in general almost inappreciable. By a generalization from such 
observations, the conception naturally arises of a substance pos- 
sessing in the highest degree these properties, which exist, in a 
greater or less degree, in every fluid with which we are acquainted, 
and hence we are led to the following 

Definition of a Perfect Fluid. 

2. A perfect fluid is an aggregation of particles which yield at 
once to the slightest effort made to separate them from each other. 

If then an indefinitely thin plane be made to divide such a fluid 
in any direction, no resistance will be offered to the division, and 
the pressure exerted by the fluid on the plane will be entirely 
normal to it; that is, a perfect fluid is assumed to have no ‘viscosity,* 
no property of the nature of friction. 

The following fundamental property of a fluid is therefore ob- 
tained from the above definition. 

*The pressure of a perfeS fluid is always normal to any surface 
with which it is in contact 

As a matter of fact, all fluids do more or less offer a resistance 
to separation or division, but, just as the idea of a rigid body is 
obtained fix)m the observation of bodies in nature which only change 
form slightly on the application of great force, so is the idea of a 
perfect fluid obtained from' our experiences of substances which 

B.H. 
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DEFINITION OF Jl FLUID 


possess the characteristics of extremely easy separability and ap- 
parently unlimited divisibility. 

The following definition will include fluids of all degrees of 
viscosity. 

A fluid is an aggregation ofjyariicles which yield to the slightest 
effort made to separate them from each other, if it be continued long 
enough. 

Hence it follows that, in a viscous fluid at rest, there can be no 
tangential action, or shearing stress, and therefore, as in the case 
of a perfect fluid, 

The pressure of a fluid at rest is always nomnal to any surface 
with which it is in contact. 

Thus all propositions in Hydrostatics are true for all fluids what- 
ever be the viscosity. 

In Hydrodynamics it will be found that the ccpiations of motion 
are considerably modified by taking account of the viscosity of a 
fluid. 

3. Fluids are divided into Liquids and Gases; the former, such 
as water and mercury, are uot sensibly compressible except under 
very great pressures; the latter are easily compressible, and expand 
freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the latter 
elastic fluids. 

4. Fluids are acted upon by the force of gravity in the same 
way as solids; with regard to liquids this is obvious; and that air has 
weight can be shewn directly by weighing a closed vessel, exhausted 
as far as possible: moreover, the phenomena of the tides shew that 
fluids are subject to the attractive forces of the sun and moon as 
well as of the earth, and it is assumed, from those and other similar 
facts, that fluids of all kinds are subject to the law of gravitation, 
that is, that they attract, and are attracted by, all other portions of 
matter, in accordance with that law. 


Measure of the Pressftre of Fluids. 


6. Consider a mass of fluid at rest under the action of any 
forces, and let A be the area of a plane surface exposed to the 
action of the fluid, that is, in contact with it, and P the force which 
is required to counterbalance the action of the fluid upon A, If 


the action of the fluid upon A be uniform, then 


^ is the pressure 
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on each unit of the area A, If the pressure be not uniform, it 
must be considered as varying continuously from point to point 
of the area A, and if w be the force on a small portion a of the 

area about a given point, then — will approximately express the 

rate of pressure over a. When a is indefinitely diminished 


let — ultimately = then p is defined to be the measure of the 

pressure at the point considered, p being the force which would be 
exerted on an unit of area, if the rate of pressure over the unit were 
uniform and the same as at the point considered. 

The force upon any small area a about a point, the pressure at 
which is p, is therefore pa +7, where 7 vanishes ultimately in com- 
parison with pa when a (and consequently po) vanishes. 


6. The pressure at any point of a fluid at rest is the same in 
every direction. 

This is the most important of the characteristic properties of a 
fluid ; it can be deduced from the fundamental property of a fluid 
in the following manner: 

If we consider the e<iuilibrium of a small tetrahedron of fluid, wo 
observe that the pressures on its faces, and the impressed force on 
its mass, form a system of equilibrating forces. 

The former forces depending on the areas of the faces vary as 
the square, and the latter depending on the volume and density 
Varies as the cube of one of the edges of the solid, which is consi- 
dered to bo homogeneous, and therefore supposing the solid indefi- 
nitely diminished, while it retains always a similar form, the latter 
force vanishes in comparison with the pressures on the faces ; and 
these pressures consequently form of themselves a system of forces 
in equilibrium. 

Let p, p' be the rates of the pressure on the faces ABO, BCD , and 
resolve .the forces parallel to the edge AD; 
then, since the projections of the areas ABC, 

BCD on a plane perpendicular to AD are the 
same (each equal to a suppose) we have ulti- 
mately, 

pa^p'a, 



or p =p'. 

And similarly it may be shewn that the pressures on the other two 
faces are each equal to p or p'. 
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MEASURE OF THE PRESSURE OF FLUIDS 


As the tetrahedron may be taken with its faces in any direction, 
it follows that the pressure at a point is the same in every direction. 

This proposition isr also true if the fluid be in motion, for by 
D’Alembert s Principle the reversed effective forces and the im- 
pressed forces which act upon the mass of fluid must balance the 
pressures on its faces, and the effective forces are of the same order 
of small quantities as the impressed forces and vanish in comparison 
with the pressures. 


7. The following proof of the foregoing proposition is taken 
from Cauchy’s Exercices*. 

Let P and Q be two points in a fluid at a finite distance from 
each other; about PQ as axis describe a cylinder of very small radius, 
draw a plane through Q perpendicular to QP, draw any plane 
through P, and consider the e<|uilibrium of the mass PQ. 

The pressures on its ends and on its curved surface, and the 
impressed forces which act upon it, form a system of balancing forces. 

Let p, p' be the pressures at Q and P, a the area of the section 
Q of the cylinder, and a' of the sec- 
tion P; then the pressure pW on 
the end P, resolved parallel to the 
axis of the cylinder, is equal to p'or, and therefore 

p'a— pa = the impressed force, resolved parallel to QP. 

Now whatever be the direction of the plane through P, this im- 
pressed force, when the radius of the cylinder is indefinitely dimi- 
nished, is ultimately ecpial to the impressed force on the portion 
QP of the cylinder cut off* by a plane through P perpendicular to 
the axisf, that is, to 

fPQ 




I?' 


IJ'%4 

Jpada;, 
J 0 


* Seconde Annee, 1827, p. 23. 

t The following considerations may complete this part of the proof: . 

Let AB, J'B' be the two planes 
through P; p, p* the mean densities 
of APA\ h PB' ; and /, /' the accelera- q 

tions of the forces which are acting 
on these portions of fluid. 

Then the difference of the. forces on QAB and QA'B' (the volumes of which are 
equal) 

= the difference of the forces on APA' and BPB' 

= (pT - pf) • vol. APA* 
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where w/is the force on a particle m of the fluid at a distance x 
fi’om Q. Hence 

(PQ 

pfdx, 

J 0 

or p' is constant for all positions of the j^lano through P, 

' Transmission of Fluid Pressure. 

8. Any pressure, or additional pressure, applied to the surface 
or to any other part of a liquid at rest, is transmitted equally to all 
parts of the liquid. 

This property of li(]iiids is a direct result of experiment, and, 
as such, is sometimes assumed. It is how(*ver deduciblc from the 
definition of a fluid. 

Let P be a point in the surface of a li(|ui(l at rest, and Q any 
other point in' the liquid ; about the straight line PQ dtsscribe a 
cylinder, of very small radius, bounded by the surfiice at P and b}" 
a plane through Q, perpendicular to QP. 

If the pressure at P be increased by p, the additional force on 
the cylinder, resolved in the direction of its axis, i^poL, a being the 
area of the section of the cylinder perpendicular to its axis, and 
this must be counteracted by an equal force pa at Q in the direction 
QP, since the pressure of the liquid on the curved surface is per- 
pendicular to the axis. The pressure at Q is therefore increased 
hyp. • 

If the straight line PQ do not lie entirely in the liquid, P and 
Q can bo connected by a number of straight lines, all lying in the 
li(][uid, and a repetition of the above reasoning will shew that the 
pressure p is transmitted, unchanged, to the point Q. 

9. In consequence of this property, a mass of liquid can be 
used as a ‘machine’ for the purpose of multiplying power. 

Thus, if in a closed vessel full of water two apertures be made 
and pistons A, A' fitted in them, any force P applied to one piston 
must be counteracted by a force P' on the other piston, such that 
P' : P in the ratio of the area A' i ^,for the increased rate of pressure 
at every point of A is transmitted to every point of A\ and the 
force upon A' depends therefore upon its area*. 

[QP 2 

and therefore jp' = 2 ? + I pfdx + - AA ' . S {pf). 

Jo dw- 

The forces being oontinnous, the last term is obvionsly evanescent compared 
with the other quantities in the equation, and p' is therefore constant. 

* Bramah’s Press is an instance of the practi al use of this property of liquids. 
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The action between the two is analogous to the action of a lever, 
and it is clear that by increasing A' and diminishing A, we can 
make the ratio P' : P as large as we please. 


10. The pressure of a gaseous fluid is found to depend upon its 
density and temperature, as well as upon the nature of the fluid 
itself. 

When the temperature is constant, experiment shews that the 
pressure varies inversely as the space occupied by the fluid, that is^ 
directly as its density. 

This law was first stated by Boyle, but it is a conseciucnce of 
the more general law that the pressure of a mixture of gases that 
do not act chemically on each other is the sum of the pressures the 
gases would exert if they filled the containing vessel separately.' 
For doubling the (quantity of gas in the vessel would double the 
pressure, and a similar proportionate change of pressure would take 
j)lace for any other change of quantity. 

Hence if p be the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature remains 
the same, 

p = kp, 

where is a constant, to bo determined experimentally for the fluid 
at a given temperature. 

If V be the volume of the gas at the pressure p, and v the 
volume at the pressure p\ 

pv = p'v, 

or pv is constant for a given temperature. 


11. The Elasticity of a fluid is measured by the ratio of a 
small increase of pressure to the cubical compression produced by 
it. 


. dv 

If V be the volume, the small cubical compression is — , and 


the measure of the elasticity is 


dp 


In the case of a gas at constant temperature pv is constant, 
and + 

so that the measure of the elasticity is equal to that of the pressure. 

If the relation between the elasticity and the pressure is given, 
we can deduce the relation between the pressure and the volume. 
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f or instance^ if we can imagine the existence of a fluid in which 
the elasticity is double the pressure, we have 

from which it follows that pv® is constant. 


Measures of Weight, Mass, and Density. 

12. The weight, mass, and density of a fluid are measured in 
the same way as for solid bodies. 

If TT be the weight of a mass M of fluid, then, in accordance 
with the usual conventions which define the units of mass and force, 

W=Mg, 

If V be the volume of the mass M of fluid of density p, then 

and .*. W^gpV, 

For the standaixl substance, p = l, and therefore the unit of 
mass is the mass of the unit of volume of the standard substance. 

If the unit of mass is a pound, the equation, W = Mg^ shews 
that the action of gravity on a pound is ecjuivalent to g units of 
force. The unit of force is therefore, roughly, equal to the weight 
of half an ounce, and it is called the Poundal. 

13. In the previous articles no account has been taken of fluids 
in which the density is variable; but it is easy to conceive the 
density of a mass of licpiid varying continuously from point to J)oint, 
and it will be hereafter found that a mass of clastic fluid, at rest 
under the action of gravity, and having a constant temperature 
throughout, is necessarily heterogeneous : the density at a point 
of a fluid must therefore be measured in the same way as the pres- 
sure at a point, or any other continuously varying quantity. 

Measure of the density at any poiivt of a heterogeneous fluid. 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the.density of a homogeneous fluid such that 
the mass of a volume v is equal to w, or such that 

m-pv; 

then p may be defined as the mean density of the portion v of the 
heterogeneous fluid, and the ultimate value of p when v is indefi- 
nitely diminished, supposing it always to enclose the point, is the 
density of the fluid at that point. 
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14 . To find the work done in compressing a gas. 

Let V be the volume of a gas at the pressure p, dS an element 
of the surface of the vessel containing it, and dn an element of the 
normal to dS drawn inwards. 

Then the work done in a small compression 
= = —pdv, 

and the work done in compressing from volume V to F' 

= -jpdv = - if pv = C, 

V V 

= Ulogy,=Jwlog-y,. 

If the compression takes place in a vessel surrounded by the 
atmosphere, iis fdr example if the gas is confined in a cylinder by 
a piston, the pressure of the atmosphere assists in the work of com- 
pression. Thus if the initial volume is Fat atmospheric pi*essure U, 
the external work done in compressing it to volume F' 

“ “ j 0^ ~ n) where po — HV 

= nFiogy,-n(F-F'). 


EXAMPLES 


(In these Examples tj is taken to be 82, when a foot and a second are units.) 

1. ' A BCD is ti i-ectangular aroa subject to fluid i)i’ossure ; is a fixed 
line, and the pmssure on the area is a given function (/*) of the length BC (x) ; 

dP 

prove that the pressure at any p<»int of CD is where a^AB, 

If A be a fixed point, and AB, AD fixed in direction, and if AB=x and 
<P P 

AD=yy the pressure at 

2. In the equation W—gp\\ if tl^e unit of force be 100 lb. weight, the 
unit of length 2 feet, and the unit of tune Jth of a second, find the density of 
water. 


3. If a minute he the unit of time, and a yard the unit of space, and if 
15 cubic inches of the standard substance coutein 25 oz., determine the unit 
of force. 

4. In the equation, Ws=gp V, the number of seconds in the unit of time 
is equal to the number of feet in the unit of length, the unit of force is 750 lb. 
weight, and a cubic foot of the standaid substance contains 13500 ounces ; find 
the unit of time. 

6. A velocity of 4 feet per second is the unit of velocity ; water is the stan- 
dard substance and the unit of force is 125 lb. weight ; find the units of time 
and length. 
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6. The number expressing the weight of a cubic foot of water is ^^th of 
that expressing its volume, ^th of that expressing its mass, and xJ^th of the 
number expressing the work done in lifting it 1 foot. Find the units of length, 
mass, and time. 

7. If the pressure of the atmos])here be the unit of pressure, the velocity 
<)f sound the unit of velocity, and the acceleration due to gravity the unit of 
acceleration, find roughly the unit of foi*ce. 

8. If a feet and h seconds be the units of space and time, and the density 
of water the standard density, find the I’clation l)ctwoen a and h in order that 
the equation, W=^gp F, may give the weight of a substance in pounds. 

9. A velocity of 8 feet per second is the unit of velocity, the unit of accelera- 
tion is that of a falling bo(l\, and the unit of mass is .i ton ; find the density 
of water. 

10. The density at any point of a liquid, contained in a cone having its axis 
vertical and vertex downwards, is greater than the density at the surface by a 
quantity varying as the depth of the point. Shew that the density of the liquid 
when mixed up so as to be uniform will be that of the liquid originally at the 
depth of one-fourth of the axis of the cone. 

11. From a vessel full of liquid of density p is removed 1/nth of the con- 
tents, and it is filled up with liquid of density o-. If this operation l>o repeated 
m times, find the resulting density in the vessel. 

Deduce the ilcnsitv in a vessel of volume F, originally filled with liquid of 
<lensity p, after a volume U of liquid of density <r has dripped into it by 
infinitesimal drops. 

1 2. The density of a fluid varies from point to point ; considering directions 
proceeding from a given point, jirove that the density varies most rapidly along 
the normal to the surface of equal density containing the point ; and of direc- 
tions in the tangent plane to this surfiice, the tangents to its principal sections 
are those in which the rate of variation of density is greatest and least. 
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THE CONDITTONS OF THE EQUILIBRIUM OF FLUIDS 

*^ 16 . Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at rest 
under the action of given forces, and let it be recpiired to deter- 
mine the conditions of equilibrium, and the pressure at any point. 

Let X, z be the co-ordinates referifj^to rectangular axes, of 
any point P in the fluid, and lei Q be jv^oint near it, so taken 
that PQ is parallel to the axis of A*. f: 

Take y, z as the co-ordinates about i'*^^^(‘scrJbe 

a small prism or cylinder bounded by plaffl^^erpendicular to PQ, 
Let a be the area of the section of the cjtlindiT perpendicular 
to its axis, p the pressure at and y) + Sp^^he pressure at Q. 

Then, a being very small, the pressure iifemy point of the lAaiio 
P will be very nearly etpial to p, and th('^||^Rsim' upon it will 
therefore be 

(p+7) Of, 

where 7 vanishes in comparison with p when a is indefinitely 
diminished. 


We can therefore consider a so small that 7 may bo neglectc‘d 
in comparison with p, and tlu‘. pressure on the end P of the 
cylinder may be taken equal to pof, and similarly the pressuri' on 
the end Q ecpial to 

{}) + Bp) a. 

If p be the mean density of the cylinder PQ, its mass == paBx, 
and XpaBx will represent the force on PQ parallel to its axis, if 
Xom, F&h, ZBm be the components of the forces acting on a 
particle Bin of fluid at the point, (ar, y, z). 

Hence, for the ecpiilibrium of PQ, ^ 

{p -i- Bp) a —pa = XpaBx, 
or Bp = pXBx, 

Proceeding to the limit when Bx, and therefore Bp, is in- 
definitely diminished, p will be the density at P, and we obtain 



* In the above proof, a is taken so small that its linear dimensions may be 
neglected in comparison with dx; that is, the change in p, corresponding to a change 
8x in X, is considered undisturbed by any alterations in y and 
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By a similar process, 


on 


dp 

dz 


= pZ. 


But 


^ dx 


(ip = p(X(fx‘\‘ Vdi/ + Z(h) (a)> 

the cciuation which d(‘tormincs thc‘ pressure. 

16. The pressure is clearly a function of the independent 
variable's //, and 2 , and we know that 

r-p _ ?-p d-p __ d"p d'“p _ d“p 
('ydz dzdy* czdx dx?z' dxdy dyd.c 

Hence we obtain from the preceding e<iuations, 


t(pr).|(,A-) 


diC 


m- 


Performing the operations indicated we havi> 


'dni 



Y^P 


dz 

V (>P 

-zl^^- 

dz 

dx 

Y^P 
dx ■ 

Y^P 


(dZ dX\ 

'W dj)' 

(dx _dy\ 

V9y dx)' 

*% 

Multijilying by X, V, Z, and adding, we obtain 

« 

as a necessary condition of equilibrium. 

The geometrical inte^i:pretation of this etjuation is that the lines 
of force, 

dx dy dz 

^ X^ Z' 

can be intersected orthogonally by a system of surfeces. 
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CONDITIONS OF EQUILIBRIUM 


17. Homogeneous Liquids. If the fluid be hombgeneous 
and incompressible, Xdx + Ydy -f- Zdz must be a perfect dif- 
ferential in order that equilibrium may be possible. 

In other words, the system of forces must be a conservative 
system, and the forces can be represented by the space- variations 
of a potential function. 

We then have, if V be the potential function, 

dp^— pdV, 


and 


-+ F=a 


If, for instance, the forces tend to or from fixod centres and are functions 
of the distances from those centres, we liave 




! {0 ('•) {</> (>•) 'j . -2^=2 {«^ (»■) —} , 


where (a, 6, c) ai*e co-ordinates of the centre to which the force 0 (r) tends. 
Now = (.r - + (y - 1 >)‘^ + (-s “ 

. * . Xdx^ Ydy -h Zdz — 20 (r) (//*, 
and dp = p20 (r) dr. 

In this case, since 


?X 

V 


and 


=S (r) ■ V } ’ 

« f j / / .y-h X -a ^ , .y~hx-a\ 

CX V ; ^ 'r w ^.2 r J 


it is obvious that the equation (y) is always satisfied, but it is not to be inferred 
that the equilibrium of a heterogeneous fluid is always possible with such a 
system of forces. 

When the density is constant, the equations (j3) become 
(Z^dY vX^vZ TX^cY 
cy (5* iZ vx"* hf cx^ 

which are in this case always satisfied, and therefore the equilibrium of a 
homogeneous fluid under the action of such forces is always possible. 

18. Heterogeneous Fluids. If the law of density be pre- 
scribed, that is, if p be a given function of x, y, 0, the conditions to 
be satisfied in order that a given distribution of force, represented 
by X, V, Z, may maintain the fluid in eipiilibrium are the equations 

Elastic Fluids. When the fluid is elastic, an additional 
condition is introduced, for, if the temperature be constaift, 

p^kp; 


{Xdx + Ydy + Zdz). 


.(S). 
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If the forces are derivable from a potential F, i.e. if 
Xda:-\- Tdy^Zdz 
3 a perfect differential — rfF, 

p 

-if (< ..r 

or p = Ce ^ , and p = 

When the forces tend to fixed centres and are functions of the 
distances, Art. (17), this equation takes the foi*ni 

k = X6 (r) d)\ 
p 

and p can be deterniiiied. 

If the temperature bo variable, the relation between the pres- 
sure, density, and temperature is found to be 

p = kp ( I + at), 

where t is the temperature, measured by a Centigrade Thermo- 
meter, and a = •00366 o. 

From this we obtain 

p = kpa ^ I ~ XpT, 

Avhero K^ka, and 


In this case 


T is called the absolute temperature, the zero of which is 
273° C. 

dp _ Xdx + Ydij Zdz 
p = ~ KT 

and therefore T must be a function of x, y, z. 

In any of these cases, if the pressure at any particular point be 
given, the constant can be determined. 

In the case of elastic fluids, if the mass of fluid and the space 
within which it is contained be given, the constant is determined. 


20. The equation for determining p may also l)e obtained in the following 
manner. 

Let PQ be the axis of a very small cylinder bounded by planes perpen- 
dicular to PQ. 

Let p and be the pressures at P and §, a the areal section, and bs 

the length of PQ. Then, if Sbm be the component, in the direction PQ, of the 
forces acting on an element dm, 

(p+dp) a -pa^paSbs, 
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PRESSURE OF FLUIDS 


and therefore, proceeding to the limit, 

dp—pSds. 

That is, the rate of increase of the pressure in any direction is equal to the 
product of the density and the resolved part of the force in that direction. 

If A-, y, z bo the co-ordinates of P, and A', T, -^the components of S parallel 


to the axes. 




and dp = p {XdAi +• rd^+Zdz) as in Art. (15). 

If the position of P be given by the cylindrical co-oniinates r, and z, and 
if P, P, ^ be the components of S in tho directions of r, 0, c, 


ds ds 



and the eqimtion ft>r p becomes 

dp = p [Pdr + Tnf0-^ Zdz ] . 

Again, if the position of P be given by the ordinary polar co-oniinates r, 0, 
</), and if the components of the force be P, and P, in the directions of r, of 
the perijendicular to the plane of the angle d, and of tho line perpendicular to 
r ill that plane, it will bo found that 

— lidr -h AV sin 0d(l} -}- Trd0. 

. P 

111 a similar manner the expression for dp may be obtained for any other 
system of co-ordinates. 

21. Surfaces of equal pressure. In all cases, in which the 
equilibrium of the fluid is possible, we obtain by integration 

p = z). 

If p be constant, (or, y, z) =p (A) 

is the eiiuation to a siuface at all points of which the pn^ssure is 
constant, and by giving different values to p we obtain a series of 
surfaces of ecpuxl pressure, and tlie external surface, or free surface, 
is obtained by making 'p i*qual to the pressure external to the 
fluid. 

If the external pressure be zero, tho free surface is therefore 
The quantities 

^ d<l> 90 
doo' dy' dz * 

which are proportional to the direction-cosines of the normal at the 
point (x, y, z) of the surface (A), are equal* to 

dp dp dp 
9a? ’ 9y ’ dz' 

resiDectively, i.e. to pX, pY, pZ, and are therefore proportional to 

z, r, z. 
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Hence the resultant force at any point is in direction of the 
normal to the surface of equal pressure passing thinugh the point. 
* The surfaces of equal pressure are therefore the surfaces inter- 
secting orthogonaUy the lines of force. 

It follows from this result that a necessary condition of equili- 
brium is the existence of a system of surfaces orthogoi;ial to the 
lines of force, a conclusion derivable also from the equation (7) of 
Art. (16), for that equation is the known analytical condition 
re(iuisite for the existence ‘of such a system. 

22. If the fluid bo a homogeneous liquid, that is, if p is con- 
stant, Xdx + Ydy + Zdz must be a perfect differential, or in other 
words, the system of forces must be a conservative system. 

In general, when the force-system is conservative, p must be a 
function of the potential V. ■ 

For dp = — pdF, and, dp being a perfect differential, p must be 
a function of F; hence F, and therefore p, is a function of p, and 
sur faces of equal pressur e are equipotential surfaces, and are also 
surfaces of equal densitj^^. 

^ 11' the fluid be elastic and the temperature variable 

dp___ cTF 
p ■“ Kr 

Hence by a similar process of reasoning T is a function of p, and 
surfaces of equal pressure are also surfaces of equal temperature. 

If however Xda' + Vdy + Zdz be not a perfect differential, these 
surfaces will not in general coincide. 


These results may also be obtained in the following manner : 

Consider two consecutive surfaces of equal pressure, containing between them a 
stratum of fluid, and let a small circle be described about a point P in one surface, 
and a portion of the fluid cut out by normals through the circumference, ^he portion 
of fluid is kept at rest by the iiiqjressed force, and by the pressures on its ends and on 
its circumference. Being very nearly a small cylinder, and the pressures at all points 
of its circumference being equal, the difference of the pressures on its two faces must 
be due to the force, which must therefore act in the same direction as these pressures, 
i.e. in direction of the normal at P. 

If the forces are derivable from a potential, the resulting force is perpendicular 
to the equipotential surfaces, -and the surfaces of equal pressure are therefore 
identical with the equipotential surfaces. 

Again, considering the equilibrium of the elemental cylinder, the force acting 
upon it, per unit of mass, is equal to the difference of potentials divided by the 
distance between the surfaces of equal pressure, and as the mass of the element is 
directly proportional to this distance,^^ follows that the density must be constant, 
that is, the surfaces of equal pressure^Me also surfaces of equal density. 


SURFACES OF EQUAL FRESSURB 


Let the fluid be heterogeneous and incompressible; then the 
Surfaces of equal pressure and of equal density are given respec- 
tively by the equations 

dp = 0, dp = 0, 

Xdo! + Ydy + Zdz = O'! 


or 




•(B). 


These then are the differential equations of surfaces which by 
their intersections determine curves of e(iual pressure and density. 
From (B) we obtain 

dx dif dz 


..dp 


_ 

dz dz ^ dx ^ dx dy 
But from the conditions of equilibrium we have 


dy 


dz dx 


div 


..(C). 


4 - y 

dY ydp dZ „dp 
dZ „(jp 0Z ydp 


dx 


dz^ 


and therefore the equations (C) become 

dx dy dz 

^_d^~dx _dZ~dV _dX 

dy dz dz dx dx dy 

the differential eijuations of the curves of e(j[ual pressure and 
density. 

23. We shall now shew how to obtain the fundamental 
pressure equation by considering the eciuilibrium of a finite mass 
of fluid. 

Let 8 be any closed surfime drawn in the fluid, and I, m, n the 
direction-cosines of the normal at any point drawn outwards. The 
conditions of etj[uilibrium of the mass of fluid within the surface S 
are summarised in the statement that the normal pressures on the 
boundary must counterbalance the effect of the given forces acting 
throughout the mass. Thus by resolving parallel to the axes we 
get three equations of the type 

JJlpd8=^JJJpXdxdydz * (1); 
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and by taking moments about the axes we get three other equation^ 

of the type I 

Ifp (wy “ * Jflp doidydz (2), 

where the double integrations extend to theVholo surface 8 and 
the triple integrations are throughout the space enclosed. 

Now consider the integral JJj^^dadydz with the same range 

of integration. Taking a thin prism parallel to a? which necessarily 
crosses the surface an even number of times, and cuts out elements 
d8i, dS,, d 6 ’ 3 , ... at the points 1\, P^, P 3 •••, and integrating along 
this prism, we get 

ffjl^da;dydz = jjpdydz (3) 

taken between the limits Pi to Pg, P 3 to P 4 , &c. 



But if dj, 6»y ^ 3 ... are the inclinations to the axis of x of the 
outward-drawn normals at Pi, P^, P 3 we have 

dydz^ — dSi cos 0i = cos 02 — — dSs cos ^3 = 

= - lidSi = 1.(182 = — WSii = 

the sign being minus or plus according as the angle is obtuse or 
acute, that is according as the prism is entering or leaving the 
region of integration. 

Hence by putting in the values at the limits (3) becomes 

jjj^da^dydz = JJ (pilid8i +p2W^2 + + • ••) 

=s ff lpd8 over the whole surface (4) 

Using this value in ( 1 ) we get 


B. H. 
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and two similar equations, and as these integrals must vanish for 
all ranges of integration, in the fluid, t^eir integrands must be zero 
at eveiy point; hence 

^ ® 

leading to dp =p {Xdx + Ydy + Zdz) 

as before. 

We have made no use of the equations of moments of type (2) 
but we can shew that they also arc satisfied by equations (5). Thus 
consider for example 

IJfy^^da^dyd.; 

if we integrate along the same prism as before, observing that y is 
constant along the prism, wo get 

jfypdydz 

between the limits 1\ to Pg, Ps to P 4 , &c., and as above this can 
be seen to be equal to JfplydS taken over the whole surface; that 
is, the equation (4) is still true if we insert a factor y (or z) in the 
integrand on either side of the equation. By similar arguments it 
follows that 

Jjp («2/ - = j IJ (y 8^ - ^ ly) 

and if we substitute from (5) this becomes 
Jffp (yZ --zY) dxdydz, 
thus verifying equation ( 2 ). 

It is to be noted that since a perfect fluid is incapable of resisting 
shearing stress there can be no such stresses in a mass of fluid in 
equilibrium, and therefore it follows that the equations obtained 
by taking moments about the^ axes will of necessity be satisfied 
whenever the equations obtained by resolving parallel to the axes 
are satisfied. For in equilibrium the latter equations are true for 
any portion of the fluid finite or infinitesimal, and this balancing 
of forces ensures that the equations of moments are true also. 

24 . We can also prove that p {Xdx + Ydy + Zdz) must be a 
perfect differential, by considering the ecjuilibriuip of a spherical 
element of fluid. 

For the pressures of the fluid on the surface of the element are 
all in direction of its centre, and therefore the moment of the acting 
forces about the centre must vanish. 
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Let Xj y, z be co-ordinates of the centre, and a?4-a, y + iS, ^ + 7 
of any point inside the small sphere. • 

Then, p being the density at the centre, the expression 
{Zp — F7) becomes 


-y{y+ 


dz \ 

■^rzV 


dY ^dY.dY 


’)}■ 


Now fffadadfidy=:0, the centre of the sphere being the centre 
of gravity of the volume, jj/ ^ydadj3dy = 0, &(*., and, if dr = dad^ dy, 
fffa^dr =^m^dT = fJJy^dT^i + 7 O dr 


= -J . f ^TTV^dr^ = 
j 0 




The expression for the moment then becomes, neglecting higher 
powers of a, y9, 7, 

and, in oitler that thin may be ovanoscont, we must have 


/ 


dy 


{pZ)-;-,(pn 


25. Fluid at rest under the action of gravity. 

Taking the axis of z vertical, and measuring z downwards, 

.Y = 0, F = 0, Z^ij, 

and the equation (a) of Art. (15) becomes 

dp = gpdz, 

an equation which may also be obtained directly by considering 
the equilibrium of a small vertical cylinder. 

In the case of homogeneous liquid, 
p=-gpz-¥ C, 

and the surfaces of equal pressure are horizontal planes. 

Hence the free surface is a horizontal plane, and, taking the 
origin in the free surface, and 11 as the external pressure, 

p = gpz + n. * 

If there bo no pressure on the free surface. 


p-^gpz, 

or the pressure at any point is propoi'tional to the depth below the 
surface. 


2-2 
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In the case of heterogeneous liquid, the equation 
dp = gpdz 

shews that p must be a function of z. The density and pressure 
are therefore constant for all points in the same horizontal plane. 

As an example, let p ac z^^ = /iz^\ 

^n+i 

then + n. 

26. If two liquids, which do not mix, meet in a bent tube, the 
heights of the free surfaces above the common surface are inversely 
as the densities. 

For the pressures at the common surface are the same, and if 
z, z' be the heights of the upper surfaces above the common surface, 
and p, p the densities, these pressures are respectively 

gpz + n, gpz' + n, 

and 4 = ^- 

27. It is a well-known law that if a system be in equilibrium 
under the action of gravity and the pressure of smooth surfaces, 
the equilibrium is stable, if the centre of gravity be in its lowest 
possible position. 

Hence it follows that, in the case of heterogeneous liquid, the 
density must increase with the depth, for otherwise the equilibrium 
would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 
another, it will settle with the heaviest stiuta lowest, the law of 
density of course being changed. 

A quantity of liquid, the density of which is a given function 
of the depth, is contained in a vessel of given shape ; if the liquid 
be transferred to another vessel, it is, required to find the new law of 
density, each vessel being in the form of a surface of revolution with 
its axis vertical. 

Measuring x upwards from the lowest point of the liquid, let 
y = f{x) be the generating curve of the first vessel, and y^(f}{x} 
of the second. 

Then, if the stratum at the height w in the first vessel corre- 
spond to the stratum at the height a/ in the second, we obtain^ 
since the volumes are equal, 

Jo Jo 
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and performing the integrations, we find x in terms of x y and 
therefore p, which is a given function of a?, becomes a new function 

Moreover, if h and li be the depths of the liquid in the two 
vessels, h is given in terms of A', and therefore the density, p, can 
be found in terms of h* — x\ the depth. 

If the new law of density be given, and it be required to find 
the shape of the new vessel, we may proceed as follows: 

The density being a given function of A — ar, and also of A' — ^e?', 
we can, by equating the two expressions, find x in terms of .7/. 

Also, equating the volumes of corresponding strata, we obtain 
yHx = y'^dx\ which at once, by substituting for x its value in tenns 
of x\ gives the equation required. The value of A' will be then 
obtained by equating to each other the whole volumes. 


Example (1). TJie dmuity of a liquid in a cylindrical cesiel varies as the 
depth ; find the nevj law of density if the liquid he poured into a conical vessel 
having its vertex downwards. 

In this case • (/« - .r), 

and J**’*'*?'^ tsui^ a ; 


also 


tan® a 


7r«24= JirA'® tan® a ; 


if z be the depth. 


Example (2). A quantity ofliquidy the density of which caries as the depths 
fills an inverted paraboloid to a given height; it is required to find the shape of 
a vessel, in the form of a surface of revolutmi, such that if this liquid be poured 
into it its density will vary as the square of its depth. 

In this ca&e p^p.{h ’- .?;) = p (h' — a/)®, 

if p==pc. 

The equation Aaxdx—y*^doif gives 

c2/2= 8a (A' - {he - (A' - . 

To complete the solution, we must equate the total volumes, and we 
^hereby obtain h'^^ch as the necessary relation between h and c. 


28. Elastic fluid at rest under the action of erravity. 

In this case, p = kp, 


p 1c 4 


logg*^andj) = 


(7e* . 


and 
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The surfaces of equal pressure are in this case also horizontal 
planes, and the constant G must be determined by a knowledge of 
the pressure for a given value of Zy or by some other fact in con- 
nection with the particular case. 

Example. A closed cylmdevy the axis of which is vertical^ contains a given 
mass of air. 

Measuring z from the top of the cylinder, 

. if if he the given mass, a the radius, and h the height of the cylinder, 


whence € is determined. 


fh r 

i/= grra^dz=fra^- (e^-1), 
jo 9 


29. Illustrations of the use of the geneiutl equation, 

•(1) Let a given volume V of liquid lx; acted upon by forces 


respectively parallel to the axes ; 

then dp=‘p{~^iJx-'^^dy~^d^, 

and + 

The surfaces of equal pressure are therefore similar ellipsoids, and the 
equation to the free surface is 

,v^ 2(7 

assuming that there is no external pressure. 

The condition which determines the constant is that the volume of the 
fluid is given, and we have 


C=W’ ( V 

2 ' \Avabc) 


(2) A given volume of liquid is at rest on a fixed flanSy under the action of 
a force^ to a fixed pnnt in the flanXy varying as the distance. 

Taking the fixed point as origin, the expression for the pressure at any 
point is 

C- hpp (7- ippr^^y 

where r is the distance from the origin ; and if be the given volume, the 
free surfiuse is a hemisphere of radius a, and 

The portion of the plane in contact with fluid is a circle of radius a, and 
therefore the pressure ui)on it 

^\fruLoaK 
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This result may be written in the form which is the expression 

for the attraction on the whole mass of fluid, supposed to be condensed into a 
material pirticle at its centre of gravity, and might in fact have been at once 
obtained by considering that the fluid is kept at rest by the attraction to the 
centre of force and the reaction of the plane. 


(.3) A given 'volume of heavy liquid is at rest xvnder the action of a force to 
a fixed point varying as the distance from that point. 

Take the fixed point as origin, and measiire s vorticiilly downwards ; 
then - fix^ V— - py, and Z - pz ; 

dp=p [-p.vd.v-pydy + (g-pz)dz}, 


and 




The surfaces <if equal i)ressui*e arc spheres, and the free surface, supposing 
the external pressure zero, is given by the equation 

2(7 

p p 

The volunie of this sphere is 

equating this to the given volume, the constinit O is determined, and the 
pressure at any point is then given in terms of r and z. 


Rotating Fluid. 

30. If a quantity of fluid revolve uriiformly and without any 
relative displacement of its particles (i.e. as if rigid) about a fixed 
axis, the preceding equations will enable us to determine the pres- 
sure at any point, and the nature of the surfaces of equal pressure. 

For, in such cases of relative equilibrium, eVery particle of the 
fluid moves uniformly in a circle, and the resultant of the external 
forces acting on any particle m of the fluid, and of the fluid pressure 
upon it, must be eipial to a force towards the axis, m being 
the angular velocity, and r the distance of m from the axis; it 
follows therefore that the external forces, combined with the fluid 
pressures and forces mtd^r acting from the axis, form a system in 
statical equilibrium, to which the equations of the previous articles 
are applicable. 

A mass of homogeneous liquid, contained in a vessel, revolves 
uniformly about a vertical axis; required to determine the pressure 
at any point, and the surfaces of equal pressure. 

Take the vertical axis as the axis of then, resolving the force 
mtehr parallel to the axes, its components are mto^x and mm^y, and 
the general equation of fluid equilibrium becomes 
dp — p {xl^xdx + (o^ydy — gdz). 
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ROTATING FLUIDS 


and therefore 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free surface is 
given by the equation 

0/. ox o 2C 2n 

where Et is the external pressure. 

The constant must be determined by help of the data of each 
particular case. 

For instance, let the vessel be closed at the top and be just 
filled with liquid, and let 11 = 0; then, taking the origin at the 
highest point of the axis, p = 0 when a?, y and z vanish, and there- 
fore (7 =8 0, and 

p = p (a® + y2) - gz]. 

^ 31. Next consider the case of elastic fluid enclosed in a vessel 
which rotates about a vertical axis ; 
as before dp = p {o)® {xdx 4- ydy) - gdz], 

and p^kp; 

A:logp = ft)®^^^ —gz-^C, ^ 

so that the surfaces of equal pressure and density are paraboloids. 

Let the containing vessel be a cylinder rotating about its axis, 
and suppose the whole mass of fluid given ; then, to determine the 
constant, consider the fluid arranged in elementary horizontal rings 
each of uniform density ; let r be the radius of one of these rings 
at a height z, Sr its horizontal and 8z its vertical thickness, h the 
height, and a the radius of the cylinder : 

the mass of the ring** 27rprSrS^^, 
and the whole mass (M) of the fluid « J J 2irprdrdz, 
the origin being taken at the base of the cylinder. 

Now p = 6* . e ** ; 

and if- «*(«■*■ - 1) (1 - « ^), 

W. equation by which 0 is determined. 
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32. In genersd the equation of equilibrium for a fluid revolving 
uniformly arid acted upon by forces of any kind is 

dp — p [Xdoj + Ydy 4- Zdz -f (xdx + ydy ) }, 

In order that the equilibrium may be possible, three equations 
of condition must be satisfied, expressing that dp is a perfect 
differential, and, if these conditions are satisfied, the surfaces of 
equal pressure, and, in certain cases, the free surfiice can be deter- 
mined ; but it must be observed that a free surface is not always 
possible. In fact, in order that there may be a free surface, the 
surfaces of equal pressure must be symmetrical with respect to the 
axis of rotation. 


EXAMPLES 

^1. A closed tube in the form of an ellipse with its major axis vertical is 
filled with three different liquids of densities pi, P 2 » p 3 respectively. If the 
distances of the surfaces of separation from either focus be ri, rs i*espec- 
tively, prove that 

n (pi - Pa) + ? 2 (P 3 - Pi) + ^3 (pi - P2) = 0. 

2. The particles ‘of a given mass of homogeneous liquid at rest attract 
each other according to the law of nature ; find the pressure at any point. 

V 3. The density of a liquid varies as the square of the depth below the 
surface ; find the pressures, 1st, on a rectangular area just immersed vertically 
with one side in the surface, 2nd, on a circular area just immersed. 


4. A parabolic area, bounded by the latus rectum, is just immersed 
vertically, with its vertex in the surface of a liquid ; find the pressure upon 
it, 1st, when the liquid is homogeneous, 2nd, when its density varies as the 
depth. 

^ 5. Find the surfaces of equal pressure when the forces tend to fixed centres 
and vary as the distances from those centres. 


6. A regular tetrahedron is filled with fluid, and held so that two of its 
opposite edges are horizontal ; compare the pressuies on its several sides with 
the weight of the fluid. 

7. Prove that if the forces per unit of mass at a’, y, e parallel to the axes 


are 


y{a->z), ^(a-«), ay, 

the surfaces of equal pressure are hyperbolic paraboloids and the curves of 
equal pressure and density are rectangular hyperbolas. 


8. In a solid sphere two spherical cavities, whose radii are equal to half 
the radius of the solid sphere, are filled with liquid; the solid and liquid 
particles attract each other with forces which vary as the distance: prove 
that tl^ surfaces of equal pressure are spheres concentric with the solid 
sphera 


dC 9. Shew that the forces represented by 

-r«^*+yx+x*), r==^*+«?+;c*), 

will keep a mass of liquid at rest, if the density oc from the plane 

and the curves of equal pressure and density will be circles. 
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10. If a conical cup be filled with liquid, the mean pressure at a point in 
the volume of the liquid is to the mean pressure at a point in the surface of 
the cup as 3 : 4. 


11. A vessel is in the form of a right cone without weight, the vertical 
angle being 2a ; the vessel is filled with liquid and then suspended by a point 
in the rim : if be the inclination of the axis of the cone to the vertical, shew 
that • 


cot 2/3= cot 2a- J cosec 2a. 

^ 12, A mass of fluid rests upon a plane subject to a centrcal attractive force 

, situated at a distance c from the plane on the side opposite to that on 

which the fluid is ; and a is the radius of the free spheriM surface of the 
fluid : shew that the pressure on the plane 


13. Find the surfaces of equal pressuise for homogeneous fluid acted upon 
by two forces which vary as the inverse square of the distance from two fixed 
points. 

Provo that if the surface of no pressure ho a sphere, the loci of points at 
which the pressure varies inversely as the distance from one of the centres of 
force are also spheres. 

yi4. If the comjionents parallel to the axes of the forces acting on an 
element of fluid at (.?■, ?/, s) be projxirtional to 

shew that if equilibrium bo possible we must have 

2X = 2/i=2i/ = l. 

15. A mass of fluid is in equilibrium under the forces 

Find the density and prove that the surfaces of equal pressure are hyperboloids 
of revolution. 

16. ’ A fluid rests in equilibrium in a field of force where 

shew that the curves of equal pressure and density are a set of circles. 

17. If -Y=y(y+i), r=j(«+j;), 

prove that the eurvea of equal pretiaurcaiid density are given byy(j.'+s).. const, 
and y + 2 ;= const. 

X 18. Find the surfaces of equal pressui*e when the component forces at any 
lK)int y, « are y 2 ( 2 +^) and y {y — x ) ; shewing that they are the hy- 
perbolic paraboloids • 

y (.r+£)«c(y+ 2 ;). 

19. A fluid is in equilibrium under a given system of forces ; if pi = (a’, y, 2 ), 
p 2 =^ (a:, y, z) be two possible values of the density at any point, shew that? 
the equations of the surfaces of equal pressure in either case are given by 

(a:, y, 2 )« 0 , 

where X is an arbitrary parameter. 

20. A hollow sphere of radius a, just full of homogeneous liquid of unit 
density, is placed between two external centres of attractive force pW and 
p distant c apart, in such a position that the attractions due to tnem at 
the centre are equal and opposite. Prove that the pressure at any point is 

{fk + mT/10*+I^T 
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21. A sphere, of radius c, is nearly filled with homogeneous liquid under 
the influence of two external centres of force situated on a diameter, on 
opposite sides of the centre and at distances a and a' from it. The attraction 
of each cciiti’e of force at any point varies invei*sely as the scpiare of the distance, 
and their attractions on the mass of liquid are iwe-y and respectively. 

Prove that^ if (///') ^ lies between ^ a pi’cssure at the 

centre is equal to 



fa+fa'-^ 


au! 4 


22 . The density of a liquid, contained in a cylindrical vessel, varies as the 
depth ; it is transIfeiTcd to another vessel, in which the density varies as the 
square of the depth ; find the shape of the new vessel. 


23. A circuhir cone, of vertical angle “ , is just filled with water, and has 

a generating line rigidly attaclicil to a horizontal ])laiie. The piano is caused 
to revolve with uniform angular velocity about a vertical axis thrriugh the apex 
of the cone : find tlic greatest velocity which will allow of the pressure Ixjing 
zero at the highest point ; and in this case find the pressure on the base. 

V 24. A straight rod, every particle of which attracts with a force varying 
inversely as the square of the distiince, is surrounded by a mass of homogeneous 
incompressible fluid j find the form of the surfaces of etiual pressure. 

25. A quantity of heavy liquid is attracted to a fixed centi’c, by a constant 
force the intensity of w’hich is equal to the force of gravity, and is supported 
by'a horizontal plane. Find the form of the surfaces of equal pressure ; and 
also the pressure on the plane, ])rovjng that when the x>lane X)a 880 s through 
the centre of foi*ce it is equal to four-thirds of the weight of the liquid. Find 
also expressions for the pressure <«i the plane when it is either above or beh)w 
the centre of force. 


26. The interior of a homogeneous shell, bounded by two non-concentric 
spherical surfaces, and attracting according to the law of nature, is partially 
filled with homogeneous liquid which revolves uniformly with it round the line 
passing through the centres of the sidieres ; jirove that the free surface is a 
paraboloid of revolution. 

27. A rigid spherical shell is fillet! with liomogoneous inelastic fluid, every 
particle of which attracts every other with a force varying inversely as the 
square of the distance ; shew that the diflerence between the jiressures at the 
surface and at any point within the fluid varies as the area of the least section 
of the sphere through the point. 

2ft. An open vessel containing liquid is tuade to revolve about a vertical 
axis with uniform angular velocity. Find the form of the vessel and its 
dimensions that it may be just emptieiL 

29. An infinite mass of homogeneous fluid surrounds a closed and 

is attracted to a point {0) within the surface with a force which varies in- 
versely as the cube of the distance. If the pressure on any element of the surface 
about a point P be resolved along PO, xirovo that the whole radial pressure, 
thus estimated, is constant, whatever he the shape and size of the surface, it 
being given that the pressure of the fluid vanishes at an infinite distance from 
the point 0. 

30. A vessel formed by the revolution of a cardioid 

(1 - cos 6) 

about its axis which is vertical (vertex upwards) is just filled with water and 
rotates about that axis with uniform angular velocity. Find this velocity 
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when the line of no pressure is given by Find also the pressure at any 

other point, and the points of maximum pressure. 


31. All space being supposed filled with an elastic fluid the particles of 
which ai^ attracted to a given point by a force varying as the distance, and 
the whole mass of the fluid being given, find the pressure on a circulai* disc 
pla^ied with its centre at the centre of force. 

r 3:^ Circles are drawn having their centres on the axis of z and touching at 
thV^gin the plane ay, and the position of a point P is defined by r, d, 
where r is the radius of the circle through P, centre C, B is the angle OCP^ 
and (f) the inclination of tho plane OCP to a fixed plane through the axis of z ; 
prove that 

(1 - cos 6) dr^r 3^ sin B dr-)r TrdB-\-Nr sin B 

where w/2, mT^ mN are the forpes, on an element m of liquid at P, along CP, 
along the tangent to the circle at P, and peri)endicular to the plane of the 
eir^. 

If ^33. A mass m of elastic fluid is rotating about an axis with uniform angular 
velocity <u, and is acted on by an attraction towanls a point in that axis ^ual 
to fi times the distance, being greater than o>^ ; 2 >rove that the equation of a 
surface of equal density p is 


j 


fjL (A'^+y^+ 22 ) - 0)2 (,v^+y^)=k 




a®)* 

Sir® 




34. A quantity of liquid, the density of which varies as the depth, fills an 
inverted paraboloid, of latus rectum c, to a height k ; prove that, if it bo poured 
into a vessel of the form generated by the revolution round tho axis of a? of tho 
curve, 

(a — .a?) {2a - a), 

where a is any constant, its density will vary as the square of its depth. 


35. A mass of self-attracting liquid, of density p, is in equilibrium, the law 
of attraction being that of the inverse square : prove that the mean pressure 
throughout any sphere of the liquid, of radius r, is les.s by than the 

pressure at its centre. 


36. A closed hollow right circular cone, standing on its flat base on a 
horizontal plane, is just fill^ with a liquid, the density of which varies as the 
depth. The vessel is then inverted and held with its axis vertical and its 
vertex on tho horizontal plane. Prove that the resultant pressure on the 
curved surface is unchanged in magnitude, and that the potential energy of 
tho liquid is changed in the ratio 

. 2{r(i)}2’:3r(S), 

it being assumed that tho (lotential energy is zero when the liquid is let out 
on the plane. 

37. A fluid is slightly compressible according to the law 

(p-Po)/po-i8(P";?o)/Po, 

where /3 is small : prove that a mass ir poa® of the fluid will, under the action of 
its own gravitation with an external pressure po, assume a spherical form of 
approximate radius a (1 where m is the constant of gravita- 

tion. 


38. A mass M of gas at uniform temperature is diffused through all space, 
and at each point {x, y, a) the components of force per unit mass are - Ax, 
— By, — Cz, The pressure and density at the origin are j?o and po respectively. 
Prove that 
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39. A given mass of air is contained within a closed air-tight cylinder with 
its axis vertical. The air is rotating in relative equilibrium about tho axis of 
the cylinder. The pressure at the highest point of its axis is P, and the 
pressure at the highest points of its curved surface is p. Prove that, if the 
fluid were absolutely at rest, the pressure at^he upper end of the axis would 
be (p-P)l {log/^- log F} ; where the weight of tho air is taken into account. 


40. A mass of gas at constant temperature is at rest under the action of 
forces of potential ^ at any point of sjiace, with any boundary conditions. At 
the point where ^ is zero, the pressure is n and the density po> Tho gas is now 
removed from the action of the forces and confined in a spice so that it is at 
a uniform density po. Prove that the loss of intrinsic potential energy by the 
gas, due to the expansion, is 

poJJJ^c 

where the integrations are taken tliroughout the gas in its original state. 

41. A given mass Jfof elastic fluid, for which /?=*/•/>, is forced iiito a rimd 

shell, whose equation is and assumes equilibrium under 

a system of forces, whose force function is ^ log constant 

iss 

Shew that, iipo bo the pressure at any p>int of the surface 

the mean pressure estimated for equal elements of mass throughout the shell is 
4frp(f(F ca 
ICykM \a ^ 6 c / 


42. Homogeneous heavy liquid is contairied in a closed hemispherical 
yressel of radius a, having its plane surface horizontal and upwards. The liquid 
s attracted towards the axis with a force varying inversely iis the cube of tho 
listance from the axis, and its volume is such that tho free surface moots the 
lemispheie at an angular distance 7r/3 from the vertex. If the system now 
'otates round the axis with uniform angular velocity a>, tho free sumce meets 
/he plane face of the vessel along the rim and along a circle of radius b. Shew 
ihat the force at unit distance must l)c and that b and » are connected 
3y the equation 


?^'*=a‘-6*+2aS5»log 




43. A uniform spherical mass of liquid of density p+o- and radius a is 
urrounded by another incompressible liquid of density p and external radius 

b. The wholefis in equilibrium under its own gravitation, but with no external 
pressure. Shew that the pressure at the centre is 

+ or+p(aH- b)\{b-a), 

44. A uni^rm spherical mass of incompressible fluid, of density p and 
radius a, i^urrounded by another incompressible fluid, of density o- and 
external i^ius 6. The total fluid is in oqui librium under its gravitation,. but 
wdthnp^xternal pressure or forces. The two fluids are now mixed into a 
h(m>c^neous fluia of the same volume, and the mass is again in equilibrium 
paTa spherical form. Prove that the pressure at the centre in the first case 
exceeds the pressure at the centre in the second case by 


-“)[l+ - l) (l +|) (l +p)]. 


45. The boundary of a homogeneous gravitating solid, of density <r and 
mass if, is the surface r«a {l + oi*„(co8?) J, where a is a quantity so small 
that its square may be neglected. The solia is surrounded by a mass M' of 
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gravitating liquid, of density p. Shew that the equation to the free surface is 
approximately 

r==b{l+^Pn (cosd)}, 
where + 

47r\p (T/ 

and /?=3 (<r-p)a"‘^*a/{(2>j-2)p/>34.(2w + l) ((r-p)a*} b\ 


46. A uniform incoiiipres.sil)le fluid is of mass M in gravitational units, 
and forms a sphere of radius a when undistiirl>ed under the influence of its 
own attraction. It is placed in a weak field of force of gravitational i)otential 

(cos 6 ), (« > 1 ), 


where r is measured from the centi*e of the mean sphericcil surface of the 
liquid, and the squares of quantitie.s of the ty^HS can be neglected. Prove 
that the equation of the ft^e surface is 


r 

a 


1 + 2 


Mn 2w + 1 
j|f 2/4-2 


Pn{C0B $). 


47. Prove that the pressure at the centre of the Earth, if it were a homo- 
geneous liquid, would be \pa lb. per square foot, whore p is the mass in 
pounds of a cubic foot of the substance of the Earth and u is the Earths radius 
in feet. 

48. The density of a gravitating liquid s 2 )here of radius a at any ]>oint 
increases uniformly as the point a]»pi*oachc.s the centre. The surface density 
is pq and the moan density is p. Prove that the jircssurc at the centre is 

X,7ra^ (10p(p-po) + 3pn‘-*J. 

49. In a gravitating fluid s[)hore of radius a the surfaces of equal density 
are spheres concentric with the boundary, and the density increases from 
surface to centre according to any law. Prove that the pressure at the centre 
is greater than it would bo if the density were uniform by 

Swy 

whole ,1 denotes the mean density of the whole mass, p' the iiican density of 
that portion which is within a distance r of the centre, and y is^the constant 
of gravitation. 



CHAPTER III 


THE RESULTANT PRESSURE OF FLUIDS ON SURFACES 

33. In the preceding Chapter we have shewn how to investi- 
gate the pressure at an y point of a fluid at rest under the action 
of given forces ; we now proceed to determine the resultants of the 
pressures exerted by fluids npon sarfaces with which they are in 
contact. 

Wo shall consider, first, the action of fluids on plane surfaces, 
secondly, of fluids under the action of gravity upon curved surfaces, 
and thirdly, of fluids* at rest under any given forces upon curved 
surfaces. 

Fluid Pressures on Plane Surfaces. 

The pressures at all points of a plane being perpendicular to it, 
and in the same direction, the resultant pressure is e(|uai to the 
sum of these pressures. 

Hence, if the fluid bo incompressible and acted upon by gravity 
only, the resultant prt'ssure on a plane 

= IgpzdA, 

where z is the depth of a small element dA of the area of the plane, 

= gpzA, 

where A is the whole area and z the depth of its centroid. 

In general, if the fluid be of any kind, and at rest under the 
action of any given forces, take the axes of x and y in the plane, 
and let p be the pressure at the point y)* 

The pressure on an element of area SxSy^pSxSy : 

the resultant pressure = ffpdydx, 
the integration extending over the whole of the area considered. 

If polar co-ordinates be used, the resultant pressure is given by 
the expression 

ffprdr dO. 

• 

34. Def. -The centre of pressure is the point at which tin 
direction of the single force, which is equivalent to the fluid pressures 
on the plane surface, meets the surface. 

The centre of pressure is here defined with respect to plane 
urfaces only ; it will be seen afterwards that the resultant action 
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of fluid on a curved surface is not always reducible to a single 
force. 

In the case of a heavy fluid, it is clear that the centre of pres- 
sure of a horizontal area, the pressure on every point of which is 
the same, is its centroid; and, since pressure increases with the 
depth, the centre of pressure of any plane area, not horizontal, is 
below its centroid. 

To obtain formulce for the determination of the centre of pressure 
of any plane area. 

Let p be the pressure at the point (a?, y), referred to rectangular 
axes in the plane, x + y -f Sy, the co-ordinates of an adjacent 
point, 

X, y, co-ordinates of the centre of pressure. 



Then y . f/p dy dx = moment of the resultant pressure about OX 
= the sum of the moments of the pressures on 
all the elements of area about OX 
=i^pSySx.y ♦ 

* ‘ fjpdydx ’ 

, . , - Jfpxdydx 

and similarly fjpd^ ’ 

the integrals being taken so as to include the area considered. 

If polar co-ordinates be employed, a similar process will give 
the equations 

f(pt^cos6drd6 _ ffpr»mnffdrd0 
ffprdrdO ’ JJprdrdB 
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35. If the fluid be homogeneous and inelastic, and if gravity be 
the only force in action, 

p^gph, 


where h is the depth of the point P below the surface ; and we 
obtain 


- __jShx dydx - ^^jS^ydyd^ 
Jjhdydx ’ JJkdydx 


It is sometimes useful to take for one of the axes the line of 
intersection of the plane with -the surface of the fluid : if we take 
this line for the axis of x, and 6 as the inclination of the plane to 
the horizon, p = gpy sin 0j and therefore , 


fjivydyde 
fjydydai ’ 


:^.^Hy'‘dydx 

flydydx 




From these last equations (/8) it appears that the position of 
the centre of pressure is independent of the inclination of the plane 
to the horizon, so that if a plane area be immersed in fluid, and 
then turned about its line of intersection with *the surface as a 
fixed axis, the centre of pressure will remain unchanged. 

If in the equations (a) we make h constant, that is, if we sup- 
pose the plane horizontal, x and y are the co-oidinates of the 
centroid of the area, a result in accordance with Art. (34.) ; but, in 
the equations (/9), the values of x and y are independent of 0, and 
are therefore unaffected by the evanescence of 0, This apparent 
anomaly is explained by considering that, however small 0 be taken, 
the portion of fluid between the plane area and the surface, of the 
fluid is always wedge-like in form, and the pressures at the different 
points of the plane, although they all vanish in the limit, do not 
vanish in ratios of equality, but in the constant ratios which they 
bear to one another for any finite value of 0. 

The equations of this article may also be obtained by the follow- 
ing reasoning. 

Through the boundary line of the plane area draw vertical lines 
to the surface enclosing a mass of fluid ; then the reaction of the 
plane, resolved vertically, is equal to the weight of the fluid, which 
acts in a vertical fine through its centre of mass ; and thq point in 
which this line meets the plane is the centre of pressure. 

Taking the same axes, the weight of an elementary prism, 
acting through the point (x,y),is gphBxSycos 0, where 0 is the in- 
clination of the plane to the horizon ; and therefore the centra of 

3 


B.H. 
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these parallel forces acting at points of the plane, is given by the 
equations 

„ _// gphxQO^ ddy dx _ jj gphyco^ ddydx 

ffgphcosTOdydx * ^ l^gphcosd dydx 


or 


‘^-ffhdyda>'’ 


y 


r.^Hhdydx 


fjhdyda; ' 

Hence it appears that the depth of the centre of pressure is 
double that of the centre of mass of the fluid enclosed. 


36. The following theorem determines geometrically the posi- 
tion of the centre of pressure for the case of a heavy liquid. 

If a straight Hn^be taken in the plane of the area^ parallel to 
the surface of the liquid and as far below the centroid of the area as 
the surface of the liquid is above, the pole of this straight line with 
respect to the momental ellipse at the centroid whose semi-axes are 
equal to the principal radii of gyration at that point will be the centre 
of pressure of the area. 

Taking A for the area, and 6, a for the principal radii of gyra- 
tion, these are determined by the equations 

A¥^ jpfdxdy, Aa^ = JJx^dxdy, 
and the equation of the momental ellipse is 


the co-ordinate axes being the principal axes at the centroid. 
Let X, ^ be the co-ordinates of the centre of pressure, and 

a? cos d -f 2 / sin ^ 
the ecpiation to the line in the surface ; 


then 


„ _ fj(j) — a? cos — y sin ff) xdxd y ^ 

ff(p^xco8ff — y8in^)dxdy p^^^ ' 


and similarly, y = sin 0 ; 

(;'r, y) is the pole of the line 

xco80-hysin0ss-~p t 

with respect to the momental ellipse. 


37. Examples of the determincdion of centres of pressure. 
j[l) A quadrant of a circle just immersed vertically in a heavy homogeneous 
liquid^ with one edge in the surface. 
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If Ox^ the edge in the surface, be the axis of x^ 


fV(a^-a:«) 


xydydx 

^ydifdx 


- {{y'^dydx 

nter> 


the limits of the integrations for y being the same as for .f 
JJycfccrfy = J/ (a* - 3?)dx= 
\\xydxdy = i (a® — x^) 


••• '^=8"’ 

Employing polar co-ordinates and taking the line Ox as the initial line, we 
should have jo=^pr sill d, and 


Jl 


cos B sin B dr dB 


^^vaBdrdB 


a, and y = 


./ 0 


[Av^BdrdB 


sin B drdB 


(2) A circular area, radius a, is immersed with its plane ve^'tical^ and its 
rcntre at a depth o. 

Take the centre as the origin, and the vertical downwards from the centre 
as the initial line ; then if p be the pressure at the point (r, B\ 

p-gp{c+r(iosB\ 

and the depth below the centre of the centre of pressure 

2 f f^r^coaB(c+rco3B)drdB 
_ JoJo - 

2 JJ r(c+r cos B) drdB 

It will be seen that this result is at once given by the theorem of Art. (36). 

(3) A vertical rectangle^ exposed to the action of the atmosphere at a constant 
temperature. 

If n be the atmospheric pressure at the base of the rectangle, the pressure 

at a height ziaUe k , Art. (28), and if h denote the breadth, the pressure 
upon a horizontal strip of the rectangle 

=:nc * bdz, 

. •. the resultant pressure, if a be the height, 

= He ^ bdz:^U— (r-e * ), 
and the height of the centre of xiressure 


ra _gz 
I ^ ze tc dz 


\ 2 * a 

e^kdz ^ 


qa 

6^-1 


3—2 
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(4) A hMoxo cube is m^y nearly filled with liquid, and rotates uniformly 
about a diagonal which is vertical ; required to find the pressures upon, and the 
centres of pressure of, its several faces. 



1. For one of the upper faces 

take AD, AB, as axes of v and y \ z,r, the vertical and horizontal distances 
of any i)oint P (j?, y) from A, 

^=l<ah^+gz, 

2 =^^, projecting the broken line ANP on AE, 

P2 - = A’* + y 2 _ ;gf2 _ 4. ^2 _ . 


the pressure (P) on ABCD- 


pdydx 


The centre of pressure is given by the equations 

jer,«yP=pJ“J\^^(aP+r-ay) + ^ (^+y)| dydx ; 

_ _ 21g+3^3a>^a 

3^+6V3o)*a 

11. For one of the lower faces ECDF, 
take EF, EC as axes, then, for a point Q, 

a=aV3-^, 

and the rest of the process is the same as in the first case. 
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( 5 ) A quadrant of a circle is jmt immersed vertically^ with cm edge in the 
surface^ in a liquid^ the density of which varies ols the depth. 

Taking Ox as the edge in the surface, p—fiy axid p=^pgy^ : the centre of 
pressure is therefore given by the equations 

ra , f r .. . 


xy'^dydx 


or, in polar co-ordinates, 


^ jrdydx 


, andy = 


J jfdydx 

J jrdjfdx 


/ ^ / r* silled cos 6 dr do f f sin®d drd0 

^ » r r ' 

/ / r^sin^Sdrdd 1 j dr dO 

and it will be found that 

_ 16 a , - 32 « 

^=jj-andy=^-. 

(6) A semicircular area completely immrsed in water with its plane vertical 
and om end A of its hounding diameter in the surface. 

Let a be the inclination of the diameter to the surface, and y the co- 
ordinates of the centre of pressure referred to the diameter and the tangent 
at A, 

Then xjji^ sin (0+a)drd6=^ JJ cos B sin (d -f a) rfrrfd, 

and y j] r^ sin (d 4- a) drdB «= JJ sin d sin (d + a) drdBy 

r being taken from 0 to 2a cos d, and d from 0 to ^ . 


sin®d rfrrfd 




BdrdB 


38. If a given plane area turn in its own plane about a fixed 
point, the centre of pressure changes its position and describes a 
curve on the area. 


A It 



If AB is the line of intersection of the plane area with the sur- 
face, the distance of the centre of pressure from is independent 
of the inclination of the area to the vertical (4^.^ 86). 

We may therefore take the area to be vertical 
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Let h be the depth of the fixed point 0, and let Ox, Oy be axes 
fixed in the area. 

Then, if d is the inclination of Ox to the horizontal, 
p ^ gp {h-- xmi 6 y cos d), 

— iSp^dxdy _ g -f 6 sin 4 - c cos ^ 

SSp^^y d + esin0+/cos0’ 

, _ _ g' + V sin d’\‘d cos 6 

d + e sin +/cos ^ ’ 

g, hy dy &c. being known constants, and the elimination of 8 gives 
a conic section as the locus of the centre of pressure. 


A B 



We can also obtain this result by the theorem of Art. (36), 
Taking the principal axes through G as co-ordinate axes, and 
taking a, as the co-ordinates of 0, the centre of pressure is the 
pole (f, rj) of the line 

x^inO-Vy cos ^ — (A 4- a sin 0 + /8 cos 9) 

with regal’d to the momental ellipse, and is given by the equations 
g®sin^ 6*costf , • zi . o zi\ 

^ = = — (A 4- a sin ^ 4- p cos 0), 

i V 

leading to the equations 


+a)sin54-^cos0=-/i, 

4- cos 0 4- a sin 0 = — h. 

Eliminating, first, sin 6, and secondly, cos 6, and squaring and 
adding the results, we obtain the equation of the locus, which is 
(g“52 4- 4- iSa V = A* 4- ). 

If 0 and G coincide, that is, if a = 0 and ^ = 0, the locus is 

1 
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39. A vessel having a plane hose and plane vertical sides, 
contains two liquids which do not mix; to find the resultant pressure 
on one of the sides, and the centre of pressure. 

Let p be the density and h the depth of the upper liquid, p, h\ 
corresponding quantities for the lower liquid ; the common surface 
must be a horizontal plane, the pressure at any point of which is 
gph, and the pressure at a depth z below the common surface is 

gph+gp'z. 

Taking b for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it= Igpbir, and the jtressuro of 
the lower liquid 

— j 9 (ph + p'^) hdz = ghh* (ph + Jp'A'). 

The n^sultant pressure is the sum of these two and is equal to 
gb {Iph^ + phh' + Iph'-). 

The moment of the fluid pressure on this side about its line of 
intersection with the surface 


rh rh* 

= I gpbzHz + g (ph + pz) b (h ‘\-z)dz: 

J {) Jo 


performing the integrations, and dividing by the expression for the 
resultant pressure investigated above, we obtain the depth of the 


centre of pressure. 


Resultant Pressures on Curved Surfaces. 

40. To find the resultant vertical pressure on any surface of 
a homogeneous liquid at rest under the action of gravity. 

PQ being a surface exposed to the action of a heavy lujuid, let 
AB be the projection of PQ on the 
surlace of the liquid. 

The mass is supported by the 
horizontal pressure of the liquid and 
by the reaction of PQ ; this reaction 
resolved vertically must be equal to 
the weight of AQ, and conversely, the 
vertical pressure on PQ is equal to the 
weight of AQ, and acts through its 
centre of mass. 

If PQ be pressed upwards by the 
liquid as in the next figure, produce the surface, project PQ on 
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it as •before, suppose the space 4 Q to be filled with liquid of the 
same kind, and remove the liquid from the inside. 

Then the pressures at all points of PQ are the same as before, 
but in the contrary direction, 
and since the vertical pressure 
in this hypothetical case is 
equal to the weight of AQ, it 
follows that in the actual case, 
the resultant vertical pressure 
upwards is equal to the weight 
otAQ. 

If the surface be pressed 
partially upwards and partially 
downwards, draw through P, the 
highest point of the portion of surface considered, a vertical plane 
PjR, and let AGB be the projection of PSQ on the surface of the 
liquid. 


Then the resultant vertical pressure on PSR 

= the weight of the liquid in PSR, 

and on RQ =* CQ, 

and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PSR. 

This might also have been deduced from the two previous ar- 
ticles, for PR can be divided by the line of contact of vertical tangent 
planes into tw'o portions PS, SR, on which the pressures are re- 
spectively upwards and downwards; and since 

pressure on PS = weight of liquid APS, 

and 8R^ ASP, 

the difference of these, i.e. the vertical pressure on PiSjR» weight of 
fluid PSR. 
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In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to the 
case of a heterogeneous liquid (in which the density must be a func- 
tion of the depth, since surfaces of equal pressure are surfaces of 
equal density), provided we consider that the hypothetical extension 
of the liquid follows the same law of density. 

41. To find the resultant horizontal pressure y in a given direction, 
m a surface PQ. 

Project PQ on a vertical plane pei'pendicular to the given direc- 
tion, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq, the 
resultant horizontal pressure on PQ, and forces in vertical planes 
parallel to the plane pq. 




Hence the horizontal pressure on PQ is equal to that on pq, 
and acts in the same straight line, i.e. through the centre of pressure 
oipq. 

Hence, in general, to determine the resultant fluid pressure on 
any surface, find the vertical pressure, and the resultant horizontal 
pressures in two directions at right angles to each other. These three 
forces may in some cases be compounded into a single force, the con- 
dition for which may be determined by the usual methoJis of Statics, 


Ex. A kemuphere is filled with homogeneous liquid: required to find the 
resultamJt action on one of the four portions into which it is divided hy two 
vertical planes through its centre at right angles to each other. 

Taking the centre 0 as origin, the bounding horizontal radii as axes of 
so and y, and the vertical radius as the axis of z, the pressure parallel to sc is 
equal to the pressure on the quadrant yOz, which is the projection, on a plane 
perpendicular to Ox, of the curved surface. 

Therefore, the pressure parallel to Ox 

ird^ 4a 1 
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aud the co-ordinates of its point of action are 

(0, fa, Art. (37), Ex. 1 ; 

similarly, the pressure parallel to Oy = Jj/pa®, and acts through the point 

(ii«» 0, 

The resultant vertical pressure = the weight of the liquid = -Ji^pxra®, and 
acts in the direction of the line .<; = y = f «. 

The directions of the three forces all pass through the point 

and they arc therefore equivalent to a single force - 

lgpa\f(ir^+8) 


in the line 



or 



a straight line through the centre, as must obviously be the case, since all the 
fluid pressures are normal to the surface. The 2 >oint in which it meets the 
surface of the hemisphere may l)c called ‘ the centre of j^ressure.’ 


42 . To find the resultant pressure on the surf ace of a solid either 
wholly or partially immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied filled with 
liquid of the same kind ; the resultant pressure upon it will bo tho 
same as upon the original solid. But the liquid mass is at rest under 
the action of its own weight, and the pressure of tho liquid surround- 
ing it: the resultant pressure is therefore equal to the weight of tho 
liquid displaced, and acts in a vertical line through its centre of mass. 

The same reasoning evidently shews that the resultant pressure 
of an elastic fluid on any solid is ecpial to the weight of the elastic 
fluid displaced by the solid. 

This result may also be obtained by means of Arts. (40) and 
(41), as follows: Draw parallel horizontal lines touching the surface, 
and forming a cylinder which encloses it; the curve of contact 
divides the surface into two parts, on which the resultant hori- 
zontal pressures, parallel to the axis of the cylinder, are equal 
and opposite ; the horizontal pressures on the solid therefore balance 
each othqr and the resultant is wholly vertical. To determine the 
amount of the resultant vertical pressure, draw parallel vertical 
lines touching the surface, and dividing it into two portions on one 
of which the resultant vertical pressure acts upwards, and on the 
other downwards; the difference of the two is evidently the weight 
of the fluid displaced by the solid. 
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43. If a solid of given volume ( V) be completely immersed in 
a heavy liquid, and if the surface of the solid consist partly of a 
curved surface, and partly of known plane areas; the resulting 
pressure on the curved surface can be determined. 

For the plane areas being known in size and position, we can 
calculate the resultant horizontal and the resultant vertical pres- 
sure, X and F, upon those areas ; and, since the resulting pressure 
on the whole surface is vertical and equal to gpV upwards, it follows 
that the resultant horizont«al and vertical pressures on the curved 
surface are respectively equal to X and gpV~-Y, 

' Ex. A solid is formed hy turning a circular area round a tangefiit line 
through an angle and this solid is held under water with its lower plane face 
horizontal and at a given depth h. 

In this case, 

V = ira^Qy X =sgprra^ {h - a sin B) sin B, 
and Y = gpird^ {h - h cos B+a sin B cos B). 

44. To find the resultant pressure on any surface of a fluid at 
rest under the action of any given forces. 

Let p be the pressure, determined as in Chapter II., at any 
point {x, y, z) of a surfiicc, u = 0, exposed to the action of a fluid. 
Then if 



p0?e p0Afc 

^ dx^ dy^ dz 


are the direction-cosines of the normal at the point {x, y, z). 

Let SS be an element of the surface about the same point. 
The pressures on this element, parallel to the axes, are 

.*. if X, F, Z, and L, JIf, N, be the resultant pressures parallel to 
the axes, and the resultant couples, respectively. 
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the integrations being made to include the whole of the surface 
under consideration. 

These resultants are equivalent to a single force if 
XL+YM + ZN^O. 

45 . The surface may be divided into elements in three different 
ways by planes parallel to the co-ordinate planes. 

^ 9 / 

Thus, hochy = projection of hS on xy^P g - iS ; 

and pdxdy ; and similarly, X=^ffp dydz, and F= JJpdzdx, 

L=Jfp {ydxdy — zdzdx) 

=J!p(ydy-zdz)dx, 

M=:JJp (zdz — xdx) dy, 

^ = Hp “ y^y) dz. 

46 . If the fluid be at rest under the action of gravity only, 
and the axis of z be vertical, ^ is a function of z, if> (z) suppose, and 
therefore 

X:=^jjif>{z)dydz, 

which is evidently the expression for the. pressure, parallel to a?, 
upon the projection of' the given surface on the plane yz\ and 
similarly Y is equal to the pressure upon the projection on xz. 

Again, if the fluid be incompressible and acted upon by gravity 
only, phxiy is equal to the weight of the portion of fluid contained 
between hS and its projection on the surface of the fluid ; 

Z, or pdxdy, is the weight of the superincumbent fluid. 

These results accord with those previously obtained. Arts. (40) 
and (41). 

47 . If a solid body be wholly or partially immersed in any 
fluid which is at rest under the action of given forces, the 
resultant fluid pressure on the body will be equal to the resultant 
of the forces which would act on the displaced fluid. 

For we can imagine the solid removed and the gap filled up 
with the fluid, which will be in eguilibrium under the action of 
the forces and the pressure of the surrounding fluid; and the 
resultant pressure must be equal and opposite to the resultant of 
the forces. 

, In filling up the gap with fluid, the law of density must be 
maintained, that is, the surfaces of equal density must be con- 
tinuous with those of the surrounding fluid. 
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1. ‘ A heavy thick rope, the density of which is double the density of 
water, is suspended by one end, outside the water, so as to be partly immei^ ; 
find the tension of the rope at the middle of the immersed portion. 

2. A hollow sphere of radius a is just filled with water ; find the resultant 

vertical pressures on the two i)ortiotis of the surface divided by a plane at 
depth c below the centre. f 

3. A vessel in the form of a regular pyramid, whose base is a plane 
polygon of n sides, is placed with its axis vemcal and vertex downwards and 
is filled with fluid. Each side of the vessel is moveable about a hinge at the 
vertex, and is kept in its place by a string fastened to the middle point of its 
base and to the centre of the polygon ; shew that the tension of each string is 
to the whole weight of the fluid as 1 to sin 2a, where a is the inclination of 
each side to the horizon. 

y 

jl 4. If an area is bounded by two concentric semicircles with their common 
bounding diameter in the free surface, prove that the depth of the centre of 
pressure is 

■^ir {a + h) (a*+ lp)j (a* + 6® 4* aft), 

where a and ft are the radii. 

*^5. Find the centre of pressure of a square lamina having one angular 
point in the surface of a liquid ; and supposing it to be moved about the 
angular point in its own jflane, which is Axed, and to be always totally 
immersed. And the locus on its own plane of its centre of pressure. 

6. Find the centre of pressure of an elliptic lamina just immersed in 
water ; and supposing it turned round in the same vertical plane, so as to bo 
always just immersed. And the locus with rcsi)ect to its axes of the centre of 
pressure. 

7. A cubical box, Ailed with water, has a close-Atting heavy lid Axed by 
smooth hinges to one edge ; compare the tangents of the angles through which 
the box must be tilted about the sevenil edges of its base, in order that the 
water may just begin to escape. 

A system of coaxal circles is immersed in water with the line of centres 
at a given depth ; prove that the centres of pressure of those circular areas^ 
which are completely immersed, lie on a paraWa. 

9. Find the centre of pressure of a semi-ellipse (axes 2a and a) which is 
bounded by a diameter inclined at the angle ^ to its major axis, its plane 
being vertical, and the diameter in the surface. 

10. A semi>ellipse, bomided by its axis minor, is just immersed in a liquid 
the density of which varies as the depth ; if the minor axis be in the surface. 
And the eccentricity in order that toe focus may be the centrd of pressure. 

11. A square lamina ABCD, which is immersed in water, has the side A B 

in the surface ; draw a line BE to a point E in CD such that the pressures on 
the two portions may be equal. Prove that, if this be the case, the distance 
between the centres of pressure ; the side of the square :: 605 : 48. 

12. From a semicircle, whose diameter is in the surface of •a 

a eirde is cut out, whose aiameter is the vertical radius of the sen^cift^jl 
And toe centre of pressure of the remainder. 
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13. A seniicirculHi* lamina is completely immersed in water with its 
plane vertical, so that the extremity A of its bounding diameter is in the 
surface, and the diameter makes with the surface an angle a. Prove that if E 
l»o the centre of juessure and B the angle between AE and the diameter, 

^ . 39r + lGt}ina 

16+15tr tan a 


1 1. If the depths of the angular points of a triangle below the surface of 
a liiiuid 1)^ rt, prove that the ilepth of the centre of pressiu*e below' the 
centre of gravity is 

(A - c )^+(r-a y + 
la -he) 


ITi. A plane area immersed in a fluid moves parallel to itself and with its 
centre of gravity always in the same vertical straight line. Shew (1) that the 
locus of the centres of pressure is a hyiKirlnda, one asymptote of which is the 
given vertical, and (2) that if a, a+A, fi-hE, a-h/i" be tlie depths of the c.o. in 
iiiiy positions, y, y + P, 2/ + ^'" tlnKsc of the centre of pressure in the same 
positions, then 


A h{k--h) 
h! E{k'-K) 

ir r(r-//o 


=^0. 


IG. Find the centre of pressure of a segment of a parabola bounded by 
the curve and tlie latus-rectum, the tangent at oms end of the bounding 
ordinate being in the siirfice. It the liquid rise, the iiaralnda remaining 
stationary, show that the centre of pressure descril>es a straight lino. 

17. A cone is totally immersed in water, the depth of the centre of its 
Hise hoiiig given. Provo that, l\ /^ F' Wng the rcsulUnt pressures on its 
coiiv’cx surfiicc, when the sines of the inclination of its axis to the horizon are 

if', .s", re.si)Octively, 

in (.s' _ a") + («" - «) (« - s') =0. 

18. Find the centre of pressure of the .•u’ea between the curve Vj? + Vy = 
and the axes, taking the axes rectangular and one of them in the surface. 

1!). A (piantity of liquid acted upon by a central force varying fus the 
distance is contained between two ]»arallel planes j ii yl, E be the areas of the 
planes m contact with the fluid, shew that the pressures upon them are in 
the ratio 

20. A solid sphere rests on a horizontal plane and is just totally immersed 
ill a liipiid. It is then divided by two planes drawn through its vertical 
ilianieter perpendicular to eiich other. Prove that if p lie the density of the 
solid, 0 - that of the fluid, the parts will not separate provided cr> Jp. 

21. Olio asymptote of a hyperbola lies in the surface of a fluid; find the 
depth of the centre of pressure of the area included between the immersed 
asymptote, the curve, and two given horizontal lines in the plane of the 
liyi>orbola. 

22. A coiio is immersed in w’ater with the centre of its base at a distance 
of 1 of Its altitude below the surface. A paralmloid of the same base and 
altitude is also iimncrsed with the centre of its base at the same distance 
below the surface as that of the cone, and with its axis inclined at tlie same 
angle to the vertical. Find what this single must be in order that the resultant 
pressures on the convex surfaces of the two solids may be equal. 

23 A closed cylinder, very nearly filled with liquid, rotates uniformly 
about’ a generating line, which is vertical ; find the resultant pressure on its 

curved surface. . 

Determine also the point of action of the pressure on its upper cud. 
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24. Shew that the depth of the centre of pressure of the area included 
between the arc and the asymptote of the curve 

, , y, 1 ^ 37ra + 166 

the asymptote being in the surfixco and the plane (^f the curve vertical. 


25. A cone is filled with liquid, and fitted with a heavy lid, moveable 
about a hinge ; it is then made to i*evolve uniformly about the generating line 
through the hinge, which is vortical; find the greatest angular velocity 
consistent with no escape of the liquid. 


26. A portion of a spherical shell is cut off by a plane, and the remaining 
portion is placed on a horizontal plane so that the circular section is in contact 
with the i)lane and is then filled with water through a small hole at tlie 
highest ])oint. Find the largest jiiec'e which can bo cut off so that, however 
light the shell may be, the water may not escai>e. 

In this case, prove that the whole pressure on the shell is to the weight of 
the liquid in the ratio 2:1. 

27. If a plane area immersed in a liquid revolve about any axis in its own 
])lane, prove that the centre of pressure describes a straight line in the plane. 


28. A cube whoso edge is 2«, and whose faces arc Imrizontal and vertical, 
is surrounded by a mass of heavy liquid, the volume of which is 8a’ {tt Vo - Ij ; 
the liquid is acted on by a force tending to the centre of the cube, and varying 
as the distance, the forci^ at the distance a being g : find the form of the free 
.surface and the pressure at any point: also if one of the vertical faces of the 
cube be moveable about a horizontal lino in its owm ]>lane, show that the face 
will be at rest, if this lino be at a distance ja from the lowest edge of that face. 


29. A solid paraboloid, cut off by a plane through the focus perjiendicular 
to its axis, IS conqiletely ininiersed, its vertex lieing at a given depth, and its 
axis inclined at a given angle to the vertical. Find the direction and magnitude 
of the rcsultiiiit pressure on its curved surface. 

30. A solid is formed by turning a parabolic area, bounded by the latus- 
rectuni, about the latus-rectura, through an angle 8 ; and this solid is held 
under water, just immersed, with its lower plane face horizontal. Prove that, 
if </) be the inclination to the horizon of the resultant pressure on the curved 
surface of the solid, 

3 siu-^ 6 tan <f) — b sin ^ — 3 sin 6 cos 0 — 2^. 

31. In the midst of a mass of fluid attracting according to the law of 
nature, and rotating in relative equilihriuni about an axis, a small particle is 
introduced, and started with the velocity of the fluid whoso place it occupies. 
Will it approach or recede from the axis? 

32. In an infinite mass of fluid of density /», every part of which attracts 
every other part according to the law of nature, are placed two shells, whose 
internal and external radii are a, h and a\ U respectively, ^nd densities cr, o-'. 
The shells also attract cfich other and the fluid as in natuie. Find the 
resultant force on each shell, and shew that in certain cases this force is 
a repulsive one. 

33. A given area is immersed vertically in a heavy liquid and a cone is 
constructed on it as base, the cone being wholly immersed : find the locus of 
the vertex when the resultant pressure on the curved surface is coiista.nt, And 
shew that this pressure is unaltered by turning the cone round horizontal 
line drawn through the centre of gravity of the base pemendicukr to the 
plane of the liase. 
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34. A conical vessel, axis vertical and vertex downwards, is divided into 
two i)arts by a plane through its axis, and the parts arc prevented frono 
separating by a string which is a diameter of the rim of the vessel, and is 
perpendicular to the dividing plane, and by a hinge at the vertex. The vessel 
being filled with water, comiMire the tension of the string with the weight of 
the water. 


35. A hollow cone open at the top is filled with water ; find the resultant 
pi-essure on the portion of its surface cut oft', on one side, by two planes 
through its axis inclined at a given angle to each other ; also determine the 
line of action of the ivsultant pressure, and show that, if the vertical angle be 
a right angle, it will pass through the centre of the top of the cone. 


36. A vessel in the form of an elliptic paraUduid, whose axis is vertical. 


, . . V' 

and equation “ 2 +“ 


is divided into four equal compartments by its 


priiiciiMil planes. Into one of these water is poured to the depth A ; prove 
that, if the rcsidtant prp.sMurc on the curved portion be reduced to two forces, 
one vertical and the other horizontal, the line of action of the latter will pass 
thniugh the point (iV*, 4A). 


37. A bowl in the form of a hemisphere is tilled with water ; find the 
dii-ection and magnitude of the i*esaltant pressure on the upper portion of the 
bowl cut <itt‘ by a plane through its centre inclined at a given angle to the 
horizon. 


38. An open conical shell, the weight of which may be neglected, is filled 
with water, and i.s then suspended from a point in tho rim, and allowed 
gradually to tike its position of equilibrium ; prove that, if the vertical angle 
lie coM-i^jthe surface of the water will divide the generating lino through the 
point of suspension in the ratio 2:1. 

39. A regular polygon wholly immersed in a liquid is moveable al>out its 
centre of gravity ; prove that the locus of the centre of pressure is a fli>here. 

40. A hemiftpherical bowl is filled with water, and two vertical pianos are 
drawn through its central radius, cutting oft' a seiiii-lune of the surface; if 2a 
be the angle l)etween the planes, prove that the angle which the resultant 
pressure on the surface makes with the vertical 

41. A volume — of flui<l of density p surrounds a fixed sphere of 

a 

radius h and is attracted to a jioint at a distance c {<b) from its centre by 
a force iir per unit mass ; .supposing the external pressure zero, find the 
resultant pressure on the fixed sphere. 

42. A vessel in the form of a surface of revolution has the following 
property ; if it be placed with its axis vertical, and any quantity of water be 
poured into it, the resultant vertical pressure has a constant ratio to the 
resultant horizontal pressure on either of the portions into which the surface 
is divided by a vertical plane through its axis ; find the form of the surface. 

43. Find the equation of a curve symmetrical about a vertical axis, such 
that, when it is immersed with its highest point at half the depth of its lowest, 
the centre of pressure may bisect the axis. 

44. A rectangular area is immersed in compressible liquid with its plane 
vertical and one side in the suiface, where the pressure is zero. Shew that, if 
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the density is a linear function of the pressure, the depth of the centi-e of 
pressure is 

m pj_(wi+l)po * 

where a is tlie length of the vortical side, p^j, pi are the densities at the top and 
bottom of the area, and 

m=log(pi/p(,). 

• 

45. The vertices A, /?, C of a triangular lamina are sunk in a homogeneous 
liquid to depths 4i, ^21 >^3 respectively : prove that if jdi, l>e the respective 

lierpendiciilars from .4, B, C on BO, CA, AB, then the triliiiear co-oi5inates 
of tlie centre of pressure are 




1 + 


h\ 




)■ 


/il+/d2 + Aj, 


)' "ii 


1 + \ ^ 
hi 4-/i2 + ^3/ 


46. A triangular lamina is totally immersed in a homogeneous liquid, the 
depths of the angular points being p, r \ prove that if the centre of pressure 
of the triangle coincide with the mean centre of its angular points for multiples 
I, m, /i, then ^ 

:/ :3ia~(a+Q :3a-(;+?/A). 


47. A cubical box of side a has a heavy lid of weight W moveable about 
one edge. It is filled with water, and held with the diagonal through one 
extremity of this edge vertical. If it now made to rotate with uniform 
angular velocity w, shew that, in older that no water may be spilled, W must 
not be less than 


( 1 + 

if W' is tlie weight of the water in tho box. 


48. A closed rigid vessel is formal by half the surface of an ellipsoid cut 
oft by any central section, and by the plane section itself. The vessel is just 
full of water and stands with its plane base on a horizontal table. Prove that 
the resultant pressure on the burved surface is a vertical force equal to half 
the weight of the water, such that its line of action cuts the plane base at a 
distance from the centre ; where r is the semi-diameter conjugate 

to the base, and tsr the perpendicular from the centre on the horizontal tanSsiit 
plane. ° 


49. A small solid body is held at rest in a fluid in which the pi-essure p 
at any point is a given function of the rectangular co-ordinates x,y,z\ pro^ 
that the components of the couple which tends to make it rotate round the 
centre of gravity of its volume are 

dz^J ^ dyd.o'^^ dzdc' 

and two similar expressions, where A, B, C, D, E, F are the moments and 
products of inertia c)f tho voliuno of the solid with respect to axes through the 
centre of gravity. ® 


50. A rigid spherical shell of radius a contains a mass M of gas in which 
the pressure is k times the density, and the gas is repelled from a fixed 
external jioint 0 (distant a from the centre) with a force per unit of mass 
equal to k /( distance). Prove that the resultant pressure of the gas on the 
shell is 


•> 51. A vessel full of water is in the form of an eighth part of an ellipsoid 
axes a, 6 , c), bounded by the three principal planes. The axis c is vertical, 

B.H. 4 
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and the atmospheric pressure is neglected. Prove that the resultant fluid 
pressure on the curved surface is a force of intensity 

52. A hollow ellipsoid is filled with water and placed with its «-axis making 
an angle a with the horizontal and its c-axis horizontal. Prove that the fluid 
pressure on the curved surface on either side of the vertical plane through the 
flf-axis is equivalent to a wrench of pitch 

3c sin a cos a 

2 * + 9 (rt- sin*-* a + cos*-* ti) ’ 

53. The angular points of a triangle immersed in a liquid whose density 
varies as the detith are at distances a, ft y respectively below the surface, sliew 
that the centre of pressure is at a depth 

3 (a + /3 + y ) (a** +ft-* -f y^) + a^y 
5* tt^+ft-*-|-y^+a^+i3y+ya 

54. A plane area, completely submerged in a heavy heterogeneous fluid, 
rotates about a fixed horizontal axis at depth h periiendicular to its plane. If 
the density of the fluid at deptli z be et^ual to and if the area be symmetrical 
about each of two rectangular axes meeting at the point of intei section of the 
area with the axis of rotation, ])rove that the locus in space of tlic centre j)f 
liresaure is an ellipse with its centre at a depth 

where lc\ and are the radii of gyration of the area with respect to the axes 
of symmetry and the atmospheric pressure is 

• 53. Shew that the pressure ou atiy pliuic area iiniuersed in water can be 
reduced to a force at the centroid of the area, and a couple about an axis in 

the plane of the area, and that the axis of this couple is perpendicular to the 
tangent at the end of the horizontal diameter of a momental ellipse at the 
centroid. 
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THE EQUILIBRIUM OF FLOATINO BODIES 

48. To find the conditions of equilibrium of a floating body. 

We shall suppose that the fluid is at rest under the action of 
gravity only, and that the body, under the action of the same 
force, is floating freely in the fluid. The only forces then which act 
on the body are its weight, and the pressure of the surrounding 
fluid, and in order that equilibrium may exist, the resultant fluid 
pressure must be equal to the weight of the body, and must act in 
a vertical direction. 

Now we have shewn that the resultant pressure of a heavy 
fluid on the surface of a solid, either wholly or partially immersed, 
is equal to the weight of the fluid displaced, and acts in a vertical 
line through its centre of mass. 

Hence it follows that the weight of the body must be equal to 
the weight of the fluid displaced, and that the centres of mass of 
the body, and of the fluid displaced, must lie in the same vertical 
line. 

These conditions are necessaiy and sufficient conditions ol 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. If it be heterogeneous, the displaced fluid must 
be looked upon as following the same law of density as the sur- 
rounding fluid; in other words, it must Consist of strata of the 
same kind as, and continuous with, the horizontal strata of uniform 
density, in which the particles of the surrounding fluid are neces- 
sjirily arranged. 

If for instance a solid body float in water, partially immersed, 
its weight will be equal to the weight of the water displaced, 
together with the weight of the air displaced; and if the air be 
removed, or its pressure diminished by a diminution of its density 
or temperature, the solid will sink in the water through a sjjace 
depending upon its own weight, and upon the densities of air and 
water. This may be further explained by observing that the 

4—2 
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pressure of the air on the water is greater than at any point 
above it, and that this surface pressure of the air is transmitted 
by the water to the immersed portion of the floating body, and* 
consequently the upward pressure of the air upon it is greater 
than the downward pressure. 


49. We now proceed to illustrate the application of the above 
conditions, by discussion of some particular cases. 

Ex. 1. A portion of a solid paraboloid^ of <jiven height, floats with its fU‘is 
vertical and vertex downwards in a homogeneous liquid: required to find its 
position of equilibrium. 

Taking 4a as the latus rectum of the generating parabola, h its height, 
and X the depth of its vertex, the volumes of the whole solid and of the portion 
immersed are respectively and ; and if p, a- be the densities of 

the solhl and liquid, one condition of equilibrium is 
p . ^TtaK^ = (T . 27ra.v2 ; 



which determines the portion immersed, the other condition being obviously 
satisfied. 


Ex. 2. It is required to fl/id the positions of equilibrium of a square lamina 
floating with its plane vertical, in a liquid of double its own density. 

The conditions of equilibrium aic clearly satisfied if the lamina float half 


immersed either with a diagonal verticiil, 
or with two sides vertical. 

To examine whether there is any other 
position of equilibrium, let the lamina 
be held with the line DGC in the surface, 
in which case the first condition is 
satisfied. » 

But, if the angle (JGA = 6, and if 2a 
be the side of the square, the moment 
about Q of the fluid jiressure, which is 
the same as the diflerence between the 
moments of the rectangle AK, and of 
twice the triangle (IBDy is proportional to 

2a- . ” sin d — a^ tan $ , 



sec 6 -V a cos 6 
3 


or to 


sind(l-tan®^). 


and this vanishes only when d=0 or 

Hence there is no other position of equilibrium. 
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Ex. 3, A triangular 'prUm floats with its edges horizontal^ to find its positions 
of equilihriuni. 

Let the figure be a section of the prism by a vertical plane through its 
centre of gravity. 

PQ is the line of flotation and// the centre 
of gravity of the liquid displaced. When 
there is equilibrium the area APQ is to 
A BC in the ratio of the density of the prism 
to the density of the liquid, and therefore 
for all possible positions of PQ the area APQ 
is constant ; hence PQ always touches, at 
its middle point, an hyperbola of which AB^ 

A (7 are the asymptotes. 

Also EG must be perpendicular to PQ^ 
and therefore since 

AH:UE^2iO:GF, 

FE must be perpendicular to PQ^ that is, 

FE is the normal at E to the hyperbola. 

The pn>blem is therefore reduced to that of 
drawing normals from F to the curve. 

Let (a) 

be the equation of the curve referred AB^ AC as axes, and let 
lBAC^Q, AB^^2a, AC^^k 

Let .r, g be the co-ordinates of E ; the co-ordinates of F are a, ft, and the 
equation of the normal at E is 

Vcosd— A’ * . 

(f-iP). 

And if this pjiss through Fy the co-oixiinates of which arc a, ft, 

(ft - y) (.v cos ^ — y) = (« — .“t) (y cos 6 — 

or .r^-(a-pftcosd)^=y^— (acos^ + ft)y (/3). 

The equations (a) and (/3) determine all the points of the hyperbola, the 
tangents at which can be lines of flotation. 

Also (jS) is the equation to an equilateral hyperbola, referred to conjugate 
diameters parallel to A B, AC \ the points of intersection of the two hyperbolas 
are therefore the positions of E, 

To find we have 

- (a + ft cos d; . + (a cos ^ + ft) = 0, 

an equation which has only one negative root, and one or three positive roots 
and there may be therefore three positions of equilibrium or only one. 

If the densities of the liquid and the prism be p and <r, we have, since the 
area PAQ 

^ =^A/’.AQsind=^siu^=2(^8m^, 

2pc* sin $ = Ztrab sin 0, 

or p^ (TCtft, 

from which c is determined. 
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Suppose the prism to be isosceles, then putting a—b, the equation for x 
becoineH 

— €^ — a i\+ cos B) — f At?) = 0 ; 

from which we o1)tain .v=c, which gives y—c, and makes BC horizontal, an 
obvious position of equilibi*imn, and also 

a? = ^ (1 + cos 0) ± |~ (1 + cos BY — s* a cos- ^ ± ^ cos'* ^ » 

the isosceles prism will therefore have only one position of equilibrium, unless 

acos^^ >c ; 

and, since pc^—<ra\ this is equivfdent to 



Fix. 4. Detertiiine the position of e</uilihrhmi of a hoUoon of given sizv and 
m%ght^ neglecting the rariations of tempemtn re at different heights in the 
atmosphere. 

1 f the temperature he constant, the ])ressure of the air at a height s^Ue ^ , 


and its density = 



n l)eing the atmospheric; pressure at th(» level from 


which the height is measured. 

The air displaced consists of a scries of strata of variable density, and if u 
be the height of the lowest point of the bcalloon, .v the distance from that point 
of any horizontal section (A) of the balloon, and h its height, the weight of a 
stratum of the fiir displaced is 


n</ 


e Xbr, 


and the whole weight of air displaced 



e A 


Xd.e^ 



e ^ Xdjv. 


The form of the balloon being given, X is a known function of .% and if W 
be the weight of the balloon and of the gas it contains, the height z will be 
determined by ecpaiting W to the expression we have obtained for the weight 
of the air displaced. 


^ 60 . A homogeneous solid jloatSy tvholly immersed, in a liquid 
of which the density varies as the depth; to find the depth of its 
centre of mass. 

Lot a, c be the depths of the highest and lowest points of the 
solid, Z the area of a horizontal section of the solid at a depth z, 
and pz the density; 

the weight of the liquid displaced « ( gpzZdz. 

J a 
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Let ~z be the depth of the centroid of the volume of the solid, 
and V its volume, then 



therefore the weight of dispUiced liquid = giiz F, ami if p be the 
density of the solid, its weight =s=^/)F; hence p — fiz, or the solid 
floats in such a position that the density of the liquid at the depth 
of the centroid of the volume of the solid is equal to the density of 
the solid. 


51. If a solid float under constraint, the conditions of equi- 
librium depend on the nature of the constraining circumstances, 
but in any case the resultant of the constraining forces must act 
in a vertical direction, since the other forces, the weight of the 
body, and the fluid pressure, art^ vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of the 
fluid displaced should have equal moments about the fixed point; 
this condition being satisfied, the solid will be at rest, and the 
stress on the fixed point will be the difference of the two weights. 

As an additional illustration, consider the case of a solid 
floating in water and supported by a string fastened to a point 
above thti surface; in the position of equilibrium the string will be 
vertical, and the tension of the string, together with the resultant 
fluid pressure, which is equal to the weight of the displaced fluid, 
will counterbalance the weight of the body; the tension is there- 
fore equal to the difference of the weights, and the weights are 
inversely in the ratio of the distances of their lines of action from 
the line of the string, these three lines being in the same vertical 
plane. 


62. For subsequent investigations, the following geometrical 
propositions will be found important. 

If a solid be cut by a plane, and this plane be made to turn 
through a very sinall angle about a straight line in itself, the volume 
cut off will remain the same, provided the straight line pass throt^ 
the centroid of the area of the plane section. 

To prove this, consider a right cylinder of any it by 

a plane making with its base an angle 0. 

LetH^be the distance from the base of 
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section -4, S-4 an element of the area of the section and V the 
volume between the planes. Then 

A' ’ 

A cos = 2 (Si4 cos 0 . PN) = V, 
or F == i (area of base). 

Now the centroid of the area A is also the centroid of all 
sections made by j)lanes passing through it, as 
may be seen by projecting the sections on the 
base of the cylinder; it follows therefore, that 5 
being the same for all such sections, the volumes 
cut off are the same. 

In the case of any solid, if the cutting plane 
be turned through a very small angle about the 
centroid of its section, the surface near the curves 
of section may be considered, without sensible 
error, cylindrical, and the above proposition is 
therefore established*. 

In other words, the difference between the volume lost and the 
volume gained by the change in the position of the cutting plane 
will be indefinitely small compared with either. 

* The following form of proof may also be given. 

Let ACJi, the cutting plane, be turned through a small angle (0) about a line 
and let dA be an element of the area. 




Then the algebraical value of the additional volume cut off is equal to jdydA, 
and, if this vanishes, jydA:=:0, which is the condition that the centroid of A should 
lie in the axis of x ; and, taking C as the centroid, any plane through C will satisfy 
the same condition. 

We may observe that the algebraical moment about the axis of y of the volume 
cut off is jdxydAf which vanishes if jxydA^O, that is, if the axes Cx, Cy be the 
principal axes of the area. 
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63. Definitions. If a body float iii a homogeneous liquid, the 
plane in which the body is intersected by the surface of the liquid 

is the plane of flotation. 

The point H, the centre of mass of the liquid displaced, is 

the centre of buoyancy. 

If the body move so that the volume of liquid displaced remains 
unchanged, the envelope of the planes of flotation^is the surface 
of flotation, and the locus of H is the surface of buoyancy. 

64. If a plane move so as to cat from a solid a constant volume, 
and if H he the centroid of the volume cut off, the tangent plane at 
H to the surface which is the locus of H is parallel to the cutting 
plane. 

In other words, the tangent planes at any point of the surtace 



of flotation, and at the corresponding point of the surtace of 
buoyancy, are parallel to one another. 

Turn the plane AGB, the cutting plane, through a small angle 
into the position aCb, the volumes of the wedges ACa, BCb being 
equal. 

Let G and (?' be the centroids of these wedges. 

In OH produced take a point E such that 

EH : HO : : Volume ACa : Volume aDB. 

Join EG' and take H' such that 

EH ' : H'G ' : : Vol. BGh : Vol. aDB\ 
then H' is the centroid of at)h\ 
but EH:HG::EH':H'G\ 

and HH' is therefore parallel to OG'. 
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Hence it follows that ultimately when the angle AGa is in- 
definitely diminished, 

HH' is parallel to ACB\ 
and HH' is a tangent at H to the locus of H, 

This being true for any displacement of the plane AGB about 
its centroid, it follows that the tangent plane at H to the locus of 
H is parallel to the plane AGB. 

55. The positions of equilibrium of a body floating in a homo- 
geneous liquid are determined by dra iving normals from G, the centre 
of mass of the body, to the surface of buoyancy. 

For if GH be a normal to the surface of buoyancy, the tangent 
plane at if, being* parallel to the plane of flotation, is horizontal, 
and GU is therefore vertical. 

The two conditions of equilibrium are then satisfied, and a 
position of ecpiilibrium is determined. 

The problem comes to the same thing as determining the posi- 
tions of equilibrium of a heavy bo<ly, bounded by the surface of 
buoyancy, on a horizontal plane. 

56. It should be noticed thfit the shape of the curve of buoy- 
ancy is entirely determined by the form of the bounding surface, 
and is unaffected by an alteration of the form of that portion of 
the body which always remains immersed. 



Let HQ be an arc of the surface of buoyancy for a boundary 
BAG, and an immersed volume F, and imagine a volume v, the 
centroid of which is h, to be cut off. 

Taking kH' ihH ..hQ' ikQi.ViV-’V, the surface H'Q' is the 
new surface of buoyancy which is obviously similar to the surface 
HQ. 
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57 . Particular cases of curves of buoyancy. 

For a triangular prism, as in Art. (49), the curve of flotation 
is the envelope of PQ, which is an hyperbola having AB, AG for 
asymptotes; and, since AH-^AE, the curve of buoyancy is a 
similar hyperbola. 

ilf the body be a plane lamina bounded by a parabola, the curves 
of flotation and buoyancy are equal parabolas. 

Tf the boundary be an elliptic arc, the curves arc arcs of similar 
and similarly situated concentric ellipses. 

If the immersed portion of a lamina (or prism) be a rectangle, 
the curve of flotation apparently is a single point, and the curve 
of buoyancy is a parabola. 

To prove this, let ff, H' be positions of the centoud correspond- 
iiig to the positions A OB, A'GB' of the line of flotation. 

Then, if AG=GIi = a, = GH=-o, and /S=thc area cut 

off, 

% = .S'. H'N=lu^ . 

8x =8.HN = la8(c + ^-l o/8 (c - f ('73 S 

and * . \ 8y^=i^a^x, 

This is a particular Ci\se of the triangular prism, and, as in that 
case, the curves of flotation and buoy- 
ancy are similar curves, the fact being 
that the curve of flotation is a parabola, 
with its vertex at C, flattened down to a 
straight line. 

In the case of Ex. (2), Art. (49), 

S = 2a^ and the curve of buoyancy is the 
parabola, = 2(w?. 

The radius of curvature at the ver*^ 
tex, H, of this parabola is ^a, which is 
less than HO. 
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Hence it will be seen that th.ree normals can be drawn to the 
curve of buoyancy, giving the three 
positions of equilibrium. 

68. If the body be a lamina bounded 
by an hyperbolic arc, the curves are simi- 
lar hyperbolas. 

Thus, if QVQ^ be a line of flotation, 
and if 2a', 26' be the diameters conjugate 
and parallel to QQ', inclined at an angle 
By so that a'6'sin 0 = a6, 

the area QPQ; = 2 J — a'® sin 0 d.r 

SO that the ratio of .r' to a', that is, of CV to CP, is constant. 
Moreover, 

(area) (GH) = 2 ^ sin ^ f oo \^.r- — (/'-d.r 



and therefore the ratio of GH to GP is constant. 

These results can also be obtained by purely geometrical 
reasoning. 

69. In the case of a right circular cone floating with its vertex 
beneath the surface, the surfaces of flotation and buoyancy are 
hyperboloids of revolution. 

If V is the vertex of the cone, ACB the major axis of a section, 
and VK the perpendicular upon AB, the volume VAB is equal to 

^VK,lirAB.{AV.:bVBm^a]^. 

But VK .AB=>VA.VB sin 2a, V ■ ' 

each expression being double the area VAB) therefore, the volume 
being constant, it follows that the area VAB is constant. 

The locus of (7, the centroid of the plane section, is therefore a 
hyperboloid of revolution, and, VH being three-fourths of VC, the 
surface of buoyancy is a similar hyjierboloid. 

60. Surfaces of buoyancy and flotation for an ellipsoid. 

If the ellipsoid have equation + + 

stitutions so^a^, y^bn), cf reduce the problem to that of the 
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sphere ^ + + and if V denote the immersed volume of 

the ellipsoid, V/abc denotes the corresponding volume of the sphere. 
It is clear that the plane which cuts off this volume touches a con- 
centric sphere of radius r, such that 

I TT (1 — a:^) (lx = Vjtibc, 

or ^TT (I — ?•)- (2 + r) = Vjitbc, 

Also the centroid of the volume cut off lies on a sphere of radius 
i2, where 

a J TT (1 — (lx = j TT^ (1 — A*-) (l.V 

or fi=i(l-f-r)V(2 + r). 

Returning to the original problem we see that the surface of 
flotation is a similar ellipsoid of semiaxes m, vb, re, where 

(l~ry(2-hr) = :ir/7rrt6c (1); 

and the surface of buoyancy is another similar ellipsoid of semi- 
axes RUf Rb, Rcy wher(^ 

i2 = f(l+ 7-)V(3 + r) (2). 

Similar results hold good for a hyperboloid of two sheets. 

I 

^ 61. Elliptic Paraboloid. « 

This case can be deduced from the results for an ellipsoid by 
making a, b, c tend to infinity in such a way that a^/c a and 
¥jc where a, ^ are the semi latera recta of the principal sec- 
tions of the paraboloid. If, as before, V denotes the finite volume 
immersed, then V/cibc tends to zero, so that r and also R both tend 
to unity. Hence the surfaces of dotation and buoyancy are equal 
paraboloids. Also the distances between their vertices and the 
vertex of the given paraboloid are the limiting values of c(l — r) 
and c (1 — ii). 

But, from Art. 60 (1), we see that 

^ 3Fc F . 




(2 + r) Trab 


so that the intercept on the axis between the given paraboloid and 
the surface of flotation is 7, where 

7 ^ = Vjir^OLfi. 

Similarly, from Art. 60 (2), 

4(2 + r) 
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thus determining the corresponding intercept for the surface of 
buoyancy. 

62. Cylinder of any section. 

The surface ^of flotation is a point on the line of centroids Ozj 
given by Ac = Vy where A is the cross 
section and V the volume immersed. 

Let z = ir -hmy + che the equation of 
the cutting plane, the origin being in the 
base. 

The ctiordinates ?/, 2 ) of the centre 
of buoyancy arc given by 
Vx — ^jxzdxdy integrated over the base 

= //^ (c + 

^ (tl + hm. 

Similarly 

Vi/ == Jfyzdxdy 
==hl-hbiH; 

and Vz = I jjz-doody 

= I {(iP + "Hilm + hup) + \ c“A ; 

where a^jjaPdivdy, h=f\xydxdy, b==JJy'^dxdy. 

If we use the principal ax(*s of the section as axes of x and y, 
we have h = 0, and 

Vx = al, Vy = bm, V{z — ^c) = -J {aP + bnP). 

Tlierefore the equation of the surtiice of buoyancy is 

^ , ?f __2 z-c 
a b V ' 

63. A solid of revolution floats in a liquid which rotates 
uniformly^ as if solids about a vertical cuds, the cuds of the solid 
coinciding vnih the ads of rotation; requiy'ed to find the condition 
of equilibrium. 

In a mass of rotating liquid, suppose a surface of revolution 
described, having its axis coincident with the axis of rotation, and 
consider the equilibrium of the liquid within this surface. The 
resultant of the fluid pressures upon the liquid must be equal to 
its weight, and the same pressures being exerted on the surface of 
any solid occupying the same space, it follows that any such solid 
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will be in equilibrium, if its weight be equal to the weight of the 
fluid it displaces. 

It will be seen moreover that it is quite indifferent whether 
the solid rotate with the fluid, or with a different angular velocity, 
or be at rest. 


Ex. A cylinder floats in Totaling liquid ; to find the depth to which it is 
immersed. 

If 6> be the angular velocity, the equation to the generating parabola of the 
free surface, taking its vertex as the origin, is and Hz' be the depth 

of the base of the cylinder below the circle of flotation, that is, the circle in 
which the free surface intersects the surface of the cylinder, and c the radius 
of the cylinder, the volume of the displaced fluid is the difteronce between the 

volume of a height 2 ' of the cylinder, and the volume of a height <>f the 
paraboloid. 

Hence, if o- he the density of the cylinder and p of the fluid, 

<rirc^/t=p 


64. A more general cas(^ is that of a body floating, wholly or 
partially immersed, in a liquid at rest under the action of any given 
forces, the sanie forces being supposed to act on the molecules of 
the body. 

If the body be in equilibrium, the resulting force upon it will 
be equal to the resulting force on the liquid displaced, and the lines 
of action of the two forces will be the same. 

For, if the body be removed, and its place occupied by the dis- 
placed liquid, the resulting pressure of the licpiid upon the body 
will be th(‘ same as upon the displaced liquid, and will therefore 
be equal and opposite to the resultant force upon the displaced 
liquid. 

Ex. A mass of liquid is at rest under the action of a force to a fixed point 
varying as the distance^ and a solid in the form of a spherical sector is at rest 
partly immersed in ?V, 'ivith its vertex at the fixed point; it is required to compare 
the densities of the liquid and the solid. 

In the state of equilibrium, let r l)e the radius of the free surface of the 
liquid, and a the radius of the spherical sector. The volumes of the sector and 
of the displaced liquid are in the ratio of a^ to r* ; and the distances of their 
centres of mass from the centre of force are in the ratio of a to /• ; 

.*. if p and or be the densities, pa^ssar^. 
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EXAMPLES 

1 . A solid formed of two co-axial right cones, of the same vertical angle, 
connected at the vertices, is placed with one end in contiict with the horizontal 
base of a vessel : water is then inured into the vessel ; shew that if the alti- 
tude of the upper cone be treble that of the lower, and the common density of 
the spindle four-sevenths that of the water, it will bo upon the point of rising 
when the water reaches to ihe level of its upper end. 

2. A cone, of given weight and volume, floats with its vertex downwards ; 
prove that the surface of the cone in contact with the liquid is least when its 

vertical angle is 2 t#m“^ 

v* 

3. A. square board is placed in liquid of four times its density ; shew that 
there are three different ixisitions in which it will float with one given corner 
only below the surface of the fluid. 

4. A body is floating in water ; a hollow vessel is inverted over it and 
depressed : what eticct will be produced in the position of the body, (1) with 
reference to the surface of the water within the vessel, (2) with reference to 
the surface of the fluid outside 1 

• 5. A hollow hemispherical shell has a heavy particle fixed to its I’irn, and 
floats in water with the particle just above the surface, and with the plane of 
the rim inclined at an angle of 45" to the surface ; shew that the weight of the 
hemisphere : the weight of the water which it would contain 

; : 4^2-5 :6v/2. 

_ 0. A cone of semi-vertical angle 30“ and axis A floats with its axis vertical 
and vertex downwards in a fluid whose density is ono-third greater than its 
own ; shew that the rim of its base will bo just immersed if the fluid rotate, 
as if rigid, with angular velocity /Jg/y/A about a vertical line coinciding with 
the axis of the cone, 

7. A solid cone is divided into two mrts by a plane through its axis, and 
the parts are connected by a hinge at the vertex ; the system being placed in 
water with its axis vertical and vertex downwards, shew that, if it float with- 
out separation of the p,rts, the length of the axis immersed is greater than 
A sin'*^ a, A being the height of the cone, and 2a its vertical angle. 

ft. A cone, the vertex of which is fixed at the bottom of a vessel containing 
water, is in equilibrium, with its slant side vertical and the lowest point of its 
base just touching the surface. Compare ^he density of the cone with that of 
the water. 

9. The curved surfac-e of a cup is formed by the revolution of a portion of 

the curve about its asymptote. It floats in liquid with its axis vertical 

and narrow end downwards, and a heavier liquid is poured into it. Shew that 
if the cup be made of proper weight, the distance between the surfaces of the 
two liquids will be constant. 

10. A cylinder floats in a liquid with its axis inclined at an angle tan~ ^ 2/5 
to the vertical, and its upper end just above the surface ; prove that the radius 
is 4/7 of the height of the cylinder. 

11. Two rods of the same substance have their ends fastened together, and 
float in a liquid with the angle immersed ; shew that the curve of buoyancy is 
a parabola. 
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12. A cone floats, with vertex downwards, in a cylindrical btisin of water, 
and is lifted just out of the water (without tilting) ; shew that the work done is 

where W is the weight of the cone, I is the depth of the vertex below the sur- 
face in equilibrium, V is the length of the cylinder which would be filled by 
the water then displaced by the cone. 

13. Find the surfaces of flotation and of buoyancy in the case of a right 
circular cylinder floating with one end immersed. 

14. If a given quantity of homogeneous matter be formed into a paraboloid 
of revolution and allowed to float with the vertex downwards, the square of 
the distance of the centre of gravity from the plane of flotation will be in- 
versely proportional to the latus rectum. 

15. A hollow hemispherical cui) is closed by a lid of the same small thick- 
ness and of the same sulbstaiice : shew that, if it float in a liquid with its centre 
in the surfiice, the inclination of the lid to the vertical will be tt/S. 

16. A right circular cone has a plane biise in the form of an ellipse ; the 
cone floats with its longest generating line horizontal ; if 2a be the vertical 
angle, and the angle between the plane base and the shortest generating line, 
shew that 

5 cot = 5 cot 4a — coscc 4a. 

1 7. If the height of a right circular cone be e(pial to the diameter of the 
base, it will float, with its slant side horizontal, in any liquid of greater density, 

18. A cone, whose height is h and vertical angle 2tt, has its vertex fixed at 
distance c beneath the surface of a liquid ; shew that it will rest with its base 
juht out of the liquid if 

<T<^ cos3 a C()S $ = ph* [cos {& - a) cos {fi -h a)]2^, 
where o- and p are the densities of the liquid and cone, and 6 is given by the 
equation c cos a = A cos (d 4- a). 

19. A tetrahedron floats in water with one corner immersed. The three 
edges which meet in this corner are equal and mutually at right angles. Shew 
that there are one, two, or three distinct positions of equilibrium, according 
as the ratio of the density of the tetrahedron to that of the water is greater, 
equal to, or less than 4 : 27. 

^ 20. A hemispherical ^hell (radius 2a) containing water rotates with an 
angular velocity J^glslla about its axis which is vertical : a sphere (radius a) 
rests on the water with its lowest point in contact with the shell without 
pressure on it. If the free surfac^asses through the rim of the shell, shew 
that 

density of sphere : density of water : ; 128 : 189. 

21. An isosceles triangular lamina ABCy right-angled at (7, floats, with its 
plane vertical and the angle C immersed, in a liquid of which the density 
varies as the depth ; prove that, if »r/4-|-d be the angle which AB makes with 
the vertical, in either of the positions of equilibrium in which A if is not 
horizontal, the value of B is given by an equation of the form 
ni sin^ B cos* d= (sin d-f cos B)\ 

^^22. A right circular cylinder, whose axis is vertical, contains a quantity of 
liquid, the density of which varies as the depth, and a right cone whose axis is 
coincident with that of the cylinder and which is of equal base, is allowed to 
sink slowly into the liquid with its vertex downwaras. If the cone be in 
equilibrium when just immersed, prove that the density of the cone is equal 

B. H, 5 
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to the initial density of the liquid at a depth equal to jVth the length of the 
axis of the cone. 

23. A solid cone, of height vertical angle 2a, and density p, is moveable 
ai'*out its vertex, and its vertex is fixed at a depth c below the surface of a 
liquid, the density of which, at a depth z, is fiz. The cone is in e<piilibrium 
with its axis inclined at an angle 6 to the vertical, and its base above the 
surface ; prove that 

cos® a cos B — {cos -f a) cos (^ - a)) 

24. A hollow paraboloidal vessel floats in water with a heavy sphere lying 
in it. There being an opening at the vertex, the water occupies the whole of 
the space between the vessel and the sphere. If the resultant pressure on the 
sphere be equal to half the weight of the water which would fill it, shew that 
the depth of the centre of the s[)here below the surface of the water is 4a2/3r, 
where is the latus rectum of the i^iraboloid, and c the distance of the 2 >lane 
of contact from tlie vertex. 

25. A right cone floats with its vertex downwards in a fluid of which the 
density varies as the de^ith. Shew that if its axis can make an angle 6 with 
the v’crtical in a 2 )osition of equilibrium, then 

5 cos a sec B (cos^ B - sin‘^ «) ’ = 4 \^4a-//>, 

where a is the semi-vertical angle of the cone, o- its density, p that of the fluid 
at a dc{3th equal to the slant side of the cone. 

2(). A right-angled triangular iirism floats in a fluid of which the density 
varies as the depth with the right angle immersed and the edges horizontal j 
slii^.w that the cuitc of buoyancy is of the form 

^’^sin* ^cos^^ssc*^. 

27. A life-belt in the form of an anchor-ring generated by a circle of radius 
a floats in water with its eipiatorial idane horizontal ; shew that c, the de^ith 
imm€irsed, is given by the equations 

z=a (1— cos/S), 

2irs == (2^ — sin 2^) ; 

where s is the sjiecific gi’avity of the material of the belt. 

28. A iiarabolic lamiuta, bounded by a double oixiinatc iieriiendicular to 
the axis, floats vertex downwards in a liquid with its focus in the surface and 
its axis inclined at the angle tan“^ ^7/2 to the vertical ; i)rove that the density 

of the liquid is to that of the lamina as 216 : ir^, and that the length of the 
bounding ordinate ia three times the latus rectum. 

29. A solid cone of density c, height A, and vertical angle 2a can turn 
freely about its vertex which is fixed at a height d above the surface of a 
liquid of density p. If it float with its base wholly immersed, and its axis 
inclined oblique^ at an angle B with the vertical, shew that 

h* (p - a) [cos (^-f- a) cos {B - a)}^ =^d*p cos B cos® a. 

30. All indefinitely small piece of ice, the sha 2 )c of which may be taken to 
be that of a right circular cylinder, is floating in water with its axis vertical. 
The part immersed receives deposits of ice in such a manner as to continue 
cylindrical, the radius and axis receiving equal increments in equal times. 
Find the ultimate sha^ie of the part not immersed. 

If the specific gravity of ice be ’96, prove that the surface is formed by the 
revolution of the curve 
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31. Describe the complete surface of buoyancy for an equilateral triangle 
floating in a liquid of four times its density, and shew that at points where 
the curvature is discontinuous the tangents to the curve intersect at an angle 


tan~^ 


12^3 
107 ' 


32. A solid bounded by the planes ±a^y=±h, s=0 and z=c floats in 
water with tlie base 2=0 wholly immersed. Shew that for displacements such 
that the volume V immersed remains constant and the base is entirely under 
water and the opposite face entirely out of the water, the equation of the sur- 
face of buoyancy is 

__ ^ahz 1 

# 

33. A cylindrical vessel with its cross-section of any 8hai)e floats with a 
length 2c of its axis immersed when the axis is vertical. Prove that the 
equation of the surface of biuiyancy is x^la^+y^ll)^=^zlr ; where the origin is 
taken at the middle ]K)int of the portion of the axis immersed for the upright 
position, the axis of ^ is vertically upwanis, and the axes of x, y parallel to the 
principal axes of moments of inertia of the plane of flotation for the upright 
positio!! through its centre of gravity, tand 6, (f are the r.idii of gyration for 
those axes of the plane of flotation. 



THE STABILITY OF THE EQUILIBRIUM OF 
FLOATING BODIES 

66. If a floating body bo slightly displaced, it will in general 
either tend to return to its original position, or will recede farther 
from that position; in the former case the equilibrium is said to be 
stahUi and in the latter imstable, for that particular direction of 
displacement. 

Consider first a small vertical displacement: it is clear that, if 
the body be floating partially immersed in homogeneous fluid, or 
if it be immersed, either wholly or partially, in a heterogeneous 
fluid of which the density increases with the depth, a depression 
will increase the weight of the fluid displaced, an(l on the contrary 
an elevation will diminish it; in either case the tendency of the 
fluid pressure is to restore the body to its position of rest, and 
the equilibrium is stable with regard to vertical displacements. 
This, it will be observed, is only shewn to be true of rigid bodies; 
if the increased pressure, caused by depression, have the effect of 
compressing any portion of the floating body, the equilibrium is 
not necessarily stable, and in fact it may be unstable. 

An arbitrary displacement will in general involve both vertical 
and angular changes in the position of the body; if however the 
displacement be small, as we have supposed to be the case, the 
effects of the two changes of position can be treated independently; 
and we proceed to consider the effect of a small angular displace- 
ment, on the supposition that the weight of fluid displaced remains 
unchanged, and consequently that the fluid pressure has no ten- 
dency to raise or depress the centre of mass of the body. 

66. A solidj floating at rest in a homogeneoits liquid^ is made 
to turn through a very small angle in a given vertical plane; to 
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determine whether the fluid pressure will tefnd to restore it to its 
original position or not 

Suppose that the body is turned through a small angle 0 about 
an axis Oy in the plane 
of flotation AOB\ Oy 
being at right angles to 
the plane of the paper, 

Ox in the plane of flo- 
tation and Oz vertical in 
the original position ; and 
as the body is turned let 
the axes be carried with 
it. 

If dxdy denotes an element of area on the plane of flotation 
AOB, the volume of an elementary column FQ is zdxdy vfh&ra z 
denotes the length PQ. In the displaced position the length of the 
corresponding column FQi&z-\-xd and its volume is {z + xd) dxdy. 
Hence the volume V of liquid displaced will be the same in both 
cases if 

i5{z + xO) dxdy = V ^jjzdxdy 

where the integrations are over the section of the body made by 
the plane of flotation in the original position. 

This reduces to jjxdxdy^^O, which means that the centre of 
gravity of the surface section must lie on Oy, as was proved in 
Art. 52. 

Assume that this condition is satisfied. In the original position 
the centre of gravity G and centre of buoyancy H are in the same 
vertical and we may denote the co-ordinates of the latter by (S, y, z) 
and note that 0 will have the same (a), y). In the displaced 
position there is a new centre of buoyancy H' whose co-ordinates 
referred to the original axes are {x\ y, z'). 

'Now Vx^JJxzdxdy, Vy^^jyzdxdyy Vz^jjy^dxdy, 

These integrals being written down by taking the elementary 
column PQ of volume zdxdy with its centre of gravity at the 
middle point of its length. 

In the displaced position the corresponding elementary column 
is P'Q of length z -t- x6\ its centre of gravity is at a distance 
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J + xd) from P\ and therefore at a distance i — xd) from P, 
so that we have 

Vx = ffx (z + xB) dx dyy Vj/ = JJ^ + xB) dxdy, 

Vc' xB) (z + xB) dx dy. 

We observe that, to the first power of the small angle we have 
i' = c, so that the tangent plane to the surface of buoyancy is 
parallel to the plane of flotation, as was proved in Art. 54. 

Now in the disphxced^sition the boily is subject to two equal 
and opposite parallel forces, viz. its weight W or ypV vertically 
downwards through 0 and the force of buoyancy vertically up- 
wards through H\ These forces form a couple and the plane of 
this couple will be at right angles to the axis of rotation if, and 
only if, the points G, IP are in a verticiil plane perpendicular to 
On, i.o. if ;/ = y, 

or jjy{z + Ke)dxdy=^jyzdxdy. 

This reduces to jjxy dxdy == 0, 

which means that the axis of rotation Oy must be a principal axis 
of inertia of the section of the body made by th(^ plane of flotation. 

When this condition is satisfied the 
vertical through H* inteisects the lino 
HG in a point M called the meta- 
centre. The couple acting on the body 
is \Y , QM 6 and it tends to restore the 
body to its former position or to increase 
th(' displacement according as M is 
above or below G. ^ 

Also, we have HM , 6 = HW = 

B\j{Pdxdif 

Therefore HM^AJc^IVy where Ak^ denotes the moment of inertia 
of the section of the body made by the plane of flotation about 
the axis of rotathm. 

The couple tending to restore the body is therefore 
gpV{HM - HG) = gp {Ak^ - V. HG).0 

67. Since there are two principil axes through the centre of 
gravity of the surface section of the body with corresponding 
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moments of inertia /j and U, it follows that a displacement about 
either of these axes would set np a couple in the plane of the 
displacement tending to restore equilibrium if HQ < IJV and also 
< Jg/F, Hence these conditions arc necessary- for stability of equi- 
librium. 

68. Work done in producing a displacement. When the 
body has been displaced through a ^mall angle 6 about cither 
principal axis through the centre of gravity of the*, surfixce section 
the.couph3 acting on the body is 

gp(Ak^- V,HG)0. 

( )onsequeiitly the work that would have to b(i done by external 
agency in order to increase 6 by a small amount dO is 
gp (Ak^^^V.UG)0d9, 

and, by integration, it follows that tlie work done in producing the 
angular displacement 9 is 

yp{Ak'^- V,HG)9\ 

69. Sufficiency of the conditions for stability. A small 
rotation about any axis in the plane of flotation through the centre 
of gravity of the water-section may be regarded as compounded of 
rotations 0,, 9^ about the principal axes of the section. Each of 
these separately sets up a restoring couple and the total work that 
would have to be done by external agency, or the gain in potential 
eiKTgy, in producing the displacement is* 

\ gp (/, ^V,HQ)9^^\ gp (/, - F . HG) 9^ 

Whence it follows that the conditions HG< /,/F and also <Ljy 
arc sufficient to ensure stability for displacements which do not 
alter the volume of li(iuid displaced. 

70. The question of stability may be treated somewhat differ- 
ently. 

Defining the metacentre as the point of intersection with the 
line HG of the vertical line through the new centre of buoyancy 
after a slight displacement, we are led to the following theorem; 

The metacentre is the ceydre of curvature of the cui've of 
buoyancy at the pomt in the same vertical line with 0, 

This is at once obvious from the fact that the point M is the 
point of intersection of consecutive normals to the curve. 

* That the expression for the woik done in a displacement of this kind does not 
contain a term may be proved as in Art. 79 following. 
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Hence it appears that for any displacement, consistent with the 
condition that the volume displaced remains the same, the direction 
of the fluid pressure is always a vertical tangent to the evolute of 
the curve of buoyancy. 

71. From the preceding theorem we can determine the ex- 
pression for the height of the metacentre above the point H. 

Let H be the centroid of the volume ADBy and H of aDh, 
aCA being a small angle 6. 



Then, if a be an element of the area of the i^lane of flotation, 
H'N\ HNy perpendiculars upon the vertical line through (7, 
V^HN. V^t{Un.0,a,Cii) + :i{Cn\e,oL\Cn!)y 
or H'L.V=0Ak^^ 

but, if M be the centre of curvature at 

H'L=:H'M.0 = mi.0y 

The restorative moment, for a small displacement 0, 

=^gpV. OM. 0 » gp0 (Ak ^ - V.HG), 

72. The preceding article assumes that the vertical line of 
action of the fluid pressure, after a slight displacement, intersects 
HG, This will be true only when the plane of displacement is a 
principal section, at H, of the surface of buoyancy. When this is 
not the case, the projection of the line of action on the vertical 
plane of displacement will intersect HG in a point if, which will 
be the centre of curvature of the normal section of the surface. 

The radius of curvature of any normal section at H, of the 
surface of buoyancy, is therefore Ak^/V, and, if 7 and 7' be the 



METACENTRE 


73 


principal moments of inertia of the plane of flotation at its 
centroid, the principal radii of curvature, at H, of the surface of 
buoyancy are 

y and y, 


and the principal sections are parallel to the principal axes of the 
plane of flotation. 


73. A most important case naturally presents itself ; that is, 
the question of the stability of equilibrium of a ship when displaced 
by rolling. 

In general it is impossible for a ship to roll without tossing, 
because the two ends of the ship are imsyminetrical ; but in the 
case of a very long vessel, such as an Atlantic ‘liner,* it may be 




assumed that the ship can be divided symmetrically by a plane 
perpendicular to its length, and in this case the ship has two 
vertical planes of symmetry, and consequently the vertical line 
HO passes through the centroid C of the plane of flotation. 

The line HO also divides the curve of buoyancy symmetrically, 
and the point ff is a point of maximum or minimum curvature. 
In the first of these two cases the cusp of the evolute is pointed 
downwards; in the second case it is pointed upwards. 

•The figures at once shew the effects of displacement. 

In the first case the righting moment, which is the statical 
measure of stability for a given angle of displacement, is propor- 
tional to 6rF the perpendicillar fi'om G on the tangent PQ, and 
increases with an increase in the angle of displacement. 
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In the second case, the righting moment increases to a maxi- 
mum value, and then diminishes, vanishing for the position given 

the tangent GQ'P\ 

This is a position of e(|uilibriiim, but it is of unstable equili- 
brium, in accordance with the general iliechanical law that ])ositions 
of stable and unstable ef|uilibrium occur alternately. 

If the e<puition to the curve of buoyancy be obtained in the 
form p = G being the origin, 

GF = dpld(j>, 

and the righting moment is 

W dpjd^, 

if W be the weight of the ship. 

In general the curve of buoyancy, for mo<leratc displacements, 
is approximately an arc of an hyperbola; in the case of a ‘wall- 
sided’ ship, that is of a ship with the sides vertical near the water- 
line, thc‘ curve is an arc of a parabola. 

In the case of a ship, if M is the metaccntre for rolling, the 
product W . GM is called the stiffness of the vessel. 

74. Dupin’s Theorem. In the cixse of a ship floating upright, 
the radius of curvature of a transverse section of the surface of 
flotation is 

/’i = / tan a ds/A, 

ds being an element of the perimeter, and A the area, of tin* 
water-section, and a the inclination of the side of the ship to the 
vertical ; the axes of oc and y being the longitudinal and transverse 
axes of the section of the vessel by the plane of flotation through 
its centroid C, 

To prove this let C, C be con- 
tiguous points on the transverse 
section of the surface of flota- 
tion, the tangent plane at (f 
making a small angle 6 with 
the water-section APQB, and let 
apqb be the projection on the 
water-section of the section of 
the ship made by this tangent 
plane, so that JP, the projection 
of C\ is the centroid of the area 
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apqh. Let jPQ, pq be corresponding elements, and PQ^ds, 
then 

area PQqp = yd tan 0Ld8\ 

CE ,{A) = / y -6 tan adsy 

and, since CC' = r^6y and GE = CG' ultimately, it follows that 
r^A ^Jy^ tan ads, 

an expression first given by C. Dupin, in a memoir presented to 
the Academie des Sciences in 1814. A corresponding expression 
obviously exists for the radius of curvature (i2i) of the longitudinal 
section. 


75. lieclert^B Theorem. Calling r and R the metacentric 
heights for transverse and longitudinal displacements, that is, the 
radii of curvature of transverse, and longitudinal sections of the 
surface of buoyancy; we know that 

r= ^and K = p, 


where i and 7 are th(^ principal moments of inertia of the water- 
section. E. Leclert has established the following relations between 
these quantities; 




di 

dV 


= r + 


Vdr 

dV’ 




V 


dR 

dF* 


A translation of Leclert’s paper is given by Hr Merrifield in 


th(' Proceedings^ for 1870, ,of the Insti- 



tntioii of Naval Architects, and in the 
Messenger of Mathematics, March, 1872. 

// 

/Y 

A 

The following is the first of the two 

Vx 

proofs which are given; it is retained 
here for its historic interest, but a more 

\ ' 

\\ 

/ 

rigorous treatment is given in Art. 80 

\\ 


following. 


yy 


Taking a section parallel to the* water-section, and at a 
distance dz from it, 

dV — Adz, 


Let apqh be the projection of this new section upon the water- 
section; then di is the moment of inertia of the area between 
apqh and APQB ; 

. •. di = . tan a ds, 
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Hence 


1 di di 


ri=,T-- 


Adz 

di 


' ^*1 — “i“i r -ir — 


dF’ 
i Vdi 


or 


dV V 
Vd^ 
dF* 


idV 

VdV ' 


n = r + 


76. Increase in load. . Effect of a slifjht increase in the 


M' 

M 


€• 


load of a ship on the jiosition of the D 

metacentre. 

Assuming that a ship has two 
vertical planes of symmetry, lot 
C be the centroid of the plane of 
flotation, and consider the stability 
in one of these planes. 

Taking C as the new position of 

C when th(‘ load is slightly increased, 

let SF represent the additional flis« 
j)lacement. 

Then, if H* and M are the new 
positions of H and if, W 

MM = MM - JTif + mV 11 

but CH',BV^V,HH\ 

. MM' = 8r + GH ~ = (r^ - r + CHI 

7\ representing Cl), the radius of curvature t)f tlie surface of 
flotation. 

MM' = (CL - HM+ OH) 


Hence 


SO that the metacentre is elevated or di*pressed, I’elative to the 
ship, according as the mt'tacentrc is below or above the centre of 
curvature of the surface of flotation. 


77. Heeling over of a scretv-steamer due to the action of its 

8C7'eV)*, 

If L is the turning couple of the engine, measured in foot- 
* This article is due to Prof. Greenhill. 
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pounds, and if » is the number of revolutions per minute, the work 
done in one minute is 2miL. But, if H is the horse-power at 
which the engine is working, 

the work done = 33000 H ; 

.-.2™// = 330007/. 

If 0 is the angle through which the steamer heels over, h the 
height of the metacentre above the centre of gravity, and W the 
weight of the steamer in tons, 

Z = 2240 FA sin 
33000 a'=27rax 2240 Vr/t sin dy 
an ecjjuation which determines 6, 

The heeling effect can be counteracted by placing a Aveight w 
at a given distance c from the medial plane, such that 

V) .c-Ly 

or 'lirn cw == H3000 H. 

In the case of a paddle steamer, the heeling over will be in 
the longitudinal direction, and in this case h will be the longi- 
tudinal inetacentric height. 

It will be seen that the heeling over is in the opposite 
direction to the rotation. Thus, in the Ciise of a pjvddle steamer 
going ahead, the bow is slightly lifted and the stern is slightly 
slink. 

78. Surface bf buoyancy in general. 

Let the origin^be taken in the vertical through the centroid of 
the original watei\line section. Then if be the original 
section, the plane in the slightly displaced position Avill be 

^ = c + + my 

where I, m are small, 

If(^o iVoi ^o) and (Xy y, z) denote the co-ordinates of the centre 
of buoyancy in the two positions 

V (x — Xq) =:Jf (z^ c) xdxdxj = id + Am, 

^ (y " yo) - // - c) ydxdy = hi + huy 

V{z- Zo) = //i (z^ - c“) dxdy = i (al^ + 2 Aim + 6m»), 
where a=^fJMxdyy h^^ffxydxdy, b^JJfdxdy. 

Hence 2 {z — Zq) = -f m (y — y^) 

• V 

or 2 - z,) « ^ [b {x - x^y - 2A {x - x^) (y - y,) + a (y - yo)*}, 
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is the approximate* form of surface of buoyancy. If the original 
axes of X and y are principal axes of the plane section then h = 0, 
and if the origin be now moved to the centre of buoyancy in the 
first position the surface becomes 

2z s= VaFja + Vifjb. 

If w(^ now define the metacentres as the centres of curvature of 
the principal normal sections of the surface of buoyancy, the h(‘ights 
of the metacentres above the centre of buoyancy art* the principal 
radii of curvature ajV or hj V, 


79. Condition for stability. 

'J'hi* tangent plane to the surface* of buo 5 "ancy at a })oint 

y, 2) ijy 

. Fa;.. . Vy, 

And the perpendicular distance of the ct*ntre of gra\ity (0, 0, z) of 
the solid from this plane is 

yy\ 




, FV- 

i + 7 . 

a- (>•* 




. . Fa;= 
2 + 0 - + 
2a 


= + 


IV) f _ vy-] 

26' j \ " •26“ I 


/ a 

2(1 


Now by Art. (55) the* positions of ecjuilibi-ium correspond to 
those of a hi*avy body bounded by the surface* of buoyancy on a 
horizontal plane, so that for stability the height of the centre e)f 
gravity above* the plane must be a minimum. This requires that 

ir should be less than y and or the centre* of gravity must be 

be*le)w both me*tacentres. 


80. Surface of Flotation. Leclert^s Theorem. 

Suppose that the volume immersed is increased by a small 
ameiunt 8F by depressing the solid from the second position 
of Art. 78. 

Vi K co-ordinates of the centre of gravity of the 

thin slice, of volume 8 V, we have 

^SV = (V+SV)(a:-Xo-hSx-^Sxo)- V(x^xo) 

= lSa + mS/i ; Art. 78. 
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Similarly rjhV ^ I hh mBb ; 

and ?SF= i (Z-Stt + 21mhh + vi^Sb), 

Also as the thickness of* the slice is diminished the point 
(f» Vi ?) tends to coincide with the corresijonding point on the 
surface of flotation, i.e. the centroid of the water-line area. 

Hence on the surface of flotation we have* 


!v ,dV —Ida + mdli 


y'.dV =ldh+mdb 

z' .dV = J {Pda + 2l'indk + m‘-db), 
and its (‘equation is 


In the special case in which dh = 0, this becomes 

^ , „dV „dV 


da 


and the radii of curvature of th(‘ surface of flotation are „rnnd 

dV 

• A 1 

iTr iR Art. 75. 

dy 


We observe that the principal axes of two parallel sect ions of 
the solid arti not necessarily parallel, so that A = 0 doc‘s not imply 
that dhIdV = 0. The results of Art. (75) are thus seen to be true 
only in the cases there implied in which there are vertical ]ilanes 
of symmetry which contain all principal axes of horizontal 
sections*. 


81. We now append some exauiples of the doternii nation of the rnetacentre. 
Ex. 1. A solid cylimier of radius ii,and length h floatimj with its a.vis 
rertiral. 

In this case the plane of flotation is a circular area, and 

^1F=4 j'‘iydj = i 

«■ 

= k aS I cos* 0 putting .r=« sin $ 

tto* 

therefore, if h' be the length of the axi.s iinmersed, 

n(M’ . or . 

4 4// 

* This correction to Leclert’s Theorem and the method of treatment of the last 
few Articles as well as Arts. 90-92, 104, 105 below are due to Dr Bromwich. 
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and the cquililu’ium is stable if 


h. 


2* 


Ex. 2. A cylinder floating with its eucia Iwrizontal and in the surface is 
displaced hi the oertical plane through the axis. 

The £>lane of flotation is a rectangle, and 

j aA*, 

h being the length of the cylinder, and a its radius ; 


and the ecjuilibrium is stable, if 


HM^ 


1 

3 rra * 


1 Au 
3 irrt Stt ’ 


or 


h>^a. 


Ex. 3. A solid cone floating with its mis vertical and vertex downwards. 
Lot h be the length of the axis, 

V the portion of the Jixis immersed, 

2rt the vortical angle of the cone. 

Then Ah ^ = J wz* tjui** a, 

and TTC^hin-^a; 

a\ 

also /f6r = I h 

and therefore the equilibrium is stable or unstable, according as 
« tan® a > or < A— c, 

or z'^ or <.h cos® a. 

lJut if p, (T be the densities of the fluid and cone, 



therefore the equilihriuin is stable or unstable as 

- > or < (cos a)*^. 

P 

Ex. 4. An isosceles triangular prism floating with its base not immersed^ and 
its edges horizontal. 

Referring to Art. (49), consider first the position of equilibrium in which 
the base is inclined to the horizon. 

In this case, if and APa=2j7, and we put as=6 in equation (/3) on 

page 53, x and y are given by the equations 

0 

a+y =s2<ccos®-, 

The co-ordinates of (J and H refen'cd Xo AB^ AC m axes are respectively, 
^a, |a, and Ix^ §y, 
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. • . HG ^ = i [(«/ - xf + (a + 2 (a - .f) (a - y) cos B) 

= i +/ + cos d - 2a (1 + cos 6) {x +^) + 2a2 (1 + cos B )} , 

from which, hy means of the above equations, we obtain 




The area jp^^>==2c*^siii^, and if J/be the inctacentre, and I the length of 
the prism, 

2/c* mn^ . . VQ . I, 

, • 24iaNi„(J- 


But 


and 


if 


P</^ = 4 (.v^ +y- — 2xy cos B) 

— 1 6 cos^ ^ cos- f- — ; 

f-siii - ^ 

2 

//J/> ira, if »iu2 ^ < cos2 5 ^«s co.s2 1 - , 

t >' ■ 

2 f( 


Next, consider the case in which the base is horr/ont.il, and PQ therefore . 
parallel to JtC\ 

The area PJ 2c'- sin 


JP=^l(^=-2f, and /’('<>=4csin 


B 


Hence, 


. „B 

4 ””‘-2 


and 


7/J/ = ’ c , and HG = ^ (a - c) cos ^ , 

cos 2 

UAr>ff(/il 

2 a 


Now in the Art. (49), Inifore referred to, we have shewn that there are 

three positions of cquilihriiun, or one only, according as 

.. B^ 0 

cos^ or < - . 

2 a 


Hence it follows, that when there are three ^wsitions of equilibrium, the 
intermediate one, in which CB is horizontal, is a position of unstable 
equilibrium, while in the other two positions the equilibrium is stable. 

If there be only one position in which the prism will rest, its cquilibnum 
is stable. 

It will lie a useful exercise for the student to obtain these results by 
investigating the equation to the curve of buoyancy, and determining the 
position of its centre of curvature. 


B.H. 


6 
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82. Finite dieplacemente. If a solid body, floating in water, 
be turned through any given angle from its^position of equilibrium, 
then, as before, the moment of the fluid pressure is restorative or 
not according as the point L at which the vertieet through, the new 
centre of buoyancy meets the^'line HG is above or helmuM. 

It is not to be infetred that if L is, above (?, the body will when 
set free return to its original position and oscillate through it, or 
even that the original position is oi^^e of stable equilibrium, according 
tt) our previous definition of stability: it is a general law of 
mechanics that positions of stable and unstable equilibrium occur 
alternately, and the body may have been displaced from its original 
position through other positions of equilibrium. 

As a particular example take tl^e following^.^ 


A solid fone^ floating with its axis vertiml and vertex dowmeards, is turned 
through^an angle 6 in a vertical plane^ 
the volume of fluid displaced remaining 
the same; to determine the direction of 
the moment of the fluid pressure. 

Let AB be the luajor axis of the 
elliptic section made by the surface 
plane of the fluid, C its middle i)omt, 

Bh^ Cc, lines at right angles to AB, 

^d let the angle AVB=2u and 
VA *= d. Then 

VAa^e-a, 

and r/f6 = 7r — d — a. 


/ 


cos(d — a) si] 


cos(d+a) sind 
rf cos ^ 
cos (^ + a) * 


/ 



cos 6 


4^COs(d + a)* 


The semi-minor axis of the ellipse AB is a mean proportional between the 
perpendiculara from A and B on the axis of the cone, 

. • . its aroa«i w i AB ( VA . VB , sin^ a)l 

TT « sin a sin 2 a fc os (d — a)|I 
“ 2 cos (^+a) ' jeos + o)J * 
therefore the volume of the fluid displaced 

a= Jrf cos - a) . (area of ellipse) 
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Hence^ if p, <r be the densities of the fluid And A e cone, since the weight 
of the fluid displaced is equal to that of the cone, we have 

p(P sin^ a cos a j— *• o-A® tan- a, 

* ■ lco8(d+a)J ’ 

_ a (cos (d+a)l ^ 1 

\AJ p (cos(d-a)j cos^* 


or 


And VL> VO if 


, cosd 
cos(^+a) 


or if 


Vo- COH a cos ( 6 -f g) f<^(d-a)'|^ 
V p cos 6 ' tcos (d+a)J • 


Supposing $ indefinitely small, we obtain the condition of stability for an 
infinitesimal displacement, 


^^^->cos‘'*a ; Jis before, lEx. 3, Art. (81). 

Let the equilibrium of the cone be neutral, that is, let 

crsapcos^a, 

then, after a finite displacement, the action of the fluid will tend to restore 
the cone to its original position, if 

cos a . cos d > ^{oos (^ +«) . cos (6 a)l, 

a condition which is always true, a and ^ being each less than a right angle. 

In the case of neutral equilibrium of a cone, the equilibrium may therefore 
be characterised as stable for any finite displacement. 


83. When liquid is contained in a vessel, which is slightly dis- 
placed from its original position, the preceding investigations enable 
us to determine the line of action of the resultant downwurd pres- 
sure. ^ ' 

The problem in fact in this case, as in the pievious case, is the 
following. 

A given volume, the centroid of which is AT, is cut from a solid 
AB(j by a plane, and the line CAT is perpendicular to the plane; 
the same volume being cut off by a plane making a very small 
angle with the plane AB, to determine the position of the straight 
line perpendicular to the second plane, and passing through the 
centroid of the volume cut off by it. 

If the interior surface of the vessel is symmetrical with respect 
to the plane through if perpendicular to the line of intersection of 
the two planes, the line whose position is required will intersect 
GE in a point if, the metacentre, the position of which is deter- 
mined by our previous results. 


6—2 
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84. Vessel containing liquid. A hollow vessel containing 
liquid, floats in liquid ; required to 
determine the nature of the equili- 
brium, sujijposing that the body is 
symmetrical with respect to the ver- 
tical plane of displacement through 
its centre of mass, and that the 
centres of mass of the body and of 
the liquid are in the same vertical 
line. 

Let M be th(' mctaceiitre for the 
displaced fluid, and M* for the con- 
tained fluid, W, W\ the weights of 
the displaced and contain(‘d fluid*. 

Taking moments about G, the centre of mass of the vessel, the 
resultant fluid j)ressures will tend to restore e(|uilibrium, or the 
reverse, according as 

W,GM-W\GM' 

is ])ositiv(» or negative, i.e. as 

W GM' 

^,>or< . 

Ex. hollow cone containing water floats in water with its axis vertical. 

Let /i = the length of the axis of the cone, 

/i'==the length of the axis in the contained fluid, 
c=the length beneath the .surface of the external fluid. 

T.iking 52a as the vortical angle of tlie cone, we have 
JIM— {z till)? a. 

But //Cf = i|/A-|c; 

. • . UM ='lz sec** 

Similarly J/i' sec-^a - h, 



therefore the equilibrium is stable if 

/£ Y* 9// sec^a — 84 

\4 7 9c scc’^tt — 84 ’ 
z l)eing given .by the equation 

W- W'^^gprr taii^a (i? - 4'3)=s weight of cone. 

* This is the case of a leaky ship rolling; the next article discusses the pitching 
of a leaky ship. 
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86 . In the case in which the centres of mass of the contained 
and of the displaced fluid are not in the same vertical, suppose the 
displacement to take place in direction of the vertical plane through 
the centres of mass, and that the body is symmetrical with respect 
to that plane. 

Let G be the centre of mass of the body, H of the fluid displaced. 
H' of the contained fluid, and il/, the metacentres. 

Also let GNN' be horizontal in the position of equilibrium, 
and GLU the horizontal line 
through G in the displaced 
position. 

Then W, W\ having the 
same meanings as before, and 
6 being the angle of displace- 
ment, the equilibrium is stable^ 
or unstable, as 

ir.C;L>or< W\GL\ 

or M^{GNQo^e^MNm\e)>ov< W\GN' + m\6\ 

i.e. since W.GN=^W\GN\ 

W M'N' 

86. Constraints. Stabiliti/ of the equilibriitm of bodies floating 
tinder constraint 

In those cases of constraint, in which, for a small displaccmient, 
the volume of Ihpiid displace<l remains unchanged, the theory of the 
metficentre determim*s the line* of action of the fluid pressure, and 
the (juestion of stability is then etisily determined. 

Suppose, for instanc(*, that a body, partially immersed, is movi‘- 
ablo about a horizontal axis, which is vertically beneath the centroid 
{G) of the plane of section of the body by the surface of the liquid. 

The effect of a displacement through a small angle d will be to 
depress the point C through a spice which depends upon and 
therefore, to the firet order of small (piantities, the volunui displaced 
remains unchanged, and the metacentre is the same as if G remained 
in the surface. 

If the body be moveable about a horizontal axis which is not 
vertically beneath the point 0, the change in the volume displaced 
cannot be neglected, and the question of stability must be treated 
by a direct consideration of the action of the displaced liquid. 
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Ex. A reataagulat lamina rests in a liquid oftioice its own density v)iih two 
of its sides vertical, and is moveable in its own plane about the middle point of 
one of its vertical sides. 

The figure repmsents the hiinina when slightly displaced through an 
angle AOB, {fi\ the point 0 which is in the surface being the middle point. 

Then if OA and if the height =26, 
the area A OB = hC% 

and, taking moments about 0, the 
cquili))rium is stable if 

2p . ON)>p . 2ah . ^ , 

//iV being the vertical through 7/; or, 
since 

Oy—00* cos 6 - 7/6' sin ^ = „ 0, 

2 2 

if 2r/2>36-'. 

87 . Ill the particuLar case in which the centre of mass of the 
body and the axis about which it is moveable are in the surface of 
the li(|uid, a formula can be given, for the <lctermination of stability, 
analogous to that of Art. (06). 

Take Cy as the axis about which the body is moveable, and V 
as the volume of the displaced liquid in the position of e(|uilibrium. 

Lot ACa be the original plane of flotation, and BCb th(» water 
line afti'r displacement through a small angle 0, about th(» axis Cy, 
perpendicular to thi* plane of the piper. 

The resulting fluid pressure is the wenght BDab acting upwards 
and is therefore equivalent 
to the weight ABDa, or 
gp F, acting upwards, of the A 
wedge uCb acting upwards, 
and of the wedge ACB act- 
ing downwards. 

The restorative moment 
due to the two wedges 

gp x“0 dxdy=^ gp Ak^d, 

Ak“ being the moment of inertia about Gy of the area AGa\ and 
the loss of moment due to the displacement of H 

^gpV,NN'^gpV,HN.e. 
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The equilibriuin is therefore stable if 
Al^>V.HN. 



IP 


88. In the g(‘iieral case of a body inovt'able about a horizontal 
axis at depth A, let Cy be the projection of the axis on the plane of 
flotation, and let L and N b(‘ thc^ projections of G and H, 

For a small angular displacement 6, the vertical displacement 
of C will be of the order 6\ and may therefore b(‘ neglected. 

As in the jjrcvious article, the restorative monu‘nt due to the 
change of the displaced li(|uid = ^pA/»;‘-0, and the loss of moment 
due* to the displacement of H —gpV , {HN — h ) . 0, 

But there is also a loss of the moiiumt of the weight of the body 
due to the displacement of (r, and this = W li) 0, 

Hence it follows that the test of stability is that 
gpAk^--ypV.{HN-h)-^ W{GL^h) 
must be positive, with the condition 

W.aL = gpV.GN. 

Cor. If a body, floating freely in homogeneous lie piid, has a plane 
of symmetry and is turned through a small angle 0 about any 
ht)rizontal axis in the plane of symmetry, the restorative couph'. is 
gp0 (Ak^ — V . HG)y where Ak'^ is the moment of inertia of the sur- 
face section about its intersection with the planti of symmetry. 

89. The equilibrium of a body floating partially immersed in 
two liquids. 

Let p be the density of the upper Iw^uid, and p + p' the density 
of the lower licpiid. 
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Also let V be the total volume immersed find V' the portion of 
V immersed in. the lower liquid, and let A, A' be the areas of the 
two planes of ‘flotation. Then the forces which support the weight 
of the body are the weights of the masses of liquid pV and p'V\ 
supposed to act upwards. 

Take the case in which the body is symmetrical with regard to 
a vertical plane perpendicular to the piano of displacement, so that 
the centroids, G, H, H\ of the body and of the masses p V, pV are 
in the same vertical lino. 

Then, if the body is displaced through a small angle 9 about 
any horizontal axis in the plane of symmetry, the total moment 
about. (r of the forces tending to restore e(|uilibriuin is 
gp{Ak^-^V. HG) 6 + gp' (A7/® - F . H'G ) . 9, 
or gpV, GM.9 + gp'V ' . GM ' . 9, 

in which the positive direction of Gilf, GM' is upwards. 

The equilibrium is clearly stable if AT and il/' are both above G ; 
but if M' is below G, for stability we must have 
pV,GM>p'V\MTr, 

y p ( - F, JTG) > p' ( F. //'G - -). 

90. Heterogeneous liquid. Surface of buoyaucy for a solid 
floating in a. liquid of vanable density. 

Consider first the case of a body floating in a liquid formed of 
layers of ditterent densities pi, po...p„ in descending order. 

Let Vn denote the total volume of the solid immersed below the 
upper surface of the layer of density pn- 

As in Art. 78 let z—c bo tho original water line section, and 
let = c 4* los + my denote the plane in a slightly disjJaced position, 
then we have 

{piVi + (pi- Pi) V. + (pi - Pj) v, + + (p„ - p„_i) v„} (j; - .<•„) 

= + (pa - /Oi) ffa + . . . + (p„ - p„_i) «„} I 

+ [pi^ti + (ps-pi)hi + ... + (f>» — pii-j) li a} : 

and corresponding equations for (y - y.) and (z - z,) when (ir„, y„, «„), 
(x, y, z) are the centres of buoyancy in the two jwsitions, and 
Ur, hr, br denote 


jj dx dy, JJ xy dx dy, Jj 


taken over the corresponding section. 
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Proceeding to the case of a continuous fluid we get 
M {x — Xq) = + Hm, 

iy - yo) Bm, 

i'-nd M {z — Zq) = -f 2Hlni + Bmr), 


where 

♦ 



pdv 


and 


A = piUi + J a dp 


— pn^n “f" 


f p dUf 
J n 


pda 


and a like expression for B, the suffixes 1, n rof(*rring to the top and 
bottom sections of the immersed solid, being in this Case clearly 
zero, and is also zero except when the solid has a flat bottom. 

The surface of buoyancy is obtained from three equations as in 
Art. 78, and, in the sp(*cial case in which //=0, and the origin 
is at the ecpiilibrium position of the centre of buoyancy, the e(jua- 
tion becomes 

2z = Mx^j A + My^jB, 

and the mctacentric heights are AjM and BjM, 


91. Solid floating wholly immersed. 

In this case we have similar ecpiations, with 

M= f p dv, and A — f a dp or (pndn — pidi) + f p da, 

•>11 J l J n 

there being no displacement of the centre of buoyancy with a solid 

immersed in homogeneous fluid. 

92. Examples. (1) Cone of semiungle a vertex doinumrda. 

If .V is the distance of a section from the vertex 0, we have 
«=■ tan* a, 
da^wsPivAi^adx, 

Also dc = taii^ a dx, so that da = x tan^ a dv, 

and A /M— j pda I j pdv ajxpdrijpdv 

=.rtan‘-*a, 

where .r is the height of the centre of buoyancy above 0, and thus the height 
of the metacentre above 0 is .r’sec^a. 
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(2) Paraboloid of latus rectum /q, ^cfteic downwards. 

Here rt = I TT r, ila^hTr lif.cd.c. 

Also do—iTl{i,vd.r^ so that da=^\b)dv, 

and A / J/ = [pdaj^pdo = i 1^, 

(3) Cylinder with aji:h vertimL 

Here a = constant, so that AIM^paital^* 


93. Potential Energy. The theory of the stability of the 
eiiuilibriiim of floating bodies may also be based on the principle 
of energy and we proceed to the treatment of the subject from this 
point of view. 

To find the work done in inserting a body in a sea of heavy 
liquid; neglecting the alteration in the level of the liquid, and the 
disturbance caused by the insertion of the body. 

If a vertical prism of cross section dxdy cuts the boundary of 
th(* body in contact with the liquid in elements d^So, at depths 



^ 1 , at which the pressures are jfh, ji).j respectively, and 6^, 6.^ are 
the acuti* angles which the normals to dSi, dt^^ make with th(‘ 
vertical ; then the work done against the thrusts on these elements, 
as the depth is increased by a small amount dz, is 

{p\dSi cos 01 — p, dS^ cos da) dz = dxdydz, 

l^herefore the work done in placing the body in the position under 
consideration 


= 2 |d.t’dy pidz — j . 
= 2 jdcfdy I 


= IjJ pdxdydz (1), 


where the integration extends to the volume immersed. 
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If the liquid be homogeneous p = gpz and the work done 

= gp JJj zdxdydz 

where V is the volume of liquid displaced, and the depth of its 
centroid. 

When a body floats in a li<|uid it possesses potential energy in 
virtue of the work that has been done in placing it in the licpiid ; 
and if the licpiid be homogeneous, <and G, H the centres of mass of 
th(* body and of the li(|uid displaced, and f and ^ their depths, ^the 
measure of the potential cuta-gy of the body may bt' taken to be 
gpV{z — f), or, when the body floats in eciuilibrium, gpV , HG*, 

94. To find the work done in turning a floating body tinvugh a 
small angle 6 about any axis in the plane of flotation. 



Let Oy be the axis of rotation, Oz vertically downwards, and 
let the plane xOz contain the centre of mass G of the body and the 
centre of buoyancy H. Let the co-ordinates of H and G bo (;/*, 0, z) 
and (f, 0, f) respectively, so that in equilibrium = 

In the initial position the potential energy dm* to the displaced 
liquid 

= gp Vz or \gp fj Z“ dxdy. 

Turn the body about Oy through a small angle* 6 aufl let the 
axes Ox, Oz move with the botly. 

The length to the surface of the prism of cross section dxdy 
immersed in the liquid becomes z + tan 0 = z + x0, and the depth 

* The zero configuration is a hypothetical one, in which the space occupied by 
the body in the liquid is filled with liquid of the same kind, and the whole mass of 
the body is at the level of the free surface of the liquid. 
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of its centre of mass is + xd)co?>6\ therefore the increase in 
the potential energy due to the displaced liquid 

. = ifl'p jj (« + ^ ” I") ~ h.9P JJ 

But the loss of potential energy due to displacement of the body 
= ffpV (fcos 0 + fsin - f) = - 
therefore the total gain in potential energy is 

B = (Irdy + ypO^V^ 

= - Fi + FJ*) 

( 1 ), 

where A is the area of the surface section of the body and k is its 
radius of gyration about Oy. 

From this it follows that the e(|uilibriuin is stable if Ak~>V, HQ, 
and that the restorative couple is 

= V.HG). 

96. If the volume of liquid displaced be constant, and if tlui 
vertical through the centre of buoyancy in the displaced position 
intersects HQ in ilf, then M is called a metacentre*. 

The analytical conditions for the existence of a metacentre are 
// {z 4- xd) dxihj = // zdxdy, or // xdxdy = 0, 

i.c. the axis of rotation Oy must pass through the centroid of the 
surface section (cf. Art. 52); and, since the new ctmtre of buoyancy 
must be in'the plane xOz, 

but JJ yzdxdy = 0, . • . JJ xydxdy = 0, 

i.e. the axis Oy must be a principal axis of the surface section. 

* Some writers use the word metacentre in a less restricted sense, taking it to be 
the point where the shortest distance between two consecutive normals to the 
surface of buoyancy intersects one of these normals. Cf. Appell, Traite de Meca- 
nique Rationnelle, Tome iii. p. 197, 
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In this case it is evident that if M is above G the couple 
formed by the weight of the body and the 
resultant liquid pressure tends to restore equili- 
brium and 

^ffpV.G2f.O 
=^gpV(HM--HG)0, 

HM =^Ak‘^IV; and the equilibrium is stable 
or unstable according as M is above or below G. 

Since the metacentre is the intersection of 
consecutive normals to the surface of buoyancy, 
there are, in general, two metacentres, cor- 
responding to displacements in the two planes of principal curva- 
ture of the surface at H\ and HM is a principal radius of curvature 
of the surface of buoyancy. 

96. Bodies under constraint. The case of a floating body 
constrained to turn fiboiit aflxi‘d horizontal axis may be treated as 
in Art. (94). 

If Og is the fixed axis, and (f, f) are the co-oidinat(*s 

of G and H respectively, and W is the weight of the body, thti 
condition of equilibrium is 

gpVx^Wl 

And if the fixed axis of rotatum is in th(' plaruj of flotation 
and the body is turned through a small angle 6, the increase in 
potential energy due to the displaced liquid 

and the loss due to the displacement of the body 

therefore the total gain in pfitential en(*rgy 

= igp0^ (Ak^ - Vo) + Tr? 

And the equilibrium is stable provided 

Ak“>Vz— W^lgp. 



97. If the axis of rotation 0' be at a depth A, and we take its 
projection on the plan(» of flotation for Og and suppose the axes 
to move with the body as before, 0 descends a distance and 
the increase of potential energy due to the displaced li<]uid 


= Igp Jj (z -hwd + ^ hd^y (1 — i0“) dxdy — \gp dxdy 
= \gp J j + zhff^ + 2xz6) dxdy 


= ^gp0^{Al^'“ + Vh) + gpOVx, 
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and the work done by gravity on the body 
therefore the total external work done 


= \gpe^ - F(- - /,)j + 1 



where A is the area of the surface section .and k is its radius of 
gyration about the projection of tin* fixed axis on the plane of 
flotation. 

The condition for stability is 

(fp 

98. Heterogeneous Liquid. To find the work done in turning 
a body, floating in heterogeneous liqindy round any line in the 2^1 une 
of flotation. 

Take axes as in Art. (94) and, using the sanu» notation, we may 
write p = f {z)) but dp=gpdZy 

•••?> = S' {/(^)-/(0)l. 

From Art. (93) the work 
done in inserting the body in 
the Ihpiid in any position is 
JJJ pd^vdydz, where the inte- 
gration extends to the volume 
immersed. When the body has 
been turned through a small 
angle 6 this becomes 

2) dxdydz + J j j dicdijdzy 

where j)' is the new pressure at the element dxdydz, and the fimt 
integral is over the same range as before, while the second refers 
to the wedges AOA\ BOB', 
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Now p' = g {f{z - + cc9) -/(O)) 

=^p-^g{a-0- {z) + ^g(i?0^f" (z ) : 

1 jjp' dtcdydz =JJJ |/) + gffxp - ^gff^ (zp - a? ^'^^da-dgdz. 

In the integral pertaining to the wedges z is everywhere :[► xdy and, 
retaining only the first power of 0 in the abovt; i‘xpression for p', 
we have 

P’ = 9 {/(^) -/(O) + (z)} 

= ff{¥'{0) + aer{z)], 

. r p'dz = g{- ^a^e\r (0) + a-0f(O) - adfi- a-0)} 

J -xB 

= ( 0 ) = lgp,,x‘e\ 

Therefore the work done against thi‘ pressur(‘s of the lapiid in 
making the dis])lacement, being th(‘ increase in potential (‘iiergy, 

= !/^J scpdxdydz — jjj 

+ i0Poff'J[ af^dxdt/y 

but the; weight of the' body dot‘s work 

wliert;, as before, (f, 0, f) an* co-ordinat(‘s of G tin* centre* of mass 
of the body, and 

Wm = gjff xp dxdydzy 

the total external work done in making the* dis])lacem(*nt 

= ^ ^/j/ dz dxdydz - ir (p - ?)| . . .(1). 

If A is the area of the section at depth z and k its radius of 
gyration about its inti;rsection with tin* plane yOz, wt* gt*t, by 
integrating the si*cond int(*gral by parts, 

i 9^ ^gp«A„k,;- + ~^jPdz , 

where the integration with regai-d to z is from the water line to 
the lowest level, or changing the order of integration the e>g^)ression 
ft)r the work done becomes 

( water line 

^d'z dz-W. //(?| , 

lowest level 

where pi, -4i» ^PP^y lowest horizontal section of the body, 

and ^1 = 0 unless the body has a flat bottom. 

The equilibrium is clearly stable if this expression is positive. 
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99. For a inctacentre to exist, the mass of licjuid displaced 
must be constant, and the vertical through the centre of buoyancy 
must intersect HG. 


The condition of constant mass is expressed by 

jJJ/' (-ST + ijo6) dxdydz +jjpo dxdy == dxdydz, 

///(^ "*" ^ ^ Iff ^ dxdydz, 

or j IJx dxdydz -hpo f j xdxdy = 0. 

And the second con<lition requires that 

jjjf' (z + ivO) ydxdydz+ po0 [ | xydxdy = 0, 
but I U f {&) y dxdydz = 0; 


the condition becomes 



dxdydz 4 - 



Both conditions are satisfied if there is symmetry about the 
axis of Zy or if all horizontal lines in the plane yOz are principal 
axes through the centroids of the corresponding horizontal sections, 
so that at all levels 


j J xydxdy = 0 and j J xdxdy = 0 . 

When these conditions are sjttisfied, if M is the metacentre the 
restorative couple 

W.GM.0 or W{HM--HG)e 
= <7 jp2^(Ak^)dz- 

W.HM^g^p,AA’‘ + jp^^iAk‘‘)dz'^, 

where the integration is from the lowest level to the surface 
section. 


100. Since the result (1) of Art. (93) is true, whether the body 
bulges out beneath the liquid or not, the results of the two 
preceding articles are also true in either case, and since the 
expression (1) of Art. (94) is only a special case of (1) of Art. (98), 
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we infer that the results obtained for a homogeneous liquid are 
also true whether the body bulges out beneath the liijuid or not. 

101. Body completely immersed. A body floats completely 

immersed in heterogeneous liquid, to 

flnd the work done in turning it through 
a small angle about any horizontal 
axis. 

Take Oy for axis of rotation as 
before, and Ox, Oz fixed in the bocly, 
and let h be the depth of Oy, and 
p (depth) so that 

P = 9\f{^ + }>) -/(O)} 
in the equilibrium position, and in the 
displaced position 

P' = 9 {/(^ - i + A + xd) -/(O) } 

=p+g{xe-^ze^)p+ , 

and th(‘ woi'k done against the pressures of the liquid in turning 
the body through a small angle 0 round Oy 

- — p) dxdydz [Art. (93)] 

= J j^Jxpdxdydz + ig0^Jj j — pz^ dxdydz, 

where the integration extends to the whole amount of liquid 
displaced. But the work done by the weight of the body in the 
displacement 

whei-e, as before, (f, 0, f) are co-ordinates of G the j ^ )f mass 
of the body, and 

W^= Wx= JIJ xpdxdydz, 

Therefore the total work done in the displacement 

= W.HG^ 

= ^0‘\^gjAh?^dz-W.HG^, 
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wheiv the integration is from the highest to the lowest point of 
th(3 body. 

102. The equilibrium is stable if the above expression is 
positive ; and the position of a metacentre, when one exists, can 
be determined as before. Thus if M is the metacentre the 
restorative couple 

W,(}M.eoY W{HM-^HG)e=^ 

W.HM^g^AkF'^^^dz, 

or W . HM=^g | - AJc,^p, -jp , 

when* Ai, pi and Aq, Po r^tbr to the lowest and highest 
horizontal sections of the body, and the integration is from the 
highest to the lowest point. 

If the solid is not flat at either its highest or lowest point, 
we may write 

HM^jp (AL^) dz j Miws. 

where the integration is from the lowest to tin* higlu^st point of 
the body. 

103. Potential enei'gy stored up by the immersion of a solid 
in a liquid. 

If a solid body be immersed in a vessel containing liquid, work 
is done, and thi^refore potential energy is gaim^l by thi‘ elevation 
of the centre of gravity of the li(piid. 




Ak^^£dz-W.IIG\ 


6 >; 



Let w be the depth of liquid, z the depth of immersion of the 
solid, X and Z the corrc's^wnding areal sections of the vessel and 
the solid, V the volume of liquid, and V' of the immersed portion 
of the solid. 
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Then, = f X' x'dx' — /* (a? — 5 : + /) dz , 

Jo Jo 

and the increase of potential energy is the variation of the expres- 
sion gp Vx, due to an increase Sx in x. 

Taking gp = ^, this variation 

= XxSx - (Sx - Sz) V' - (x - z) ZSz - Zz Sz, 


and, observing that 


and therefore ‘ that 


V^rX'dx'-^Tz'dz', 

Jo Jo 

X Sx = ZSzt 


the variation = F' (Sz — Sx), 

This result can of course be* obtained at once by observing that 
V' is equal to the resultant vertical pressure on the sediel, and that 
Sz — Sx is the de*scent of the solid due to the ascent Sx of the liejuid. 


104. Potential energy where a body floats in liquid contained in 
a cylindrical vessel. 

Take the zero of re*cke)ning to bo the undisturbed level e>f the* 
liejuid in the vessel before the be)dy is iinmei‘se*d. Le‘t B be the 
cross-section of the vessel and S the water-section of the body wheui 
floating. Let F, be the volume immersed in the equilibrium 
2 )e)sition; taking gp = l, F also dene)te.*s the weight of the body. 
Let V be the volume immersed in any other position. In this 
latter position the level of the water is raised a height VjB, so that 
if the centre of buoyancy is at a (hipth p below the zero level, a 
weight Fhas been raised a height pH- V/2B and the work done is 
Fp H- V^I2B, Hence if q denote the height of the centre ol‘ gravity 
of the bcKly above the zero level, the whole potential energy is 
Voq-^Vp+V’^/2B, 

Now let F = Fo H- V, and let po be the depth of the centroid of 
the volume of the body in the displaced position, so that 
Vp = Fpo + where, provided that v is small, f = v/2/S — VI B, 

Then the potential energy is 


/ V F\ 

r, 0 i + jpo) + « (2^5)' ~ 

, = g) + constant. 


(V, + vy 
•2Ji 
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where f denotes the vertical distance between the centre of buoy- 
ancy and the centre of gravity. 

105. Example. A cylinder floatitig in a cylinder. 

Take the origin 0 at the centroid of the base 
of the fioating cylinder, which is of aiva .*1. Let 
the plane of tlie surface of the liquid be 

where n arc direction cosines of the upward 
vertical. 

Tlien ) 0 = A />//«, and the projection on the up- 
ward vertical of the line O//,,, where J/o is the 
equilibrium position of the centre of laioyancy, is 

{lx + my zdx dy 

^2/1 t'i, V'")} ; 

where a=JJx^dxdyf /3=fjy‘^drdy, y=:JJxydxdy integrated over the cross- 
section. 

Also, if a, b, c arc the co-ordinates of the centre of gravity (r of the body, 
we see that 

V,,(lfi + mb-hnc)-^^ lA//'^-(al^ + ^m‘^-j-2ylm)} 
and S=Aln, so that the potential energy is 

^ "" ^ 0 {la -h ml) 4- nr) {aP' + (imr -f 2ylm ) - ^ ^ “ + const. 

Suppose, for oxanijile, that a = ft=0, .’jo that O is «)n the line of centroids 
Ozy and write V^^A/i so that A is the draught in the vertical position ; then 
the 2 )otcntial energy is 

I •“ ^ 0 + ^Im). 

In the case in which the cylinder is nearly vertical we put m = 1 - ^ {PA-nP) 
approximately, and the coefficients of P and i/P become 

i [a — \ Ah {2c — h)} and i {/3 — J A h {2c — A)}, 
so that for stability we must liave ^Ah{2c-k) less than the least moment of 
inertia of the section. 

If, further, the section is a circle or any form for which y=0, then 
the potential energy in a position in which the axis makes an angle 6 with the 
vertical is 




J ^ cos (2c - ^) + J a ^ . 
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Taking the volume displaced as constant, we put ?*=0, so that for equi- 
librium in an oblique position we must have 

— Ah (2c — A) -p a (2 + tan*"* &) = 0, 
which gives a real value for d, when 

\Ah (2c - h) > a, 

i.e. when the vertical position is unstable. 


EXAMPLES. 


1. All inverted vessel formed of a substance which is lieaviei* than wat(*r 
contains enough air to make it float ; prove that, if it be pushed down through 
a certain space, it will be in a position of equilibrium which for vertical dis- 
placement will be unstable. 

«/2. If a solid iiaraboloid, bounded by a plane ])erpendicular to its a.\is, flo.it 
with its axis vertical and vertex immersed, the height of the metacentre .above 
the centre of gravity of the disjilaced liipiid is c(|ual to half the latus rectum. 

A cone, whoso vertical angle is 60 ‘, floats in water with its a.vis vertical 
and verte.v downwards ; shew that its metacentre lies in the plane of floti- 
tiiin ; and that its ecpiilibrium will be stable provided its specific gravity > jjj. 

An isosceles wedge floats with its base horizontal, and its edge immersed ; 
shew that the equilibrium is stable for displacement in a plane pernendicular 
to the edge, if the r.itio of the density of the wedge to that of the nui(l is gre.itei' 
than the ratio cos^a : 1; 2a Inung the angle of the wedge. 

.5. A closed cylindrical vessel, (puarter-filled with ice, is placed floating in 
water with its axis vertical ; the weight of the vessel is one-fourth of the weight 
of the water which it can contain ; examine the nature of the ecpiilibriuin 
before and after the ice melts, neglecting the change of volume conse(pient on 
the change of temperature. 


►^6. A solid in the shape of a double cone bounded by two ecpial circuLir 
ends floats in a liquid of twice its density with its axis horizontal : prove thiit 
the equilibriiiiii is stable or unstable accoi*ding as the semivertical angle is less 
or grecater than 60". 


7. The cross section of a cylindrical ship is two ecpial arcs of eipial jiarabolis 
of latus rectum I which touch at the keel, the common vertex of the two 
parabolas, so that the sides of the ship are concave to the water. The ship is 
floating upright with its keel at a depth A. Prove that the height of the meta- 
centre above the keel is 


A 



^8. Find a solid of revolution such that, when a segment of it is immersed 
in liquid, the distance between the centre of buoyancy and the metacentixs 
may be constant, whatever be the height of the segment. 


9. Water rasts upon mercury, and a cone is too heavy to rest without its 
vertex penetrating the mercury ; find the density of the cone that the equili- 
brium may be stable. 



102 


EXAMPLES 


. 10. If the floating solid be a cylinder, with its axis vertical, the ratio of 
who.sc specific gravity to that of the fluid is o-, prove thiit the equilibrium 
will be stable, if the ratio of the radius of the base to the? height be greater 
than f2(r(l 

1 1. A paraboloidal uniform shell floats with its axis vertical and -J immersed 
in water when filled to a depth of its axis with a fluid of density 5. Shew 
that the wpiilibriiim is stable. 

12. A vessel in the form of a jiaralMiloid of revolution contains water, and 
rests with its vertex on the highest point of a fixed rough sphere ; find tlie 
condition that the equilibrium may lie stable. 

13. If a cylindrical shell without weight contain liciuid and float in another 
licpiid, shew that the equilibrium will l>e stalde, unless the ratio of the density 
<»f the internal to the external liquid is less than unity, and greater than half 
the duplicate ratio of the radius of the cylinder to the depth of the internal 
liquid. 

1 1. A hemispherical shell, containing liquid, is jdaced on the vertex of a 
fixed rough sphere of twice its diameter ; prove that the ecpiilibrium will be 
stfible or unstable, according as the weight of the shell is greater or less than 
twice the weight of the lupiid. 

15. A solid of revolution floats with its v^ertev downwaitls, determine its 
form when the position of the nietacentre is independent of the density of the 
liquid. 

If). A conical shell, vertex downwards, floats in unstable equilibrium ; how 
much water must be poured m to make the equilibrium stable ^ 

b^l7. A solid cone is placed in a Ikpiid with its .ixis vertical, and with its 
vertex downwards and resting on the bise of the vessel containing the liquid. 
If the depth of the liquid be half the height of the cone, and its density four 
times the density of the cone, prove that the equilibrium will l)c stable if the 
vertical angle of the cone exceeds 120'". 

Replacing the solid cone by a thin conical shell of the sjimc height, of 
vertical angle GO”, containing liquid, up to the level of the middle point of its 
axis, of half the densit}'^ of the liquid outside, prove that the equilibrium will 
bo stable if the weight of the shell lie less than three-fourths of the weight of 
the liquid inside. 

18. A cylindrical vessel, the weight of which may be neglected, contains 
watcT, and the vessel is placed on the v'crtex of a fixed rough sphere with the 
centre of its base in contact with the sphere. Find the condition of stability 
for infinitesimal displacements, and prov'e that, if the equilibrium be neutral 
for such displacements, it will 1x3 unstivble for small finite displacements. 

lU. Find the form of a solid of revolution floating with its axis v ertical, 
and such that the distances of the metacentre and the centre of buoyancy 
from the lowest end of the solid may be in a constant ratio whatever be the 
ilensity of the liquid. 

20. A semicircular cylinder rests with its axis vertical in a liipiid of twice 
its own density ; if it be niov^eablc about the line t)f intersection of its vertical 
lilane face with the surface, find tfie condition of stability. 

21. A right circular cone floats with its axis horizontal in a liquid the 
tlcnsity of which is double that of the cone, the vertex being attached to a 
fixed point in the surfiice of the liquid ; prove that for stability the vertical 
angle must be less than 120°. 
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22. A cylindrical vessel is inovcjible about a horizontal axis passing thi*ough 
its centre of gravity, and is placed so as to have its axis vertical ; if water be 
})oured in, shew that the equilibrium is at first unstable ; and find the con- 
tiition which must be satisfied, in onier that it may be ^Missible to m<ike the 
tHpiilibrium stable by pouring in enough water. 

23. A thin conical vessel of given weight is moveable about a diameter of 
its base, which is horizontal, and is partly filled with a heavy fluid ; shew that 
the equilibrium is always stfible if the semivertical angle of the cone is < 30’ ; 
and if it be gimter than this, detennine when the c<piilibrium is stable or 
unstiible. 

24. Water is contained in a vessel having a horizontal base, and a para- 
boloid whose specific gravity is four-ninths that of water, and the length of 
whose axis is to the latus rectum as nine to eight, is supported partly bv the 
fluid and partly by the base on which the vertex rests ; find the least aejith 
of the fluid for which the equilibrium is stable. 

25. A paraboloidal cup, the weight of which is ir, standing on a horizonhil 
table, contains a quantity of water, the weight of which is n W ; if /i be tlui 
height of the centre of gravity of the cu]) and the contained waiter, the equili- 
brium will 1)0 stable provided the latus rectum of the paraliola be 

> 2(a + l)A 

2(). A solid of revolution floats with its axis vertical, and is sunk to difterent 
depths by placing weiirhfs at a fixed point on its axis. Find the form of the 
s«)lid that the equilibnuni may always l)e neutral. 

27. A solid cone whoso axis is vortical and vertex downwards is moveable 
about <in axis coincident NNith a generating line; to what depth must the 
systcsii be imiiiorsod in w<it(u*, in order that the ecpiilibnum of the cone may 
be stable ? 

28. A solid of cork bounded by the surface goneiuted by the revolution of 
a <|uadr.int of an ellipse about the axis major sinks in mercury up to the focus. 
If the ecpiilibrium b(i neutral for small angular displacements, prove that 

2e* + + 2f/^ - e — 2 = 0. 


29. A solid cone, whose vei-tical angle 2a is less than 60”, is niovcable 
about' a smooth straight wire through its centre of gravity perpendicular to 
its axis. If the wire is hold in the surface of a Inpiid, prove that the cone will 
be in a position of stable equilibrium when its axis is inclined to the horizon 
at the fingle sin ~ ' (2 sin a). 

X 30. Prove that the work done in turning a floating body through a small 
angle $ round its centre of gravity is 

where c* is the distance between the centres of gravity of the body and the 
liquid displaced, and b is the horizontal distance between the centre of gravity 
of the body and that of the area of the plane of flotation. 

31. A paraboloidal cup, whose latus rectum is 4a and whose centre of 
mass is at a distance from the vertex equal to 2a, floats in two liquids of 
densities o- and p (ir>p) ; prove that the work required to turn the body 
through a small angle 6 aliout a horizontal axis is 

inage^ (o- - p) + {h-k-h!f p}, 

where A, It are the lengths of the axis immersed in the fluids. 
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32. A right-angled isosceles triangle floats vertex downwards in a fluid 
with its base horizontal and J of its are»i immersed, so that its centre of gravity 
and metacentrc coincide. Determine whether the equilibrium is really stable 
or unstable. 

33. A solid in the form of a paraboloid of revolution floats with its axis 
vertical ; if the centre of inertia coincides with the metacentre, prove that the 
equilibriiuii is stable. 

34. The solid formed by a i)ortion of np—z cut off by a plane 

parallel to that of xy floats in a fluid of n times its density ; prove that, if it 
is in neutral equilibrium for small angular displacements in any vcrticn.1 plane. 


35. An isosceles triangular lamina ABC floats with its base A B horizontal, 
and above the surface, in a liquid, the density of which varies as the dei)th : 
if h be tlie depth of C below the surface, the height of the metacentre above 
C is 

h h sec2 

3fi. An elliptic lamina floats half ininiersed, with its transverse axis (2rf) 
vertical, in a liquid, the density of which varies as the stpiare of the depth ; 
prove that the depth of the mctacentre is 32r/^2/l Stt, e being the eccentricity. 

37. A right circular cylinder of radius a rests in a liquid with its axis 
vertical and a length c immersed. The density at a dei)th z being 0 ( 2 ), shew 
that the depth of the metiiceutre is 


'’c 

^z<t}(z)dz- (ji (c) 



Jo 


38. A paraboloid of revolution floats with its axis vertical and vertex 
downwards in a liquid, the density of which varies as the dejith ; the equili- 
brium will be sbible or unstable, according as 4c is less or greater than 
3 (wz-l-a), where c is the len^h of the axis, a the length immersed, and m the 
latus rectum of the generating parabohi. 

39. An oblate spheroid floats half immersed, with its axis vertical, in a 
liquid, the density of which varies as the square of the depth ; prove that the 
height of the metacenti'e above the surface is 

8 5 - 

40. A solid i)araboloid of revolution floats with its axis vertical, vertex 
downwards, and focus in the surface of a liquid, the density of which at the 
depth ^ is (</+«), 4« being the latus rectum of the generating parabola ; 
prove that the distance of the metacentre from the vertex is 

41. A Immogeneous cone floats with its vertex downwards in a liquid 
whose density varies as the square of the depth ; if the density of the cone 
be equal to that of the liquid at a depth equal to a fifth of the height’ of the 
cone, the vertical angle, when the equilibrium is neutral, is given by the 
oqiuition 
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42. A solid xiaraboloid of height h and latiis rectum 4« is in equilihriuni 
in a vertical i)osition, with its vertex downwards, and is moveable about its 
vertex, which is fixed at a given depth c l>elow the surface of a liquid, the 
density of which varies as the dei>th ; prove that the equilibrium is stable if 
the ratio of the density of the p<iral)oloid to the density of the liquid at the 
depth of its vertex is less than tlie ratio of f“^ + 4ac‘^ to 4/i^, 

43. A right circular solid cone of semivertical angle a floats, wholly 
immersed, with its vertex upwards and axis vertical, in a liquid the density 
of which varies as the depth. If h is the height of the cone, and h the de]>th 
of its vertex below the surface, the distance of the metacentre from the vertex 
is equal to 

3 . 564- 4/< — h tan*-^ a 
5 * 46+3/i 

44. A cylindrical tub of sheet iron of uniform thickness, of radius o feet 
and weight w pounds, floats upright in water ; show that its centre of gravity 
cannot be higher alK)ve the lower end than 

V) 

Provo also tlj^t, whatever be its weight, its metacentre is always inon' 
than 'la feet above the lower end. 

45. A cylindrical cup is made of thin unifiuin sheet-metal ; the cup has 
a circular section, a flat Iwise and an /)pen top ; its length is 41 times the 
radius of the base, and tlie weight of water which would fill the cup is IP. 
Prove that the cup cannot float in water in stable e<iuilibrium witli its 
generators vertical, if its weight is between (*029) TP and (*871) IP. 

If the weight of the cup is j IP, it can be steadied by pouring in water, so 
as to float with its generators vertical, provided that' the weight of the water 
poured in lies between \ IP and ^ IP. 

4H. A plate of density <r, in the form of a parabola, of latus rectum 4</, 
bounded by a double ordinate at a distance h from its vertex, floats in a la^uid 
of density p with its plane vertical ; shew that if 

3/4(l-K)>10r/, 

and 6 (1 - #c) -I- 5« > [5ic/i {3/< (I — k) — 1 

there are two positions of stable equilibrium, in which the axis makes with 
the vertical an angle 

where K^=Gr2/p-. 

f 

47. A body floats freely in two liquids of densities p and p4'<r. The areas 
of the section of the body by the free surface and the common surface are a 
and a and their centres of gravity are (7 and C'. Provo that, for a slight dis- 
placement, the mass of the fluid displaced will be the same, if the axis of 
retation lie in a vertical plane dividing CC' in the ratio of a-ja : p/a or 
(T (1/a -1/A) :p(l/o -1/A'), according as the liquids are infinite or enclosed 
in a vessel the areas of whose sections by the planes of a and a are A and A'. 

7^ 48. A twin steamer is formed of two equal and similar ships united along- 
side one another and similarly loaded. Shew that, if d is the height of the 
metacentre above the centre of gravity in the case of the separate ships for 
rolling, the height in the twin ship is o^d-^^A/P, whore A is tlie area of the 
plane of flotation, V the volume immersed of either, and 26 the distance between 
the medial planes. 



106 


EXAMPLES 


49. Prove that the equilibriuia of a prismatic boiiy with vertical sides 
n«iai‘ the water-line, which is so loaded ^at its centre of ^avity coincides 
with its nietacentre for displacement by rofcition about a line parallel to its 
edges, is stable. 

50. A frustum of a cone, semivertical angle a, floats in a liquid of twice 
its own density. Shew that it can float with its axis inclined to the vortical, 
iind tlic end of greater diameter outside the fluid, provided 

cos a >(/?'+r’)»/2-! 
where /t, r arc the radii of the ends. 

51 . A closed frustum of a thin conical shell, whose weight may be neglected, 
floats in homogeneous fluid and contains anotlier heavier homogeneous fluid. 
Sliew that, wlnchever end of the frustum be immersed, the condition of 
stability when the axis is vertical is that 

(ri + > 2 ) 0*1*^ + r./) - >’i ’ 

where // is the length of the axis immersed and / of the ))art of a generator 
immersed, /• is the radius of the inimei’sed end (jf the frustum and i\ .and 
arc the radii of tlic internal and external water-lines. 

52. A .solid culie floats in liquid with a diagonal vertical. SI 10 w that for 
;dl angular displacements the equilibrium will lie stable or unstable, according 
as the section of the cube by the plane of flobition is a hexagon, or a triangle, 

53. An ellipsoid floats in a liquid of double its specific gravity. A small 
couple in a vertical plane acts iqion it and keeps it in a slightly displaced 
position ; prove that the intersection of the plane of the couple with the 
surface of the fluid and the axis round which the ellipsoid has revolved, are 
i’onjugato with respect to the focal conic in the plane of flotation. 

54. Shew that, if the po.sitinn of a floating IxKly be unstable, the centre of 
gravity being over both metacentres, the fixing of a line in the body in the 
])lane of the water surface gives a stable positif»n for rotation about the lino 
if the line lie outside a definite ollip.se. 

55. If a .solid homogeneous cone float in stable eipnlibrium with its axis 
vertical and ba.se unimmer.scd in a fluid of which the density varies as the /<tli 
power of the depth, prove that the .seinivertic.il angle inu.st he 

wherc // is the height of the cone and h is the length of the axis imniersod. 

50. A heavy homogeneous cwhe is completely immersed with two faces 
horizontal in a fluid whose density = k times the cube of tlie depth. Prove 

that the nietacentric height is wherc ^/ is the imiss and a the length 

of ;in edge of the cube. 

57 . A thin vessel in the form of a right circular cone, whose weight is 
negligible, floats with axis vertical in liquid whose den.sity is fi(a+z\ z being 
the depth below the surface and h the length of the axis immcr.sed. Prove 

that, if it contain liquid of density p,' > the equilibrium will be .stable 

provided 

4 //n^V + A 

5 \/x/ 5a-4-A‘ 
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58. A long i)ortion of a hoiiiogeneons heavy i>iiraholic cylinder, bounded by 
two planes perixsndicuUr to the generators and one |)erpenilicular to the axis 
of the generating parabola, rents with its axial plane vertical, and lowest 
generator in contact with the horizontal rough base of a vessel, into which 
liquid is iioured, which settles so that the density varies as the /ith power of 
the depth. The depth of the liquid is ; the height of the solid is /*, (>/i) ; 
and Aa is the latus rectum of the generating parabola. Supposing that the 
condition of flotation is not reached, shew that for stability the ratio qf the 
density of the solid to that of the lowest stratum of liquid must 1 k) less than 

45 r (/? + !) /A\5 h 

wliile 15/i>(2w+5) (3X-- lOo). 

59. A uniform solid right circular cone of density a an»l vertical angle 2a 
floats with its vertex downwards and its base above the sin*fiice in a fluid 
whose density varies as the //th |M)wer of the depth, and is p at a deptli equal 
to tlie height of the cone. Shew tliat m the vertical position the equilibrium 
is stable provided that 

. (! + «) + (1 ; 

also that there is equilibrium when 6 the inclination of the axis to the vertical 
is given by 

(1 +a) (1 + i/i) (1 +• “ 

= (1 COS'* a .sec**'*’"^(cos‘‘^^ — sin-a)'*"^ •*. 

A cube, whose edge is a, floats with two faces horizont.il, .a length I of 
the vertical edges being under water. Shew that the work done in turning the 
cube through a tinite angle 3 about an axis parallel to one of th(' horizontal 
edges without altering the volume of water displaced or immersing any part 
of the upjier face of the cube is 

ir sin B tan B—(a- /) sin*-* , 
where IP is the weight of the cube. (See Art. 105.) 

01. A ship contains w.ater in its hold and floats in the sea. A solid is hel(( 
partially immersed in the hold by a machine on land, so as to disjilace 
a weight iv of water ; it is then de])ressed so that a small extra length is 
immersed. Prove that the gain in the potential energy of the ship and 
contained water is 

(I 

where IT is the weight of the ship and the contained water, A is the aro^i of 
the water section of the held solid, ('is that of the ship, and Ji is the area of 
the surface of the contained water. 

(52. If a ship in the form of the paraboloid .»/*/a+y-*/5 = 2:, floating with 
:he axis of z vertical, be displaced through a finite angle B about an axis in the 
plane of flotation so that the volume displaced remains the same, prove that 
the work done is 

9P \P cos d)), 

where ^ is the perpendicular distance of the axis of rotation from the axis of z, 
and d IS the distance between the centre of gravity and centre of buoyancy in 
the init^l position. 
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63. Shew how to determine the effect on the trim of a shii) of the displace- 
ment of a weight small compared to the total weight : prove that, if the dis- 
placement be aci*oss the horizontal deck in a direction making an angle B with 
the medial line, the resulting slope of the deck is such that the line of greatest 
slope makes an angle tan””* (m taiid) with the medial line, where m is the ratit) 
of the nietacentric heights. 

6fb A log of square section floats in water with the two square faces vertical 
and three of the edges peri)endicular to them wholly immersed. Shew that 
there are three positions of equilibrium with a given edge not immersed, 
provided the speciflc gravity of the substance of the log lies between 23/32 
and 3/4 ; and that if this condition be satisfied the two unsymmetrical 
positions are stable for rolling displacement, and the symmetrical position is 
unstable. 

65. Shew that a log of square section, floating in water, will lie in an 
unsymmetrical position if its density is between *212 and *281, or between 
*719 and *788; that for intermediate densities an edge will be uppermost, for 
(lensities outside those limits a face will be uppeniiost. 

68. A honH)genoous body is floating freely in stable equilibrium. Shew 
that, if the body be turned upside down, so as to float with the same plane ofc 
flotation in a liquid of suitable density, tlic equilibrium will be stable. 

67. Form an estimate of the oflectivc increase in inctacentric height when 
a ship is steadied by a rapidly spinning flywheel. 

68. A wall-sided ship of which any cross-section is a rectangle of breadth 

floats in the upright position immersed to a dejith ,v, and tlio centm of 

gravity of the ship is at a height above the keel. The ship is heeled over 
through an angle B and maiiitaiiieil in equilibrium by a couple of moment L, 
Prove that 

/,= ir Hin 6 (3 sec* + 1) - I (/< - .«) j , 

wlicre IP is the weight of the ship. 

69. A uniform .solid body, in the form of the poriioa of the paraboloid 

cut off by tlie plane is floating freely in a liquid with 
its vertex dowiuvar<ls. A small weight is placed at the txiuit rf on its plane 
base, prove that those points in the plane base winch suffer no vertical 
jlisplacement lie on the line whose equation is 

V/ .,,_o 

«*-(!- n) /*/3 ^ ft* - (1 - «) P/3 ^ ’ 

wliem i.s the ratio of the density of the solid to that of the liquid. 



CHAPTER VI 


OSCILLATIONS OF FLOATING BODIES 

106 . A HEAVY body which is floating in liquid in a position 
of stable equilibrium, will, if slightly displaced from that position, 
make small vertical and angular oscillations : it is evident that 
the problem of these oscillations is a hydrodynamical one, and 
that if we neglect the motion of the liquid the results obtained 
for the periods of the oscillations of the body will only be inferior 
limits to the truc^ periods. As far as the scopti of this work 
pcirmits, we can only proceed on the assumption that the inertia 
of the liquid is neglected, and we shall only consider a simple case. 
We shall suppose that the body is symmetrical with regard to a 
V('rtical piano through its C(‘ntre, and that the initial displacement 
is parallel to this plane. 

It is evident that the subso(|uent motions of all points of the 
body will be paralhd to this plane, and if the equilibrium be 
stable, that the motion will consist of small vertical and angular 
oscillations. 

First let the vertical line through (} and H {(JED) pass 
thi-ough the centroid of the plane 
of flotation. When this is the 
(!ase we can consider the vertical 
and angular displacements inde- 
pendently of each other. 

Suppose a small vertical dis- 
placement ; then the portion CE 
of the body which is raised out of 
the fluid may be considered as a 
thin cylinder. 

Let 6E = z, then EG = GG^z, and the force downwanls on 
the body = the weight of the body — the weight of the fluid 
displaced 

^gpA.z, 
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if A be the aroii of the plane of flotation ; 

d-.EG . 

m being the mass of the body. 

But mjr= the weight of fluid displaced 
= f/pF, F being the volume Cl) , 

V 

is the e(juatioii which determines the motion. 

The time of a complete oscillation is therefore 




107. Ne xt suppose a small angular displacement (o) about C, 
then G is raised through a space which de]jcnds on a-, and therc'- 
fore may be neglected in compirison with (piantities rlepending 
upon a, and if the body, supposeil at rest, be then left to itself, it 
will (on the supposition that thi* eipiilibrium is stable) oscillati* 
about a horizontal axis through G. 

It would in fact come to the same thing if the initial dis- 
placement were about 0, as the iwint G would move sensibly 
(that is, considering small quantities of the first order only) in a 
horizontal direction, and the ijuautity of fluid displaced would, as 
before, remain unchanged. 

If M bo the inetacentre, the moment of tlie fluid pressuiv 
about G 

^gpV.MG.m^e, 

and tends to diminish 6, the migle made by (tH w-ith the vertical 
at the time t. 

la A 

But MG=^’-a^^H0 = a; 

therefore, since the 'horizontal axis through G is a principal axis, 
we hav(‘ 

n('glectiug higher powers of 0, whei-e mK" is the moment of inertia 
of the body about the horizontal axis through G, or 
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an equation which, when k“A > aV, that is, when M is above (r, 
indicates small oscillations taking place in the time 

1 ^ (I F)} • 

If G is below H the sign of a will of course be changed. 

It will be seen that the criterion of stability is di*duciblo from 
the result just obtained; it is an obvious condition for an oscillation 
that k^A — aV must be a positive (juantity. 

108 . Secondly when the line joining H and 6f does not pass 
through C, the two motions are not independent, but the law 
which (lefiiu^s these motions can be determined as follows. 



Sujiposi' th(‘body to be slightly displaci‘d in the vertical plane' 
of symmetry, and then left to itself ; and at the time t let 6 be 
the angle made by IIG with the vertical, and 2 = (UiJ the depth 
of C below the surface*. 

Li*t HG meet the plane of flotation in Z>, 

HG = a, GD = b, DG = c, 
and other symbols as before. 

Th(‘n the depth of (r = ^ sin 0 -f c cos 0 

= ^ + 60 + c, to the order consideixul. 

The weight of the fluid displaced is the weight of a volume of 
fluid eciual to 

aFb+ EG, or A FB-\- EC \ 


and 


this weight =ffpV +(jpAz, 
d- 

(^ + c + 60) = vig - (pp V + ppAz) 
^-gpAz\ 


d’Z 

~di^ 




or 


(I). 
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Another equation is to be obtained from the consideration of 
the angular motion about the horizontal axis through 0, which is 
a principal axis, perpendicular to the plane of displacement. 

The moment of the fluid pressure about G may be divided 
into two parts, the one due to the portion tiFb, and the other to 
the portion EG of the fluid displaced. 

The former part of the fluid pressure — gpV acting upwards 
through M the nietacentre ; and the latter A and may b^^ 
considered to act through C the centroid of the plane of flotation. 

The moment, in the direction tending to diminish 0, 

= gpV. GM sin 0 — gpAz {b cos 0 -- c sin 0) 

= gp {hr A — aV) 0 — gpAz {b — c0) 

= gp {¥A — aV) 0 —gpAbz, 
neglecting the product of z and 0 ; 

. • . niK- — -gp {l^^A -aV)0 + gpAbz. 


,,jl^0 fk^A \ , A , 

From the ocpiations (I) and (11) we obtain 


(Pz (jA 


gb fh-A 

'^kA V 

(1-0 gAb g /k^A 


(-a 


■11^0 = 0, 


which mav b(' written 


(Pz , ^ ^ 

,li.-^rz-bn0 = O, 

(W pz , a f\ 


■(ii). 

* 


.(III). 


• r 

To integrate these equations, multiply the second by and 
add it to the first, then, 

, \a — bn \ /T\7’\ 

assuming rb^J^^b ^ 

we have "1" “h ~ 


and, if X,, Xa be the roots of (IV), 


- 2 ; + X, 0 = Cl cos 


Z’\‘Xi0 = C 2 cos 


|\/ <+«i| 


.(V), 


from which z and 0 are completely determined. 
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The depth of G is given by an expression of the form 
G +A cos (ij.t + Of) + 5 cos (fit + /S), 
and its motion consists of two distinct oscillations, each following 
the pendulum laws, and compounded together in accordance with 
the principle of the coexistence of small oscillations. 

It may be observed that if two points be taken in the line 
AB, whose distances from 0 in the direction CD are \i, then 
at the time t, the vertical depths of these points arc z + and 

z + X 2 ^, that is, are 







and OoCos 







and their vertical motions ai-e therefore simple oscillations following 
the pendulum law. This remark is quoted by Diihaincd (Gours de 
Meciinique, Art. 152) as due to M. Cauchy. 

Ecpiations (V) represent the 'normal modes’ of vibration. 
The periods 27r/V/ of the oscillations could bo obtained more 
simply by substituting ^ = A cos(</^-f e), and ^ = ^cos(<y^+ e) in 
eijuations (III) and eliminating the ratio AjH from the result. 


EXAM PEES. 

A .•straight rod is dropped vertically from a given height aliovo the 
surface of water ; dctcrmiiio its motion and tiiid the coiulitiou that it may l>c 
only just iiimiersecl. 

2 . A vertical cylinder of height h floats in a licpiid of twice its own deii.sity 
contained in a cyliiulricfil vessel. If the radius of the vessel be double th.it of 
the cylinder, and the cylinder be slightly displaced in a vertical direction, 
prove that the time of an oscill.ition is 

3 . A solid, the lower portion of whose surface is spherical, floats in a heavy 
fluid ; shew that the time of a small angular o.scillation is the sjuiie in whatever 
homogeneous fluid it floats. 

% 4 . A hollow hemisphere moveable .about a h(^rizontil* di.ameter is partly 
filled with fluid ; shew that the time of a small oscillation i.s the same as if 
there were no fluid in it. 

5 . A solid ellipsoid floats in a liquid of twice its own specific gravity with 
its shortest axis vertical ; flnd^ the time of a .small vertical oscillation, and also 
the times of small angular o.scillations about the two horizontal axes. 

K 0 . A cube (the length of whose edge is 2t0 is floating in a fluid with its 
centre of gravity at a depth c Ijclow the surface 5 ' if it receive a small displace- 
iiieiit so that two of its faces rem.iin vertical, shew that the times of its small 
vertical .and angular oscillations are 

\/(T) \/ 

B. H. ^ 
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7. A cylinder makeH vertical oscillations in a liquid contained in anotlior 
cylinder, the radius of which is n times that of the former ; sliew that the 
length of the axis immersed when in a j)osition <»f rest is 

whom t is the time of a complete oscillation. ^ 


8. A candle of density p floats vertically in still water of density or. It is 
lighted and the flame is observed ti> descenli towards the water with uniforni 
velocity w, and the velocity with which the candle burns is : jirove that 

V {a-~‘p)=(Tif. 

Prove also, that if the flame he extinguished when a length I of camlle 
remains, the candle will rise out of the water if v l)e>Vo'//7/p; but if r he 
<>/(rl(/lp the time of an oscillation will be ^xr pi lag. 


9. A right cone is floating with its axis vertical and vertex downwards in 
a fluid, and ^^th part of the axis is immersed; a weight equal to the weight of 

the cone is placed on the base, upon which the cone sinks till its axis is tobilly 
immersed, before rising; shew that 

n^+n^+n — 1. 


10. A cone of vertical angle 2a floats in a cylinder of radius a with a length 
« of its axis immersed. If it be pushed vertically downwards through a small 
space, shew that the time of an oscillation is 


27r 


v/ 


/<- tan- a) h 


11. A vessel, in the form of a paraboloid of revolution with its axis 
vertical, contains a quantity of liipiid equal in volume to that of a segment ()f 
a paraboloid, of the s,uiie latus rectum, floating in it : if this he raised till its 
vertex is just on the surface, and if it then -sink to a depth ecjual to 3/4 ol its 
axis before returning, prove that the density of the Inpiid : that of the 
paraboloid :: 48 : 7. 


12. A solid cone, of given vertical angle, is supported on an axis, about 
which it is moveable, c<jiucideiit with a diameter of its base ; if the axis be 
held liorizoiitiilly, and lowered until one-eightli of the volume of the cone, 
vertex dowiiwai-ds, is iuinicrsod in homogeneous liquid, find the ratio of the 
densities of the liquid and cone, when the cMjuilibrium is neutral. 

If, in the previous c.isc, the axis be not lowered so tar as to make the 
equilibrium neutral, and the cone lie then slightly displaced, find the time of 
a small oscillation. 


13. An oblate spheroid is completely immersed in two fluids, the specific 
gravity of the lower being twice that of the upiier fluid, and floats with its 
axis vertical, and its centre in the common surface of the fluids. 

Supposing a small displacement to take place, 1st, in a vertical iliiectioii, 
2iuily, about a horizontal line through its centi*o of gravity, shew that tlic 
times of the small oscillations will bo respectively 

where a and b are the semi-axes of the generating ellipse. 


14. A homogeneous solid floats completely immersed in a liquid, the 
density of which varies as the dejith, with its centre of gravity jit a depth h ; 
prove that the time of a small vertical oscillation is 2rrV/i/^. 
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'15. A lamina of uniform thickness, in the form of an isosceles right- 
angled triangle, has one of the acute angles fixed below the surface ot a tluid, 
and rests with the side which is not imniei*seii horizontal. Prove that the time 
of a small oscillation in its own plane is 

2Tr 

where a is the length of each of the sides of the triangle. 

10. A solid generated by the revolution of the curve, ?/qc o.'" , about the 

axis of .c, floats with a portion h of the axis immersed ; if the solid be dt'prcssed 

through — l)/i, it will, on its return, just emerge. 


17. A solid of revolution of imiss vi floats in difibrent liipiids. If the time 
of vertical oscillation in any lupiid and its density p are found to be connected 
by the equation 



/denoting a given function, show that thec<iuation to tlie meridian section of 
the solid is 


1 / 



18. A uniform wedge, whose section iHn’peiulicular to its edge is everywhere* 
an isosceles triangle of whicli the semi-vertical angle is tan“"^ ^^2 and base A, 
floats with its edge fixed in the surface of a liquid of twice its specifi(; 
giMvitv: it is then depressed through a small angle B about the vertex: prove 
that tlui time in which it will return to its original position is apfiroxiULitely 

1 /.V> 
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PRESSURE OF THE ATMOSPHERE 

109 . If a glass tube, about three feet in length, having one 
end closed, be filled with mercury, and then inverted in a vessel of 
mercury so as to immerse its open end, it will be found that the 
mercury will descend in the tube, and rest with its upper surface 
at a height of about 29 inches above the surface of the mercury in 
the vessel : this experiment, first made by Torricelli, has suggested 
the use of the Barometer^ for the pur^xise of measuring the atmo- 
spheric pressure. 

The Barometer^ in its simplest form, is a straight glass tube 
A By containing mercury, and having its lower end 
immersed in a small cistern of mercury; the end A 
is hermetically sealed, and there is no air in the 
branch AB. 

It is found that the height of the surfiicc P of the 
mercury above the surface C is about 29 inches, and, 
as there is no pressure on tht‘ surface P, it is clear 
that tht) pressure of the air on C is the force which 
sustains the column of mercury PQ. 

We have shewn that the pressure of a fluid at rest 
is the same at all points of the same horizontal plane ; 
hence the pressure at G is eciual to the pressure of the 
mercury at Q. 

Let o- be the density of mercury, and li the atmospheric 
pressure at (7, then 

n ^gtrPQ, 

and the height PQ measures the atmospheric pressure. 

(3n account of its great density, mercury is the most con- 
venient fluid which can be employed in the construction of 
barometers, but the pressure of the air may be measured by 
using any kind of liquid. The density of mercury is about* 
18*568 times that of water, and therefore the height of the 
column of water in the water-barometer would be about 33f 
feet. 
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The density of mercury changes with the temperature, and 
c must therefore be expressed as a function of the temperature. 

Experiment shews that, for an increase of 1° centigrade. thi‘ 
expansion of mercury is 5 i^(yth mi its volume ; hence if at be tlie 
density at a temperature and 0*0 at a temperature 0°, 

0-,. = 0-, (1 + . =c7t(l +-0001S018f); 

0-, = <r«(l - if ^ = -00018018, 
and n = ga^ (1 — 00 PQ. ^ 

By means of the formula, 11 =^(7(,(l — 00^^ atmospheric 
pressure at any place can be calciilatod, making due allowance 
for the change in the value of g coiise(|ueiit on a change of 
latitude*. It is found that this pressure is variable at the same 
place, with or without changes of temperature, and that in 
ascending mountains, or in any way rising above the level of 
the place, the pressure diminishes. This is in accordance* with 
the theory of the eijuilibrium of fluids, for, in ascending, thii 
height of the column of air above the barometer is diminished, 
and the ])rossure of the air upon 0, which is 0 (tual to the weight 
of the superincumbent column of air, is therefore diminished, and 
the mercury must descend in the tube. 

If then a relati<3n be found between the height of the mercury 
and the height through which an ascent has been made, it is 
clear that by observations, at the same time, of the barometric 
columns at two stations, we shall be abk* to determine the 
difference of their altitiules. 

We shall investigate a formula for this purj)osc; but it is first 
necessary to state the laws which regulate the pressures of the air 
and gases at different temperatures, and also the laws of thc^ 
mixture of gases. 

110. We have before stated the relation 
p — hp (1 + a^) 

between the pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experiment : 

(1) If the temperature be constant, the pressure of air varies 
inversely as its volume, {Boyles Law,) 
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(2) If the jyressiire remain constunty iin increase of temperature 
of V C. produces in a mass of air an •eurpansion •00r3665 of its 
volume at O'^C. (Daltons and Gay-Lussac's Law.) 

Ht‘nce, if p bo tho pressure And the density of air, at a 
temperature zero, 

p == hp(s. 

Suppos<* now the temperature increased to ty the pressure 
remaining the same : tho conception of this may be assisted by 
considering the air to be contained in a cylinder in which a 
moveable piston fits closely, and has applied to it a constant force, 
so that an increase of th(i cbistic force of tho air would have the 
effect of pushing out the jriston, until the ecpiilibi’iuin is restored 
by tho diminution of dtmsity, and conseciuont diminution of 
pressure : we shall then have from the 2nd law, 


Pn = P (1 + fxt), 

taking p as the new density and a = *003605; 

.*. p = kp{\ -l-aO- 

If p\ p be tho prc‘ssure and (hmsity of th(‘ same fluid at a 
tenip('raturc t\ 

p' = kp (1 + atf)y 

, p pi -{-at 

p p' 1 + at 

The quantity a is very nearly th(* same for gases of all kinds, 
but has different values for different gases, and must of course 
bo determined experimentally in ('very case. 


111. Absolute Temperature. If wc imagine the tem- 
perature of a gas lowered until its pressure vanishes, without 
any change of volume, we arrive at what is called the absolute 
zei-o of temj)erature, and absolute temperature is measured from 
this point. 

Assuming to represent this temperature on the centigrade 
thermometer, we obtain, from the equation 1 + ato = 0, 

1— 27r. 

In Fahrenheit’s scale the reading for absolute zero is — 459°. 

The equations, p = kp (1 + a^), 

0 = kp (1 -f“ 
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lead to ‘ ^») 

^hpaT, 

if r be the absolute teniperature. 

Since pF is constant, it follows that pVjT is constant, and 
this law expresses, in the absolute scale, the relation betwiH'ii 
pressure, voluirie, and temperiiture. 

112. Mixtures. The pressure of a mixture of different elastic 
fluids. 

Consider two different gases, contained in v('ssi‘ls of which the 
volumes art3 V and V\ and ]t‘t their pressure \s and temperatures, 
p and be the same. 

Let a communication be established between the two vessels, 
or transfer both the gases to a closed vessel, the volume of which 
is 4. Y ' : it is found in th(3 case in which no chemical action 
takes place, that the two gases do not remain sepamte, but 
permeate each othc*r until they an* completely mixed, and that, 
wh(*n (*<|uilibriiim is attained, the pressun* and temp(*i’atun‘ are 
th(' sanu* as before. From this important (‘xperi mental fact we 
can d(‘duc(3 the following proposition. 

If two yases Itaviiiy the same temperature be mixed together in a 
ves,sel, the volume (f which is Y,and if the pressure of the two gases, 
alone fllliny the volume V, he p and p', the pressure of the mixture 
will be + p'. 

Suppose the two gases separated ; let the gas, of which the 
pressure is p, have its volume changed, without any alteration of 
t(‘mperature, until its pressure becomes p \ its volume will be, by 
Boyle’s law, pVjp. 

Let the two gases be now mixed in a vessel, of which the 
volume is 

the pressure of the mixture will still be p', and the temperature 
will be unaltered. If the mixture be then compressed into a 
volume F, its pressure will become, by the application again of 
Boyle’s law, p 

This result is obviously true for a mixture of any number of 
gases. 
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113. Two volumes V, V' of dijferent gases, at pressures p, p' 
respectively, are mixed together, so that the volume of the mixture is 
U ; to find the pressure of the mixture. 

The pressures of the two gases, reduced to the volume U, are 
respectively 


and therefore, by the preceding article, the pressure of the 
mixture is 


V , 


and if vr be this pressure, we have 

vrU==pV^p'r, 

If the absolute temperatures of the gases before mixture are 
T and T\ and if after mixture th(* absolute temperature is t, and 
the volume U, the pressures of the gases will be respectively 
pV T , p'V' T 
f U 'JT U' 

Hence tar, the pressure of the mixture, is the sum of th(‘se t.wo 
(juantities, and therc'fore 

r T ^ T ' 

In the case of the mixture of any number of gases, we have 

^U_^pV 
T T ' 


114. The laws and results of the preceding articles are equally 
true of vapours, the only diflfereiice between the mechanical 
qualities of vapours and gast‘s, iiTesjx‘ctive of their chemical 
characteristics, being that the former are easily condensed into 
liquid by lowering the temperature, while the latter can only be 
condensed by the application either of great pressure or extreme 
cold, or a combination of both*. 

* Professor Faraday succeeded in condensing carbonic acid gas, and other gases 
requiring a considerable pressure for the purpose, and the result of his experiments 
led to the conclusion that, in all probability, all gases are the vapours of liquids. 
This oonclusion was remarkably supported in 1877, when M. Pictet, in the early part 
of the year, liquefied oxygen by applying to it a pressure of 300 atmospheres, and, 
in December of the same year, M. Cailletet liquefied nitrogen, and atmospheric air. In 
1884 hydrogen was liquefied by Wroblewski, in 1899 Dewar obtained solid hydrogen, 
and now liquid air and various other gases in liquid form are articles of commerce. 
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116. Vapour. If water be introrlucod into a space containing 
dry air, vapour is immediately formed, and it is found that the 
pressure and density of the vapour are dependent only on th(» 
temperature, and are quite independent of the density of the air, 
and indeed are exactly the same if the air be removed. If the 
temperature be increased or the space enlarged, an additional 
quantity of vapour will be formed, but if the temperature^ be 
lowered or the space diminished, some portion of the vapour will 
be condensed. 

While a sufficient (juautity of watcu' remains, as a sourccj from 
which vapour is suppli(*d, the space will b(‘ always saturated with 
vapour, that is, there will be as much vapour as the teinpf;raturi‘ 
admits of ; but if the temperatim* be so raised that all the water 
is turned into va])our, then for that, and all highcu* temperatures, 
the pressure of the* vapour will follow the same law as the pressure 
of the air. 

In any case, whc'ther the s})ace be saturated or not, if p bi‘ th(‘ 
pressure of the* air, and w of the vapour, th(‘ pn^ssure of the 
mixture is p + «r. 

116. Thi' atmosphere always contains acpieous vapour, the 
quantity being greater or ksss at dithu’ent times ; if any j)ortion 
of the space occupied by the atmosphere be saturated with 
vapour, that is, if the density of the vapour be as great as it can 
be for the temj)orature, then any reduction of temperature will 
produce condensation of some portion of the vapour, but if the 
density of the vapour be not at its maximum for that temperature, 
no condensation will take place until the temperature is lowered 
below the point con'esponding to the saturation of the space. 

Formation of Dew. If any surface, in contact with the 
atmosphere, bo cooled down below the temperature corn ‘spending 
to the saturation of the space near it, condensation of the acpieous 
vapour will ensue, and the condensed vapour will lie dej)Osited in 
the form of dew upon the surface. The formation of dew on the 
ground depends therefore on the cooling of its surface, and this is 
in general greater and more quickly effected, when the sky is frei‘ 
from clouds, and when, consequently, the loss of heat by radiation 
is greater than under other circumstances. 

The Dew Point is the temperature at which dew first begins 
to be formed, and must be determined by actual observation. 
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^I'he pressure of vapour corresponding to its saturating densities 
foi* (liiftTent temperJitures must also be determined (ixperi mentally, 
aij<l, if this be effected, an observation of the dew point at once 
determines the pressure of the vapour in the atmosphere. For 
if be the dew point, and p' the known corresponding pressure, 
then at any other temperature t above t' the pressure p is given 
by the o<| nation 

117. Effect of compression or dilatation on the pressure and 
temperature of a gas. 

It is found by experiment that if a ({uantity of air, encloscjd 
in a vessel impervious to heafc, be compressed, its tt*mperaturo is 
raised; and that, if a <juantity of air, enclosed in any kind of 
v(‘ssel, b<' sudd(*nly compressed, so that there is no time for the 
heat to escape, the t(‘mperature is similarly raised. 

118. Thermal Capacity. The thermal captxcity of a body is 
measured by the amount of heat requircMl to raisi' the fccmipc^rature 
one degree. 

The unit of heat which is actually employed is the (juantity of 
heat re(|uired to raise by one di'gree the temperaturi^ of one unit 
of mass of water, supposed to be between 0 ‘ C. and 40° C. 

Specific Heat. The specific heat of a body is the tluTinal 
capacity of one unit of mass, or, which is the same thing, it is the 
ratio of the amount of heat re<piired to increase by 1 the tem- 
perature of the body to the amount of heat recpiircd to increase 
by 1 ° the temperature of an (Mpial weight of watt^r. 

If an amount of heat dQ produce in the unit of mass a change 

of temperature dt, th(» measure of the spcicific heat is . 

In gases it is necessary to consider two cases ; (1) when the 
pressure remains constant, the gas being allowed to (‘xpand, 
(2) wht»n the volume remains constant. 

We shall denote the specific heat in thi*se two cas(*s by the 
symbols Cp and 

It is easy to see that Cp is greater than for in the first case 
the heat imparted does work in expanding the gas as well as in 
raising its temperature. 
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119. Adiabatic expansion. To detorinino th(^ etlbct of a 
compression or a dilatation of a given quantity of gas, it is clear 
to begin with that th(» heat required will be a function of v,p, and 
Tf and since pv oc T, the heat required for any expansion will be a. 
function of v and p. ^fherefore it followsithat 

and, in general, p = /jpaT or, if the mass of the givtai (juantiiy of 
gas be the unit of mass, 

pv = kaT=-ICL 

If the pressure be constant, dQ == CpdT ; 


• f.-> 

[f th(‘ volume be constant, 

dQ j jrn 

1 

‘ 3p K 

Therefore*, if no h(*at b(* imparted, that is, if dQ = 0, 
do dp 

<'ji + — = 0 ; 


y *’. is constant, 

if we assuiiu* that the ratio of c,, to Cp is constant. 

If p, 0 be changed to p\ o\ we obtain 

p Uv 

where 7 = CpjCn, , 

’If _p'v _ f 

The etjuation = constant is, in th(*rmodynamics, the c*(|uation 
of the adiabatic, or isentropic lim*s, and it ri*presi*nts the relation 
between the pi*(‘ssure and volume of a mass of gas, wh(*n, during 
a change of volume, no heat is lost or impirted. 

The equation is true in the case of a sudden compression or 
dilatation of a mass of air, because there is no time for any sensibh* 
loss of heat, or for any addition of heat from external sources. It 
will be found that this r(*lation is of great importance in the theory 
of sound. 
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120. Cp-Cv constant. It can be shewn by the aid of the 
principle of energy that the difference between Cp and c®, for any 
given gas, is constant. 

By a law of thermodynamics, the energy imparted to a system 
by the application of heat •is proportional to the amount of heat. 

Hence, J being the mechanical equivalent of the unit of heat, 
the energy imparted to the unit mass of a gas by a ris(‘ of 
temperature dT when the pressure is constant is 

J,CpdT, 

But this (‘ntirgy is partly ex])ended in elevating the temperature 
at a given volume, and [tartly in expanding the volume ; 

.'. J .CpdT^pdv-^^J ,c,dT 
and pv = KT, 

* *. (S'p » 

shewing that Cp — is constant. 

We can <*mploy this equation in obtaining the result of 
Art. (119). 

For, if no heat be supplied, no (uiergy is imparted, 
and pdv’^J,c„dT={}. 

But pv = KT= J, {Cp — c„) T ; 

.*. pdv + vdp — J.{Cp — c„)dl\ 
and p dv {Cp — €„) 4- {pdv 4- vdp) = 0, 

whenci* Cp^pdv^- c^, . = 0, as before, 

121. The ^uork done during an adiabatic compression of a gas. 

In Art. (14) we have assumed that the temperature is constant, 
or in other wonls that the compression is isothermal. 

I^his state of things can be secured by performing the ojjera- 
tion so slowly that any heat which may be generated is dissipated 
during the process. 

If the compi-ession is adiabatic, that is, if the process is so 
arranged that no heat is lost or imparted, which is practically the 
case when the compression is very rapid, we have from Art. (119) 
the relation 


pv^ = constant = G. 
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Hence it follows that the work done in compressing fnnn 
volume V to volume U 


= — J pdv= — J Cv^y dv 


Whole mass of the earth's atmosphere, 

122 . Some idea may be formed of the mass of air and vapour 
surrounding the earth by means of the barometer. Supposing the 
earth to be a sphere of radius r, and that the height of tin? 
barometric column, //, is the same at all points <?f its surfiice, the 
mass of th(? atmosphere is approximately ecpiivalent to th(? mass 
‘Virar^h of mercury. 

Let p be the mean density of the earth ; 
then, the mass of the atmosphere : the mass of the (‘arth 
= 47rtr/‘‘“A : -^'rrpr^ 

= l^ah : pr. 

But, taking water as the standaid substance, <r = 13-»)7, and 
p has been found to be about o 5 ; and, if we take 29*1) inches 
as an approximate value of A, it ^\ill bt‘ found that the ratio of the 
masses is somewhat less than the ratio of one to a million*. 


The height of the homogeneous atmosphere, 

123 . If the whole column of air had the same (hnisity through- 
out as at the surface, its height b(‘ing and the height of the 
m(*rcury being A, we should have 

ah = pi, 

where p is the density of the air. It has been found that the ratio 
a : p is about 10462 : I, and therefore employing as befon* 29*9 as 
a value of h, it will be found that I is a little less than 5 miles. 

Necessary limit to the height of the atmosphere. 

It is clear that, since at a distance from the earth’s surface its 
attraction diminishes, and the density and pressure of th(i air are 

* The mean density of the earth has been frequently the subject of calculation 
based on experiment : v. J. H. Poynting, Adams Prize Essay 1893, where the result 
obtained is 5*4934. C. V. Boys, Phil, Tram, 1895, and 0, Braun, Denkschrift d, 
math, naturw, Klasne d, Wiener Akad, 1896-7 give the result 5*527. See also 
Article Gravitation Constant and mean density of the earth, by J. H. Poynting, 
Encycl, Brit, eleventh edition. 
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thorofon* (Jiininished, tho above result is very fiir from the truth. 
A Limit to the height can however be found from the cimsideration 
that, beyond act*rtaiii distance from the earth’s centre, its attraction 
will be unable to retain the particles of air in the circular paths, 
which they must descrilx* about the cai’th, in order to remain in a 
state of relative equilibrium. 

At the equator th(‘ expression co being the earth’s angular 
velocity, is etpial to ^/289, and therefore, at a height z, the force 
nec(‘ssary to retain a particle m of air in its cii’cular motion is 
equal to ( 7 * + ^)/2S9r ; the earth’s attraction at th(‘ same 
height 

and the extreme height is given by the ecpiation 

2m r 

or ^ = r(y(281))~lj, 

that is, z is a litth* great(*r than 5r. 

It is possible however that this height is considerably beyond 
the tru(» height, for th(‘ t(*mporature. of th(‘ air has btaui f >und, 
by experiuuaits madi* in balloons, to diminish with great rapidity 
during an ascent, and it is therefore quite* possible, that, at a height 
U‘ss than /)?*, the air may be li<jU(*Hed by extr(*me cold, and its 
external sui'face would be, in that case, of tin* same kind as tlu* 
surfaces of known inelastic fluids. 


The (fetenninatioif of heights hg the barometer. 

124. In attempting to establish a n*lation between the h(*ight 
of the mercury column of a barometer and the height of the 
instrument abovi* s(‘a-lovel, we must make a hypothesis about the 
tt*niperature of the atmosplu'i'e. Mmt let us suppose the teiiij)ei*a- 
tiire to be constant and that p, p denote the pressure and di'iisity 
at a height z, and p their values at a height z ' ; then tht* 
equations of e(|uilibriuni arc 

dp = -gpdz, 
p/p^p'lp' = k: 

k]ogj) = C — gz . 




and 
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Also it* A, K denote the heights of* the barometer at two stations 
whose heights are z and z\ then 


, k . p k . h 

2 :' — ^ - log , = - log , , 

g ^p' g ^ h 


( 1 ). 


If the temperature be not constant, let t, t be the temperatiux^s 
at the two stations; then if we iwoceed on the hypothesis of a 
mean unifonii temperature ^ = + levels, 

the relation betwcnui p and p is now p = kp (1 + cit), and ecpiation 
(1) b( ‘Comes 

/~^ = ^{l + ia(T + T)} log^^, (2), 

g n 

and if we also allow for the difr(‘renc(‘ in the temperature of the 
mercury in the bai’ometor at the two stations, wo hav(* l)y 
Art. (109) 

, where 6 = -OOOISOIS ; 

p A (1— err) 


and eipuitiou (2) becomes 


r= -{l + ia(T + T). 


.(3). 


125. If however th<j heights abovij the eai*th*s surface' be 
considerable, it is necessary to takt' account ot the variation of 
gravity at ditferent distances from the* earth s cc'ntre. We proceed 
then to an investigation of a more exact formula. 

Let g be the measure of gravity at the level of the sea, and r 
thc‘ radius of tin; earth ; then, at a height z, the attractive force is 
measured by 

and the e< {nation of e({uilibrium is 

we have also p^kp and it is here important to ob.serve 

that p is the sum of the pressures due to the air itself, and to the 
aqueous vapoui* which is mixed with it, so that, if p be the density 
of the aqueous vapour, p is the sum of two ({uantities of the 
form 


kp (1 + "^k p (1 + oti), 
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anil therefore the ijuantity kp in the above equation is the sum of 
the two kpj yp\ corresjDonding respectively to the air and the 
aqueous vapour. 

From the two equations above we obtain 
j dp 1 gt^dz 

^'p JrVzy ' 

and, as before, we shall consider t constant, and eijual to the mean 
of the temperaturi'S at the two stations. 


By intcigration 


fclog2) = ^ 


1 

+ at »• + ’ 


and 


IX ,p' - grHz-/) 

• • p"(H-at)(j- + ^) (/•+/)• 


.( 1 ). 


Let li, h' be the observed heights of the mercury, ami t, t' 
the temperatures, as before; then, since the tin-ce of gnwity at a 

or^ 

height z is mesisurcd by the quantity , we have 


/»' (r + 1 - dr h' 

p~\r+z') V-eVh 


an<l therefore, (tbserviiig that 0 is a very small quantity, 

f fc (1 - 4 * at') f r + 2^ (r •4“2)L a 

- - " = |log., + 2 log,„^. (r - T)J , 

where p = logio e = *4342945. 

From this formula, if z' be known, the value of z can be 
calculated. 

If the lower stiition be nearly at the level of the sea, z' = 0, and 

126 . In the preceding investigation we have taken no account 
of the variation of gravity at different parts of the earth s surface. 
On account of the spheroidal shape of the earth and its rotation 
about its axis the value of the force of gravity differs in different 
latitudes, and in consequence of the constitution of the earth^s 
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crust the value differs on land and sea and has been found to be 
greater on small oceanic islands than on continents. 

A recent formula for the mean valut* of g is 
g = 978*046 (1 + *005302 sin- ^ - *000007 sin* 2</)) cm./scc.*, 
or g = 980*632 (1 — *002644 cos 2<b + *000007 cos* 2<^) cm./sec.*, 
where </> is the latitude, the numbers 978*046 and 980*632 giving 
the values of ^ at the e(juator and in latitude 45'**. 

If we take g = 980*6 (1 — *002644 cos 2<^), then the last i*x- 
2 )ressi<)n for z becomes 

log.« /j- + 2Iog,„(n-^^ 

- nd (t 

Ill these formulae the value of A*, as we have sec‘n, depends on 
th(‘ amount of afpieous vajionr in the air; but for dry air, taking 
p = kp (1 +at)i if the air is at 0*^0. and a pressure of 760 mm. of 
mercury, the valn(‘ of Ic is got from A*/o = /) = 76()(/<r, where <t is the 
density of mercury. And taking ajp = 10462, this makes 
k = 760 X 104625r mm. 

= 7951*12/7 metres. 

This would make tin* coefficient fc/980’6/Li = 18308 metres, but this 
neglects entirely the aqueous vapour, and a value for k that gives 
results more in accordance with observed facts is 7963*2// metres, 
making 

kld^O'Gfi =• 18336 metres. 

In order to obtain z from the formula (4) an apjiroximate value 
must be obtained first by neglecting z/i' in the right-hand member 
of the equation; if this ajiproximate value be then employed in the 
same expression, a more accurate value will result, and thci same 
jirocess may be repeated if necessary. 

127 . Other corrections are however necessary in order to 
render the determination of heights by the barometer very exact 
in practice ; the value of k for instance is modified by the fact that 
the dtTisity of a((ueous vapour at a given temperature and pressurti 
is less than the density of dr}* air under the same circumstances, 

* Handbmh dcr Physik^ A. Winkelmann, Leipzig 1908, p. 479. See also the 

Article Figure of the Earthy A. R. Clarke and F. R. Helmert, in the Encgcl, liriU 
eleventh edition. 


/j ( 1 4- 0 . 1 ) {i 2 1 v) j 

980*6a 6 ( I - *002644 cos^^) t 
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and the proportion of aqueous vapour to dry air may be, and in 
general will be, different at the two stations. 

Moreover, if the upper station be on the surface of the ground; 
the attraction of the jjortion of the earth which is above its mean 
level must be taken account of. The effect of this attraction is to 
increase the quantity gr^l{r + zy by so that, at a height Zy 

the force of gravity is measured by 

3^5 

(r + zy 4?’ * ^ 

or, approximately, ^ 1 1 (Routh, Analytical Statics^ ii. p. 12); 

the equation for j) will be in this case 

and therefore, if the lower station be at the lev(‘l of the s(*a. 

In place of the eijuation (2) of Art. (125) we shall have 

o^Nl-gr'A' 
p V 4 r/ 1 — gr // ’ 

and the final (*(piation foi’ z will be obtained by substituting in 
(4) of Art. (126) 1 + ^zjr for 1 + zlr, observing that log (I + ^zjr) 
is approximately ecpuil to 2 log (I + %zlr). 

We may note however that whtui z and r are measured in 
metres, zlr= *000000157.3: approximately, so that the error arising 
from neglecting zfr will generally be small. 

A formula of this kind appears to have been given first by 
Laplace*. 

128. It must also be noticed that we have assumed the tem- 
perature of the mercury in the barometer to be the same as that 
of the air surrounding it; but in some cases, as for instance when 

* Mecanique Cile»tey Livre x. chap, iv, Laplace’s formula differing only in 
numerical coeftloients from (4) Art. (126) remains the fundamental formula in this 
connection. It is quoted in Sir John Moore’s Meteorology (1910), p. 149. For 
working formulie for barometric corrections see any modern text-book on Physics, 
such as Chwolson, Lehrbuch der Physik, 1902, i. p. 443, and for numerical tables see 
The OheervePe Handbook published by the Meteorological Office, 1908. 
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observations are made in a balloon, the barometer may not remain 
long enough in the same place to acquire the temperature of the 
air round it. The temperature of the mercury can, however, be 
observed by a thermometer, the bulb of which is placed in the 
cistern of the barometer, and the temperatures so obtained must 
be employed in the equation (2) of Art. (125). 


128 a. Convective Equilibrium. An alternative hypothesis 
is that of the convective equilibrium of temperature in the 
atmosphere. As explained by Lord Kelvin* “when all the parts 
of a fluid are freely interchanged and not sensibly influenced by 
radiation and conduction, the temperature of the fluid is said to 
be in a state of convective equilibrium.” This state implies that 
if equal masses of air at different levels were interchanged without 
gain or loss of heat, i.e. adiabatically, they would merely inter- 
change pressure, density and temperature so that on the whole 
there would be no change. In this case therefore the (‘q nations 
are 


dp ^ — gpdz 

p = kpy and p = KpT, 

where T denotes absolute temperature at the height z] 
. *. kyp'^~^ dp=^-‘ (fdz. 


and by integration 




( 1 ). 


where To denotes the absolute temperature at sea-level . 
. _7-l ^ 

■ ir 7 K'lv 

And if H is the height of the homogeneous atmosphere 


•• 7 II 


( 2 ). 


If in equation (1) we take gi'^l{r + zy instead of g, as before, we 
get on integration and substitution as above 
T _ ^ _ 7 — 1 rz 
T'r ~~y~-H{r + z) 


.(3). 


* Collected Papers^ VoL iii. p. 255. 
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129. The two following problems are illustrative of the prin- 
ciples of this chapter. 

I ) A piston without wnght fits into a vertmd cylinder^ dosed at its hose and 
Jiffed with atmospheric air, and is initially at the top of the eyhnder; water being 
poured slowly on the. top of the piston, fi nd how niueh can be poured in before it 
mil run over. 

lict a bo the height of the cylinder, and - the depth to which the piston 
will sink ; then in the [)Osition of (Kiiiilibrium the pressure of the air in the 
cylinder is n+iryps, where n is the atmospheric iiressiire, and p the density of 
water : but 

this pressure : II=a : a — c ; 


\jct h be the height of the water-barometer, 

n-^gph, 

ha -= {(I — -) (/i + z\ 

and 2==0 or a—h. 

Unless then the height of the cylinder is greater than h, no water can be 
poured in, for, even if the piston be forceii down and water then poured on it, 
the pressure of the air beneath will raise the piston. 

The negative solution, when a < h, can however be explained as the 
solution of a difterent probhun loading to the same algebraic equation. Suppose 
the cylinder to bo continued above the piston, and lot it be required to raise 
the piston through a space z by a force which shall be ocpial to the weight of 
the cylindrical space z of water. 

Tins leads to the equation 

n ’^gpz __ a 

"“n 

or z=h'-if. 


( 2 ) To determine the motion of a balloon oil the siipptisitwn that the mass of 
air displaced by it in any position is homogeneous, and that the temperature 
throughout is (vnstant. 

Let i be the height of the centre of mass of the balloon, m its mass, V its 
volume, and p the density of the air at the height z ; then the equation which 
determines the motion is 

ilr^Z f !»■ f 

r^ 

where 

But from the equations dp= -g'pdz and jo=/p, wo obtain 


and therefore 


ffrz 


dh uVgr^ 

A (>•+*)** 





pressure of the atmosphere 




from which, putting 'in^^r 


dz 


r, multiplying by 2 


, and integrating, 


initially 


///A 2 

o-f— j =(7— 2neAr(j4c) + 


2(rg7^ 
f+z * 


OssU— 2n+2<r//r, 


^agrz 

"r +T * 


The greatest height of the balloon is given by putting 


fh 

di 


-0, 


and, if the mefin density of tlie balloon differ very little from that of the air, 
:/r will be small, and an ap])roximate value may he found. 


EXAMPLES 

1. If the specific gravity of air lie *0013, that of iiiercuiy 13*59, and if the 
height of the barometer be 30 inches, prove that the numerical value of /• is 
about 836300, a foot and a second l)cing units of space and time. 

2. The weight of 1 litre of dry air at 15*5'" (\ when the height of the 
barometer is 760 nun. is 1*23 grammes. The pressure of acpicous vapour at 
this temperature is 12*6 mm. of mercury, and its density is to that of dry air 
at the same temperature aiul pressure as 5 to 8. Find the weight of a litre of 
air when saturated with mpieous vapour at the above temperature and 
pressure. 

3. A faulty barometer indicated 29*2 and 30 inches when the indications 
of a correct mstnimeiit wen^ 29*4 aiul 30*3 inches res])octivcly ; find the length 
of tube which the air in the tube would fill under the pressure of 30 inches. 

4. The barometer standing at 30 inches, a cubic yard of atmos\)heric air 
is compressed into a vessel containing a cubic foot ; find approximately the 
numerical measure of the energy stored up, tlie specific gravity f)f mercury 
being 13*596 referred to water, of winch a cubic inch weighs 252*77 grains. 

5. The readings of a perfect morcuii.il barometer arc a and ft while tlie 
corresponding re#idings of a faulty one, in winch there is some air, are a and 
h ; ])rove that tlic coiTCction to be applied to any reading c of the faulty 
barometer is 

{a - c) (a - a) - (6 - c) (/3 - h) ' 

6. If a thermometer, plunged incompletely in a liquid who.se temperature 
is required, indicate a temperature .and r ho that of the air, the column not 
immersed being m degrees, prove that tlie correction to be applied is 

6840 4- r — /« * 

1/6840 being the expansion of mercury in glass for J** of temperature, assuming 
that the temperature of the mercury in each part is that of the medium 
which surrounds it. 

7. A closed vertical cylinder of unit sectional area contains a pLston, 
weight IF. The piston is originally lialfway ui> the cylinder, and the space 
above and below is filled with saturated air. On being left to itself the piston 
sinks to half its former height ; prove that the tension of the saturated vaixiur 
is 3 IF- 4n where n is the pressure of the atmosphere : the temiierature being 
sujqiosed the same at the end and beginning of the process. 
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8. A vertical barometer tube is constructed, of which the upper portion 
is closed at the top, and has a sectional area the middle portion is a bulb 
of volume //*, and the lower portion has a section c®, and is oj)en at the bottom ; 
the mercury fills the bulb and i)art of the upper and lower portions of the 
tul)e, and is ])revented from running out below by means of a float against 
which the air presses ; the upper part of the tube is a vacuum : find the change 
of position of the upper and lower ends of tlie mercurial column, due to a 
given alteration of the pressure of the atmosphere. 

Shew also that, if the whole volume of the mercury in the instmment be 
where If is the height of the barometer, the upper surface will be un- 
aftccted by changes of temiwrature. 

9. A cylindrical diving-bell sinks in water until a cerbiin portion V remains 
oci upied by air, and in this i)osition a quantity of air, whose volume under 
the atmospheric pressure was 2 1^, is forced into it. Shew how far the bell 
must sink in order that the air may occupy the same space as in the first 
position. 

Find also the condition that when the air is forced in at the first position 
no air may escape from lieneath the bell. 

10. A ve.ssel, in the form of the surface gencratetl by the revolution about 
its axis of an arc of a parabola terminated by the vortex, is immersed, mouth 
<iown wards, in a trough of mercury ; shew that the pressure of the air con- 
tained in the vessel varies inversely as the square of*the distance of the vertex 
of tlie vessel from the surface of the mercury within it. Supposing the length 
of the axis of the vessel to be to the height of the barometer as 45 is to (14, 
find the depth of the surface of the mercury within the vessel, when the whole 
vessel is just immersed. 

11. A piston without weight fits into a vertical cylinder, closed at its base 

and filled with air, and is initially at the top of the cylinder ; if water be slowly 
poured on the top of the piston, shew that the upper surface of the water will 
1)C lowest when the depth of the water is where h is the height of 

the water-barometer, and a the height of the cylinder. 

12. The barometer stands at 29*88 inches, and the thermometer is at the 
Dew Point: a barometer and a cup of water are ])laced under a receiver, from 
which the air is removed, and the barometer then stands at *36 of an inch ; 
find the space which would be occupied by a given volume of the atmosphere, 
if It were deiirivcd of its vajKnir without changing its pressure or temperature. 

13. A straight tube, closed at one end and open at the other, revolves with 
a constant angular velocity about an axis meeting the tube at right angles ; 
neglecting the action of gravity, find the density of the air within the tulie at 
any point. 

14. A lient tube of uniform bore, the arms of which are at right angles, 
revolves with constant angular velocity co iibout the axis of one of its arms, 
which is vertical and has its extremity immersed in water, Pr<ive that the 
height to which the water will rise in the vertical arm is 



a being the length of the horizontal arm, n the atmospheric pressure, and p 
the density of water, and k the ratio of the pressure of the atmosphere to its 
density. 

15. A thin uniform circular tube of radius a contains air and rotates with 
angular velocity a> about an axis in its plane, distant c from the centre ; find 
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the pressure at any i)oint neglecting the weight of the air. If c is less than cf, 
and if p and p' are the greiitcst and least pressures, prove that 


16. Prove that for rough purposes the difference of the logarithms of the 
heigiits of the birometer multiplied by 10000 gives the iliffcrence of the heights 
of two sbitions in fathoms. 

1 

^ 17. Two non-conducting vessels, of volumes v and //, contain atmospheric 
air at pressures p and p\ at the temperatums T and T ' ; if these masses of air 
be mixed together in a non-conducting vessel of volume \\ find the pressure 
of the mixture. 


18. Two bulbs containing air are connected by a horizontal glass tube of 
uniform bore, and a bubble of liquid in this tul)e separates the air into two 
equal (piantities. The bubble is then displace*! by heating the bull® to tem- 
peratures t degrees and ^ degrees : prove that, if the tcm|)eraturc of each bulb 
be decreiised r degrees, the bubble will receive an additional displacement 
which bears to the original displacement the ratio of 

2ar:2+a(^+«'-2r), 

where a is the coefficient of ex])ansi*)n. 

19. An elastic spherical envchipo is surrounded by air saturated with 
vapour; when the air within it is at a pressure of two atmospheres it is found 
that its radius is twice its natural length, and again the radius is three times 
its natural length when the envelope coubtins 77 times as much air as it would 
if open to the air ; assuming that the temsion at any point varies as the 
extension of the surface, prove that of the pressure of the air is due to the 
vapour it contains. 

20. A conical shell, vertical angle 9r/2, and height //, can hold (ioublo its 
own weight of water, ft is invortecl and immersed, axis vertical, in a mass of 

water. The water is now made to rotate with angular velocity (7a^/2//’*)n ami 
the cone sinks till its vertex lies in the surface : prove that the height of the 
water- barometer is to that of the cone as 3 : ^28. 

21. A small balloon containing air is immersed in water and has 100 grains 
of lead attfiched to it, the envelope (»f the balloon being of the .sfime density as 
the water. If at the temperature of the water and the pressure of the atmo- 
sphere the balloon contain 1 cub. inch of air, find the depth to which it must 
be immersed in the water to be in a po.sition of unstable equilibrium when the 
height of the water-barometer is 33 feet ; it being given that the density of 
air : that of water ; that of lead= 1 : 800 : 9120. 

22. A cup is formed out of a uniform solid paraboloici, by removing half 
the volume, so that the inner boundary is an equal coaxal paraboloid witli its 
vertex at the focus of the former one. The cup is immei*sed in vacuo in a fluid, 
vertex upwards and axis vertical, and g?us is forced in from Mow till the ver- 
tex rises to the surface : if the water be now halfway uj) the inner boundary 
of the cup, prove that the density of the fluid is \ that of the paraboloid. 

23. If the pressure of the air varied as the (1 -P power of the density, 
shew that, neglecting variations of temperature and ^avity, the height of the 
atmosphere would lie e*iual to ( 7 / 1 -I-I) times the height of the homogeneous 
atmosphere. 
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EXAMPLES 


’ 24. A piston of weight rests in a vertical cylinder of transverse section 
k, being supported by a depth a of air. The piston rod i*eceives a vertical blow 
1\ which forces the piston down through a distance h : prove that 

(w+ni) |a+ « log (i - =0, 

n being the atmospheric pressure. 


25. If a spherical balloon of radius r, containing a quantity of gas of density 
0 - at the pressure the atmosphere on the surface of tlie earth, be just able 
to sustain a tension T, shew that it will burst when its velocity is giNCii by 


^2 

2 



where the resistance to the motion of the balloon is neglected. 


26. Supposing the atmosphere to fill the whole of sjmee and to be of uni- 
form temperature throughout, prove that the ratio of the density of tlu^ 
atmosphere at the surface of Mars to that at the Earth will be nearly ; it 
being given that the density of Mars is the siime as that of the Earth, that 
his radius is one-half the Eartli’s radius, which is 6366800 metres, and that 
the atmospheric pressure on the Earth is 1033 grains per sq.cm., while the 
mass of a cubic cm. of air is *(K)1247 grams. 

27. If after graduation a small volume /» of air is allowed into tlie vacuum 
above the mercury in a barometer, shew that the necessary correction of any 
observed reading /i, the temperature remaining unaltered, is 

h V 

(!-><;(/<- H) * a ’ , 

where a is the area of the section of the tube, that of the basin, and (Ms the 

length of the apparent vacuum coiTesiionding to another observed reading // 
of the faulty barometer. 

.28. Pn)ve tliat, if the temtierature in the atmosphere fall luiiformly with 
the height ascended, the height of a station abfive sea level is given by 

where //, are the readings of the barometer at the station and at sea level 
mspectively, and rq m arc constants. 

29. Shew that in an atmo.sphere in “ convective equilibrium ’’ the tempera- 
ture would diminish upwards with a uniform gradient ; and calculate this 
gnidient in degrees centigrade i»er KX) metres, assuming the following data 
(in e.G.s. units) : 

height of barometer =76 0, 
temperature (absolute) =272®(.1., 
density of air =*00129, 

density of mercury = 13*60, 
ratio of specific heats (y) = r42. 



CHAPTER VIII 

THE TENSION OF FLEXIBLE SURFACES 

130. The general problem of the equilibrium of flexible surfaces 
was considered by Lagrange, Mecaniqiie Aimhjtique, Tom. i., and 
also more fully by Poisson, Miinoires de Vlnstitiit, 1812 ; it is pro- 
posed in this chapter to discuss one class of the (juestions which 
arise out of tlie general case, those namely which have reference 
to the action of fluids upon flexible surfaces. 

The pressure of a fluid at rest being normal to any surface* 
with which it is in contact, W(* have, in tact, to consider the ecpii- 
librium of flexible surfaces at rest under the action of normal 
pressures, and of the tensions at their bounding lines. 

For the sake of generality the term 'flexible* surface* is em- 
ployed as the representative of substances, such as cloth and thin 
})aper, which de> not offer any st‘nsiblo r(‘sistance to be*nding, and 
which, when bent or twiste*d, do ne)t tenel to return to their original 
form. Perfectly flexible surfaces, whether extensible or inextcnsible*, 
are therefore to be looked upon as in(*lastic. 

In the following articles we shall suppose that thi* strcjss 
betw(ren any two portions of a flexible surface is wholly tangential 
to th(* surface. 

Measure of Tension, 

Conceive a flexible and inelastic surface, extensible or in- 
extensible, in a state of tension, and let QPQ' be a small arc c>f 
the section through P made by a normal plane; then if t . QQ' be 
the resultant action, perpendicular to QQ in the tangent plane, 
between the portions of surface bounded by the line QQ\ t is the 
measure of the tension at P; in other words, t is the rate of 
tension at P, or the force which would be exerted on a section 
of the substance, the length of which is unity, in the same state of 
tension throughout as the surface at P. 

In general the stress between the portions of surface separated 
by QQ' will not be perpendicular to QQ\ and will therefore be the 
resultant of the tension t . QQ' and of a force t . QQ' tangential to 
the curve QQ', t being a quantity of the same kind as t and 
measured in the same way. 
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a vessel in the form of a right circular cylinder^ the 
curved surface of which is fleanble^ contains fluid; the axis of the 
cylinder being vertical, it is required to find the relation between 
the pressure and tension at any point. 

Let PQ be a small portion of the surface contained between 
two planes perpendicular to the axis 
and two generating lines of the 
cylinder. 

Let t be the horizontal tension 
an<l p the pressure, at any point of 
Pii\ then the equilibrium of the 
(‘lernent PQ' of the surface will be maintained by the normal 
pressure of the fluid, pPP ' . PQ, the tangential forces tPP' and 
tQQ\ and by the vertical tensions on PQ and P'Q\ if there be 
any tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal OE, 
drawn to the middle point E, 

p . PP ' , PQ = 2tPP' sin (I POQX 

APQ 



or 


= 2tPr 

t =pr. 


2 r 


if r be the radius, 


132. If fluid at rest be contained in a flexible cylindncal 
surface of any form, the tension at any point of a section per- 
pendicular to the cuds of the cylinder is the same. 

Let PQ' (figure. Art. 131), be an element of the surface, 0 the 
centre of curvature at A,t the tension at A, ^ + 6^ at B, and 
the angle between the tangents at A and B, 

Also, let be the inclination to OA of the direction of the 
fluid pressure on PQ!, wJiich must lie between OA and OB, 

Then, resolving along the tangent at A, 

(t -f St) cos 80 — ^ = pAB sin Syfr 
= prS^ sin 8-0, 

if r be the radius of curvature at A, 

Hence, ultimately, when 80 vanishes. 



and, as this is the case at every point of the section, it follows that 
t is constant. 
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By resolving the forces in the direction OE^ we shall obtain, as 
in the previous article, the relation 

t = pr, 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 

Taking'^ constant, the e(|uation pr = ^ determines the pivssure 
at any point if the surface is given. 

If the forces acting on the fluid are given, so that p is a known 
function of the co-ordinates of a point in the fluid, the same 
(‘ijuation determines the form assumed by the flexible surfixee. 

The Lintearia and the Elastica. 

133. The Lintearia is the curve formed by pouring water 
upon a rectangular piece of thin cloth, the ends of which arii 
supported horizontally, while 
the water is prevented from 
escaping at the sides. 

Thus, if the ends AB, CJ), 
of the cloth or membrane be 
fastened to the sides of a box, 
and if the sides AD, BG fit 
the box clos(*ly and water be 
poured in, the cross section of the cloth by a vi'rtical plane 
parallel to AD or BC is the Lintearia. 

The pressure being normal, thi' tension of the cloth is constant, 
and therefore, if r be the radius of curvature at P, and BC the 
surface of the water (see figure, next page), 

(jpPL . r is constant. 

Assuming (jpe- to represent the tension, and taking PN — if, 
we obtain 

,, c-dr dy . , 

(A 

and . * . 2^.3 ~ ^ 

if a be the deflection at B, 

f-ds _ 0 

^ d<f> Vcos 0 — cos a ’ 

the intrinsic equation. 


A 
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Putting 
this becomes 


sin ? = fc, and sin ^ = A’ sn n 






ck cn a dn ?/ du 
hsl\ — A’^ sn- V \/ 1 — sn- u ' 

= cda, 

8 — 011 + constant, 

or if* \v(* measure s from the lowest p<jiiit 

s — cu (1). 

Then the de[)th PL = A — y = d^jr, 

= c V 2 V cos <l> — CM >s a, 

= 2cA' V I - sn- H, 

or h —y =z 2ck cn n (2). 



Again if ON ^oi\ 

we havc‘ = cos 6 = 1 — 2A - sn- u. 

ds ^ 

[u 

.r = r I (1 — 2A- sn- u) dn 
Jo 

or ' iv — c {2E (am w) — ('!), 

where E is the elliptic integral of the second kind. 

The terminal conditions are that sc, y, s all vanish together 
when u = 0, and using these valutas in equation (2) we get h = 2ck; 
also if /i? = aand s=l when y — h, then substituting in equation 
(2) we get 0 = cn n, so that the corresponding value of u is K the 
real quarter period of the elliptic function, and therefore from (1) 
and (3) we have 

? ==c/C 

and a = c [2E (am K) ~ K}, 

The curve is therefore given by equations (1), (2), (3), subject 
to the foregoing relations between the constants. 
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134. The Elastica is the curve formed by an elastic rod when 
bent, and is identical with the lintearia. 

Taking BOG as the rod, suppose thej equilibrium maintained 
by forces at B and C in opposite directions. 

The bending moment at P is proportional to the curvature* 
and therefore, considering the equilibrium of the portion BP, and 
taking moments about P, it follows that the curvature at P varii\s 
as PL, so that 

r . PL = o\ 

and the Elastica is therefore identical with the Lintearia. 

135. The Elasticaf may have any number of convolutions, as 
in the appended figures. 




and the Lint(‘aria can be made to have convolutions by a propcjr 
adjustment of the water level and the water pressure. 

Thus, if we imagine BO to be the water surfaces and if 
arrangements be made to lot the water fill the space OE, and 
press upwards on the portions BE, CE, w(‘ have a Linttvaria 
identical with an Elastica of one convolution. 

* Routh, Analytical Statics, ii. p. 269, or Kelvin and Tait, Natural Philosophy, 
§591. 

t For a full discussion of the Elastica, see Kelvin and Tait, Natural Philosophy, 
§ 611 ; Love, The Mathematical Theory of Elasticity, p. 384, or L. Levy, Precis 
illementaire de la Theorie des Fonctions Elliptiques, p. 112. 
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If we imagine that BC touches the bent rod at B an(i C, 
necessitating, as will be seen, an infinite length of rod, and if, 
as before, we measure the defiection from the tangent at 0, 

?’ = GO , when <^ = tt, 

and therefore 

C “ , . ^ ds c 

^ 2 cos V 

2 

Measuring ,s from 0, this leads to 

s = clogtan(j + |y 

It will be seen hereafter that this is the Capillary curve. 

136. We may also obtain the equations of the Lintearia* in 
terms of Weierstrass’s Elliptic Functions. Thus, from Art. (133) 
we have 

A — _ 1 _ dm- _ ^ dy 




dx_ 2hy — ?/“ 

d.fi ■" ^ ’ 


dm __ 2c‘^ + ?/- — 2//// 

dy “ - if) (4c- - 2A// + y*)l ‘ 

Put 2A 7/ — f — z so that 2 (A — y) dy = dz, 

dm _ 2c- — z 

^ ' ' dz'' fsj\^z{z — 4c‘‘*) {z — A-)} ’ 

and let z — v-\- (4c- + A*), 

so that 

dx __ ^ (2c- — h-) — V 

dc "■ VL4 {y + i (4c® 4- A®)} [if -I (8c® - A®)} {r + - 2"A®)j] * 

Now let i( = f 7 , V ^ , 

J V{4 (V - Cl) (i; - c.j) (V - c,)| 

where 


* The investigation of the equation of the Lintearia was first effected by James 
Bernoulli. 
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80 that since from (1) /« = 2c sin ^ , /t“ < 4c-, 

It 

ftlicl • • ^ ^ 

Hence v=^^{u + €) where e is a constant. 

Now O^y^h so that 

and • ■ • “ i (4c® + ^ ^ ^ (4c® — 2A-), 

that is 

Hence taking u to be real, the imaginary part of e must be the 
imaginary half period ft).,,and its real part may be taken as zero by 
suitable choice of the lower limit foi- it. 

.\v = p(u + co,\ 


so that since 


and 


daL_ —(i Co 4-1;) 

dv iv/l4 (v — c,) (v — Co) {v — e.,)} ’ 

d.r = — {J Pg -f p (?< 4- <W:j)) dtiy 

OD=C-^e.in+^(u + 0 ).,), 


where f is Weierstrass’s Zeta-Function. 


Also when ir = 0 then s = 0 and v=rg., = so that ?/ = 0 
and (7= -- f (a).d, hence 

a:=^{u +a,,)-5'(G,,)-^e^w (2), 

and since 2ky — y- == z = v — e,^ therefore we have 

2%-^* = jp(4 + o),)-e. (8). 

Again 

viy/ I - //“) (4c- - 2hy + if)\ ’ 

so that with the same substitutions 


ds _ 2c- 

dz ^J[^z {z — 4c®) {z — 4*-)} ' 

, ds ^ 2c® 

dv V{4(v-Ci)(?»~Ca)(v ~ c,) j ' 

Hence dc = 2c®d«/, 

f 

s = 2c®Jt (4), 

provided we measure s from 0 where, tis above, u vanishes. 
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137. If X = a, and 6* = i when \j = /t, then for this value we have 

z = and J (^c- — = «o. Therefore? j) 4- q)„) = so that 

the corresponding value of u Tuust be w,, and the constants and 
periods are connected by the relations 

I s= 2c- «t)i . 

We have drawn the figures for the case in which the water is 
filled up to the level BC, but, if a smaller ipiantity of water is 
poured in, the portions of cloth not in contact with the water will 
be plane, and the value of A will be the depth of the vei’tcx below 
the surface of the water. 

138. Tensions and Tangential actions. Consideiing the 
(‘(piilibriuni of a plain* flexible* inembrant*, the* stress along any 
line*, that is, the action betw(*en the contiguous portions of the 
surface! bounded by that line, is in general oblique to the line, and 
is therefon* rc!present(‘d by a tension t and a tangential action r ; 
we shall now sh(‘W that for any two directions, at right angles to 
(‘ach ()th(*r, t is the same, and that there* ai’c two directions for 
which T vanisht‘s. 



Taking any small scpiare element of the surface, the tangential 
actions tBs and (t + Bt) Bs on a pair of opposite sides form 
ultimately a couple rBs^y if Bs be a side of the element ; and, since 
this must be balanced by the other couple, if t be the 

tangential action in the direction at right angles, it follows that 
T and T are ecjual. 

Now take a small triangular element, OABj right-angle<l at 0 , 
and represent the stresses as in the figure. 
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Resolving pamllel to BA^ we obtain 

tA H + tOA cos 6 + t'OA sin 6 = tOB cos 6 + tOB sin 0, 

2t' = (^ — i') sin 26 — 2t cos 2^, 
and T vanishes when 

(«-Ot^^n2^ = 2T, 

giving two directions at right angles. 

139. If in the figure wt‘ assuint* that OA and OB ari' the 
directions (d’ zero tangential action, and if we resolve in the 
directions perpendicular and parallel to HA, wi» shall obtain the 
(Mjuations 

T^t sin‘0 + 1* cos- 6, 

T sin 6 cos 0. 

1'hi‘ (piantities t and t' are now the gr(‘at(‘st and least., or th(‘ 
l(‘ast and greatest t(jnsions, and we shall th(‘rt‘for(‘ call th(*in the* 
Principal Tensions. 

140. If (f) be the inclination to OA of the resultant stress. 
R.AB, upon AH, 

^ ^ t'.OA t' _ 

. t' 

tan <f> tan 0 = — , 

V 

Als< ) 72-. A7P = OB^ + 2'-. OA'^, 

. • . 72- = 2- siiP 0 + 2'^ cos- 0, 
and, eliminating 0, we obtain the ndation 

1 sin®<^ 

«'■* ■ 

W then 2 and 2' are the principal tensions at the, point 0, in 
the directions OA and OB, and if 6 is the inclination of OK to 
OA, the direction OF of the stress across OE is giv(*n by the 
equation 

1 i 

tan tan 0 — - 7 , 

z 

and the magnitude of the stress, per unit of length, is represented 
by the radius, in the direction OF, of an ellipse, the semi-axes of 
which are represented by the principal tensions. 


B. H. 


10 
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141. Conjugate streMes. If the stress across OE is in the 
direction OF, the stress across OF is in the direction OE, 



For, if we consider the equilibrium of an element in the form 
of a parallelogram PQRS, the sides of which are parallel to OE 
and OF, the stresses on PS and QR equilibrate, and therefore it 
follows that the stresses on PQ and RH equilibrate, and are there- 
fore in the directions OE and EO, 


142. If R and JR' arc the conjugate stresses across OE and 
OF, and if 6 and ^ ar(i the inclinations of OE and OF to the 
direction of the principal tension t, we have from Art. (140), the 
equations 


I _ cos^ (f> sill® 

H- ' 



so that, at any point, the product of two conjugate stresses is 
constant, and equal to the product of the principal tensions. 


143. The same results can be obtained by writing down the 
conditions of equilibrium of twq elemental triangles OAB, OA'R, 
where AB and A'ff are parallel to OE and OF. 
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We should thus obtain the equations 

22 cos ^ ^ sin 0, 22 sin = f cos 0, 

22' cos ^ = 2 sin 22' sin 0 = f' cos <^, 

from which we can obtain the relations already given. 



144. If now wo take the Ciise of . a flexible membrane 
exposed to fluid pressure, and consider the equilibrium of a 
small clement of the membrane, the results of the three preceding 
articles are at once applicable to the case, for in the limit tha 
components of normal pressure disappear in comparison with the 
tangential action. 

146. Principal tensions. A flexible surf ewe of any form is 
exposed to the action of fluid ; required to find the relation between 
the pressure, principal tensions, and the curvatures in the directions 
of these tensions, at any point*, 

Let Q, Q\ be points contiguous to P, on the lines of principal 
tension PQ, PQ', through P; draw normal planes through Q and Q', 

* The student must be guarded against the idea that there is any connection 
between principal tensions and principal curvatures. 

For instance, imagine a membrane folded round a cylinder, and draw a number 
of helical ^nes of the same pitch on the membrane. 

The membrane can be tightened in the directions of these lines, which will 
become the directions of greatest tension, the perpendicular tension being zero, and 
the stress along a generating line being obliixue to that line. 


10—2 
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perpendicular to the lines PQ, and PQ', cutting the surface in the 
arcs AB, ADy and let BG, CD, be 
the arcs of sections made by normal 
planes through contiguous points 
in Q'P, QP, produced. 

The element BD is kept at rest 
by the tangential forces tAB, tCD, 
t'ADy t'BGy and the nonnal force, 
p.AB.BG. 

Let r, r'y be the radii of curvature at P of the curves PQ, PQ ' ; 
then, resolving along the normal at P, we have ultimately 

p.AB.BC=2tAB^^ + it'BC^^, 




If the nature of the surface be such that t' = t, the above 


equation is 


r p * 


if p and p' are the principal radii of curvature. 

Hence ii z==f (o), y) is the equation to the surface, it follows 
that 


fi'" 


= |i + (: 




^ bz bz b'^z 
bx by bxdy 


/9-arYl , 
\dx) by^' 


which is the ecpiation obtained by Ltigrange and Poisson. 


146. Tensions in any directions. If the directions of t 
and t' are not those of principal tensions the tangential action will 
appear in the equation. 

Taking any point 0 on the 
surface, two directions OA, OB 
at right angles to each other, let 
ty t* be the tensions in these 
directions, and T, T the tan- 
gential actions in the same 
directions. 

Oz being the normal at 0, ® 

draw four planes parallel to, and 
very near to, the nonnal planes 
AOz, BOz, cutting the surfiice in CD, DE, EF, FG, 
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Then, ultimately, the tangential actions. T. CD and T ,EF on 
CD and EF , are equal and opposite, as are also those on ED and CF, 
Hence, by taking moments about OZy it appears that T = T\ 
as in Art. (138). 

If 6 be the inclination to the plane xy of the tangent at A to 
the curve CD, 

daidy 

and similarly at the point a, 

Hence the sum of the actions T . CD and T . EF in the 
direction Oz 


==T.GD~ OA -T.EF-^~ (- Oa) = T.OD.DE. , 
oxoy dxdy du:dy 

and a similar term arises from the action T' , 

Resolving along Oz, we now obtain 


p.CD.DE=- 2tGD + 2fDE + 2T . GD . DE^^- , 
^ r r dxdy 

and p = - + ^ + 2r^®^-t* 

^ r r dxdy 


147. The same result may be deduced from the formiibe of 
Arts. (139) and (145), and though this method is a much longer one, 
it emphasizes the importance of distinguishing between directions 
of principal tension and directions of principal curvature. 



If tx, ty are the tensions in any two directions Ox, Oy at right 
angles to each other, and T the tangential action in either of these 
* For we may write 

tan =/ (0 J ) =/(0) + . / (0) + . . . 

where /(0)= value of tan0 at 0, i.e. value of at 0, and /'(0)= value of 
9 fdz\ d-z . ^ 

t The general question of the equilibrium of flexible surfaces is discussed in a 
paper by W. H. Besant, in the Quarterly Journal of Mathematics, Vol. iv. 1860. 
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directions, and t, t' the principal tensions in directions OP, OP' and 
the angle POx = ^ ; then by Art. (139), 

cos* 6-^ if sin* 6, 
iy^i sin* Q + ^'cos* 0, 
and t') sin 0 cos 0. 

Again, if OC, OC* are the directions of principal curvature and 
the angle GOx = and p, p' are the principal radii of curvature and 
those of the normal sections through Ox, Oy, OP, OP ' ; 

then 

C08*( 

r p p' ' r' p p 

sin- fh\ 

+ • 


sin* (f> cos* <}> 

-7-+— 


1 _ cos* (f> , sin* <f> 

— • + j , 

rz p p 

1 cos® (0 — <j)) sin® (0 — 4>) 1 _ sin” (0 — ^) ^ cos® (0 — «^) 

-7 + p' > „ + V ; 

— = cos® 0 + t' sin® 0) (- 


^ cos* < l> ^ sin‘-<^\ 
/ / 


' sin* cos* 0 




} 


-f- (t sin* 0 + t' cos* 0) ( 

\ P P 

( cos* (0 - 0) sin 20 sin 2<^ , sin* ~ 0) sin 20 sin 2<l> 

' P ip ■ • 7 

, r sin* {0’-<l>) sin 20 sin 2^ cos* (0 — <f>) sin 20 sin 26 ] 

— (i — (') sin ^ cos ^ sin 24. 
r r ’ \p p J 

= - + ~ - Tsin 2^ . ; 

... b 4 - hi + X sin 2<l> (i - ”?) = - + =:^. 

Vx Ty ^\pp/rr^ 

But the equation to the surface in the neighbourhood of 0 may bo 

written = ~ -I- ^ referred to (JC, 00', and the normal Oz as axes; 
P P 

or 2z^a^-¥ 2hxy + by^ referred to Ox, Oy, Oz, and since ^ is the 
angle between the two systems of axes, 

sin 26 = -p - — =- 

^ V(a-6)*-f 4A* 

(a-6)* + 4A*«(a + 6)*-4(a6-A*) 

' /I 1 \* 4 


and 
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• 0 ^ Z 

and k is clearly the value of at 0, 


. I I oVr 


148. We observe that if the chosen directions Oa?, Oy coincide 
with the directions of principal curvature, then <^ = 0 and the 
foruiula reduces to 


rx Ty ^ 

so that this formula holds good when the chosen directions are 
either directions of principal tension or directions of principal 
curvature. 


149. If we imagine a surface of such a nature that the tension 
at any point is always perpendicular to a line of division^ through 
that point, it can be shewn that the tension at any point is the 
same in every direction. 

Considering a small triangular portion of the surface the 
equilibrium in the tangent plane is entirely determined by the 
tensions of the sides of the triangle, for the tangential impressed 
forced, if there be any, will ultimately vanish in comparison with 
the tensions; and since these tensions are perpendicular to the 
sides, they must be in the ratio of their lengths, and therefore the 
measures of tension in all directions are the same. 

Further, the tension will be the same over the surface, for, if 
a small rectangular element be considered, the tensions on the 
opposite sides must be equal. 

The conception of such a surface is of the same nature as the 
conception of a perfectly rigid body or of a perfect fluid ; never- 
theless we obtain approximate specimens in the case of liquid films, 
such as soap-liubbles, or the films which may be seen in a clear 
glass bottle containing liquid which has been shaken about. 

The consideration of the equilibrium of liquid films we defer to 
a subsequent chapter. 

A vessel, formed of flexible and inextensible material, is 
in the f(yrm of a surface of revolution, and is held with its axis 
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vei^tical, and filled with homogeneous liquid: it is required to 
determine the principal tensions at any point 

Let 0 be the lowest point of the vessel, and take 0 for the 
origin. 

Measure rcvertically upwards, 
and let PEQ be any horizontal 
section, the upper rim being 
ACB, which is supposed to be 
fixed. 

At all points of the horizontal 
section PQ, the tensions are 
evidently the same. 

Let t be the meridional tension, i.e. the tension at P, in 
direction of the tangent at P to the curve AP, and t' the 
horizontal tension at P ; these are the principal tensions. 

The vertical resultant of the tension t along the section PQ 
counterbalances the resultant vertical pressun^ on the surface 
POQ \ hence, if 

OE = X, EP = y, and angle PTO = 6, 



^TTijt cos ^ = j gpny 'dx' + gpny^ (c — x\ if 0(7= c. 

This eejuation determines t, ^^nd t' is given by the equation 
p + p = Art. (145)* 

where p = gp (c — x). 

It will be observed that r is the mdius of curvature of the 
curve AP at P, and that r\ the radius of curvature of the 
perpendicular normal section, is the normal PG, 


161. A more gtmeral proposition is the following : 

flexible vessel, in the form of a surface of revolution, is 
subject to fluid pressure, such that it is the same at all points of 
the same circular section ; it is required to determine the principal 
tensions at any point 


* This eqaation may also be obtained, for this case, by taking a small element 
bounded by lines of curvature, that is by meridians and horizontal circles; it will 
be neoessaiy to employ Meunier’s theorem, and to observe that the osculating planes 
of lines of curvature are not generally normal planes. 
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Let PEQ, be two consecutive circular sections, and 

let t be the meridional tension at P. 

If OP = s, the resultant tension, 
parallel to the axis, on the circle PQ, 

the resultant tension, parallel to Ox, 
on P'Q', 

The difference of these two countei-balances the resultant 
pressure, parallel to Ox, on the strip of surface between the circles 
PQi P'Q\ which is equal to 

if p be the pressure at any point of the circle PQ ; 



and p being a given function of x, and therefore of s, this eejuation 
determines the tension t, and, as befons f is given by th(‘ eejuation 




152. By eliminating p we obtain a relation between t and t'. 


but it is better to obtain the relation directly. 


Taking a small element PP*KR 
bounded by meridian arcs, PP\ RR\ and 
by circular arcs PR, P*B1 , let S(f> be the 
angle between the meridian planes and 
the angle between the tangent lines, 
at P and R, to the meridians. 

Then PR = yS<l>, and PP' = Ss. 

Resolving parallel to the direction of 
the meridian bisecting PR and P'J?', 


;r" sin 

dy 


and, since 



ds 


fig. Art. (160), 
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we obtain the equation 

Observing that r' — y sec 6^ we also have 

* t . <'cos0 

r y ^ 

and therefore t and t* are determined by these two eiiuations. 

From the first of these equations, we observe that, if at any 
horizontal section < is a maximum or a minimum, so that dtidy 
vanishes, then 

If^t 

But if y is also a maximum or a minimum this relation does not 
follow, for we cannot infer that dtjdy vanishes. Again if —t at 
every point, it follows that dtjdy ^0, and therefore that t is 
constant. 


153, Examples. (1) A conical petfectly flexible and elastic hag attacltxd^ 
mo'iUh downwards^ by the rim to a horizontal plane^ and filled with liquid by 
a small hole at the apex^ Atw, when at rest^ the figure of a right circular con^; 
find the equation to the figure it will assume when detached and the liquid let 
out, neglecting its weight. 

Let t he the tension at P in the direction periiendicular to the generating 
line VP, f the tension in the direction VP, and 2a 
the vertical angle of the cone. 

Then ^ 9 « ^ -f p gives, if 



_ t, _ _t 
f/P'^ — P(j — a sec tt ’ 
or t ^gpJc^ tan a sec a. 

But 27rPiVif cosaasthe resultant vertical pres- 
sure on VPQ 

"* %9P » 

tan a sec a. 

Let V'PQf he the generating curve of the surface of revolution into which 
the surface forms itself after the liquid has been let out, VN^ f , 

P'jV=^fj, F corresponding to the lyoint P. 

If F^=^bs, a small arc of the curve, 


bxseca- 


and 


X tan a 


■•■(i+y). 


taking the modulus of elasticity different in the two directions. 
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Taking account of the values of t and t obtained above, x can be eliminated 
between these two equations, and the relation between { and ly will result. 

From the first equation, putting ~ , 


ds 

cos a 
ax 



s 

a 


cosa=stan“^ 


X 

a’ 


measuring s from 


V, 


or -=tan(-cosaV 

a \a J 

Substituting this expression for x in the second equation, we obtain 

. X /« \ L . aptt^taiiosectt . M 

atan a tan f^cosoj = i 7 ■11+*^'^ ^ -- tan- f- cos ajj , 

as the differential equation to the curve. 

If X=X', «tana=i 7 |cot ^^^cosa^+3 tan ^^cosa^| . 


(2) A flexible membrane in the form of a caienoid^ that is, of the iurface 
generated by the revolution of a catenary aboiU its directrix^ has its ends faste^ied 
to two equal ciradar boards of radius a, and the excess p of the air pressure 
inside over the air pressure outside is gioen. 

In this case the curvatures are in opposite directions, and if PG be the 
normal at P, each radius of curvature is equal to PO^ and the equations of 
equilibrium are 

l! - t—p . PO\ and (yO \ 

and since , c 

c ’ dy 

.*. 2c(^-r)=;?(y2-c^), 

T being the meridian tension at the vertex ; 


and 


«'=r+£(3y*-c»). 


The first of these equations may at once be obtained by considering thS 
equilibrium of the portion AP^ A denoting the vertex of the catenary, and 
then the value of If follows from the equation, t' - t—pr. 

Neglecting the weights of the lK)ards, and supposing the form of equilibrium 
to be maintained by the inside air pressure, we obtain 


which gives 

and the tensions then become 


2r=pc, 


2c ’ 


and <'= 
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164. We have hitherto considered only laminae of uniform 
thickness, but, in order to include cases in which the lamina 
is of variable thickness, a more general measure of the tension 
can be given. 

Suppose a bar AB of any homogeneous material to support 
a weight Wy and let k be the area of the section of the 
bar; then the tension at the section through P supports 
W and the weight of the bar PB\ and if tk is equal 
to the sum of these weights, r is the measure of the 
tension at P per unit of area. 

It will be seen that t is one dimension lower than t 

In fact, if e be the thickness of a flexible lamina at any 
point, the tension at which, measured in the usual way per 
unit of length of section, is ty we have 

<Ss= rehsy 

or t = e?T. 

155. The investigations of this chapter will not in general 
be applicable to surfaces which arc inflexible, or of impeifect 
flexibility, but, if in any particular case the action between 
adjacent portions of a surface be wholly in the tangent plane, the 
relations obtained between the tension and the normal pressure 
will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be filled with fluid, the action at any point 
will be wholly tangential and of the nature of tension. 

EXAMPLES 

1. SuppqDing the cylinders of a Bramah’s Press made of the same material 
and the stress to be the same in each, what should bo the ratio of the thick- 
fiesses of the cylinders? 

2. A cylindrical vessel is formed of metal a inches thick, and a bar of this 
metal, of which the section is A square inches, will just l)ear a weight W 
without breaking. If the cylinder be placed with its axis vertical, find how 
much fluid can be poured into it without bursting it. 

3. The tensile strength of cast iron being 16000 lb. -weight i)er square 
inch of section, find the thickness of a cast iron water-pipe whose internal 
diameter is 1 2 inches, that the stress upon it may be only one-eighth of its 
ultimate strength when the head of water is 384 feet. 

4. A hollow cone, the vertex of which is downwards, is filled with water ; 
find where the horizontal tension is greatest. 

Also find where the tension in the direction of a generating line is greatest. 




EXAMPLES 


157 


5. The top of a rectangular box is closed by an uniform elastic baud, 
fastened at two opposite sides, and fitting closely to the other sides ; the air 
being gradually removed from the box, find the successive forms assumed by 
the elastic band ; and when it just touches the bottom of the Iwx, find the 
difference between the external and internal atmospheric x>rcs3ures. 

6. An elastic tube of circular 1)orc is placed within a rigid tube of square 
bore which it exactly fits in its .unstretched state, the tubes being of indefinite 
ength ; if there be no air between the tubes and air of any x^ressure be forced 
into the elastic tube, shew that this x're«surc is prox)ortional to the ratio of 
the x>art of the elastic tube tliat is in contact with the rigid tube to the part 
that is curved. 


7. A vessel, formed of a thin substance, in the shape of a cone with its axis 
vertical and vertex downwards, is just tilled with licpiid and closed at the tox). 
If it be made to rotate uniformly about its axis, find the princix)al tensions at 
any point. 

8. A spherical elastic onvelot>e is surrounded by, and full of, air at 

atmospheric x^rcssure (11), when an equal amount is forced into it. Prove that 
the tension at any point of the cnveloi>e then becomes n (2/*^ - where 

/, / denote the initial and final radii. 

9. An elastic sx^herical cnveloxw, whose natural radius is a, has air forced 
into it so that its radius becomes 6; it is then x>laced under an exhausted 
receiver, and its radius increases to c; find the quantity of air forced in, 
assuming that the tension is x)r<iportional to the increase of surface. 


10. All elastic spherical cnvelox^c of radius a is filled with air at the same 
pressure and tcmiierature 7’ as the surrounding air. Assuming that the 
tension varies as the increase of surface, and that if the quantity of air inside 
be doubled, the radius becomes ?n«, and that if the temperatui'o inside be then 
raised to T, the radius becomes /m, prove that 





11. A hemisxiherical bag of radius a, siqiported at its rim, is tilled with 
water ; shew that the x)rincix)al tensions at a dex)th x are in the ratio 

Find also where the horizonbxl tension vanishes, and exxdain the circum- 
stance of its being negative for a x>ortion of the bag. 

12. If the hemispherical liag be closed at the top by a rigid iilane to which 
its rim is tied, and then inverted, shew that the pnncixial tensions at a depth 
X are in the ratio 

3a — 2a; ; 9a - 4a7. 


13. A spherical enveloiie of radius a is just filled with liquid of density p, 
which rotates about a diameter with uniform angular velocity o> ; neglecting 
gravity, prove that the xirincipal tensions at an angular distance from the 
axis of rotation are 

sin® (j) and sin® (j). 


14. A cylindrical shell of finite thickness is formed of a material such that 
a bar, one square inch in section, can sustain a tension r without giving way. 
If this shell be subjected to an internal fluid pressure ^7, which is only just 

not sufficient to burst the cylinder, prove that iar=Tlog^, where a and b are 

the external and internal radii of the shell. 
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15. A cone contains heavy liquid ; if the tension of the cone in the direction 
of the generating lines is the same at all points, prove that the density of the 
liquid varies inversely as the square of its height above the vertex. 

16. A convex inextensible pliable envelope in the form of a surface of 
revolution with its axis vertical is exposed to water pressure from within. 
Prove that at the widest part the tension along the meridians is a maximum 
or a minimum according as it is less or greater than the tension across the 
meridians. 

17. A flexible bag, in the f6rm of a right circular cone, just filled with 
liquid, has the rim of its base fastened to a rigid plane, and the liquid is acted 
upon by repulsive forces from the centre of the base, varj-ing as the distance ; 
find the principal tensions at any point. 

If an aperture be made in the rigid plane, fitted with a piston, and a blow 
be struck on the piston, find the princii>al impulsive tension at any i^oint. 

18. Tf, in Art. (151), the vessel be a paraboloid, and if the principal 
tensions be equal at any point of the horizontal section through the focus, 
shew that the length of the axis is J ths of the latus rectum. 

19. A quantity of liquid within a thin spherical shell rotates about the 
vertical diameter with uniform angular velocity : find the priiicipal tensions at 
any point, and examine the effects of an increase in the velocity of rotation. 

20. A flexible surface, such that the tension at any point is the same in 
every direction, and whose form is given by the equation (.r, y), is exi)osed 
to the action of fluid ; find the ratio of the pressure to the tension at any point. 

Shew that this ratio is 1 : 3 at the iK)ints of the surface 
where 

21. A right circular cylinder is made of elastic material attached to rigid 
fixed plane ends. It is distended by fluid pressure. Supposing that the 
tensions in the meridian and circular sections are regulated by Hooke’s law% 
obtain equations sufficient to determine completelv the shape it will assume. 
If the iiressure y be constant, prove that the meridian curve is 

where a is the original radius, X one of the moduli of eListicity, and A, C 
constants of integration. 

22. If an elastic membrane when unstretched forms the curved surface of 
a cylinder of radius a, shew that if its ends be fixed and air be forced into it 
and its ends closed, the bounding emwe of any section through the axis will be 
given by 

where is the angle made by the tangent with the axis, y the perpendicular 
on the axis, p the difference of the ex.temal and internal pressures, and X the 
coefficient of elasticity. Explain how the consbints c, / and a third obtained 
on integrating the equation must be found. 

23. A vessel is constructed of thin flexible and inextensible material, in 
the shape of the surface formed by the revolution of a catenary, of which c is 
the parameter, about its axis. If t are the principal tensions at the distance 
X from the axis, prove that 

2^-^' : 2t==xlc : sinh 2^/c, 

the difference of the pressures inside and outside being supposed constant. 


sec 0 - = 2a (c-y), 
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24. If a flexible vessel, generated by the revolution of a cycloid about its 
base, is just full of liquid which rotates uniformly about the axis under the 
action of no external forces, prove that the ratio of the tensions along and 
perpendicular to the meridian curves is as 2 : 7 ; the pressure being assumed 
to vanish at the axis. 


25. The sha^^ of a perfectly flexible vessel is that produced by rotating 
a cycloid about its axis, which is vertical. Shew that if the vessel is nearly 
full of water the horizontal tension at a point where the tangent plane is 


inclined at 45° to the horizon is s/2 

lowest point. Why may not the vessel be quite full? 


times the tension at the 


26. A receptacle for liquid is formed of a weightless disc to which is 
attached a flexible piece of cloth in the sha^ie of a zone of a sphere radius a, 
of which one plane section just fits the disc, and the other pisses through the 
centre of thef sphere. This is supported by the rim of the larger section and 
filled with a heterogeneous liquid whose density varies as where 

& is the depth ; find the ratio of the principal tensions. 


27. An iiiextensible flexible envelope in the form of a i)araboloid of 
revolution (latus rectum 4a) hangs from a fixed horizontal circle of radius c; 
and contains fluid of density o- which is rotating round the vertical axis of the 


paraboloidal envelope with angular velocity {gj2h)^. Prove that at any point 
of the envelope, at distance r trom the axis, the horizontal tension is 

In /i 11 

• 


28. A flexible membrane is in the form of a surface of revolution, the 
meridian curve being such that the normal at any i)oint is n times the nidius 
of curvature. The membrane is just filled with liquid, and the whole revolves 
about the axis as if solid, with uniforni angular velocity ; shew that, if the 
liquid is under the action of no external forces and the pressure is zero along 
the axis, the ratio of the principal tensions at any point is 4 - a : 1. 
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EIGID OR ELASTIC LAMINA SUBJECTED TO 
FLUID PRESSURE 

166. We shall now consider the case of a cylindrical lamina, 
subjected to fluid pressure, such that it is the same along any 
generating line. 

If APQ is a cross-section pei*pendicular to the generating 
lines, the stress between the two portions separated by the 
generating line through P, perpendicular to the plane of the 
paper, will consist of a tangential force, a shearing force, and a 
couple. 



Taking unit length of the generating line, wo shall denote 
these quantities by T, N, and G, observing that 1\ Ny and 0 
represent the stresses exerted at P upon the element PQ, and 
that P+Sr, N-^-hN, Cr + hGy in the contrary directions, are the 
actions at Q upon PQ. 

Let pSs be the fluid pressure upon PQ on the concave side, 
and let be the deflection of the tangent at P from the tangent 
at A. Then by resolving parallel to the tangent and normal at 
P, and by taking moments about P, we obtain the equations 

ST+ (J}^+SN) S<f> +p8s . y = 0, 
SN-(T+BT)B4>+ph = 0, 

BO-iN+BN)Bs + iT+ST)j.B<i>-pSs.j^Oi 
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or, ultimately, 


dT 

d<f> 


+ JV=0, 


If the form of the lamina is given, that is, if the intrinsic 
e(j| nation of the curve riP is given, and if p is a known function 
of <f>j these e(iuations determine the stress along any generating 
line. 


157. Plane lamina. If the lamina be elastic and naturally 
plane, we have the additional condition that G is proportional to 
the curvature, or that G = Ejr, where r is the radius of curva- 
ture at P. 


In this case the third equation becomes 

E dr 
r- dtp 

and therefore, from the first ecjuation, 

dJC^Edr 
d<f> r^d<\>' 


so that 


T-C-^ 

2r“' 


Substituting these values in the second e<juation, we obtain 
the equation 

\d<f>) ^ 

This e(j[uation tfeterniines the form assumed by the lamina 
foi* a given law of pressure, or, if the form be assigned, it deter- 
mines the law of pressure. 


In the case in which p is constant, or a given function of ?•,' 
a first integral of the equation can be obtained by putting 
Ulry 1 ,, n 1 dr 


\d<l>J 


= z, and we thus find ^ in terms of r. 


158. If the lamina is naturally of a given cylindrical form, 
and is bent from its natural form, the couple 6r, the flexural 
B. u. 11 
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couple, is proportional to the change of curvature, so that 
is the origmal radius of curvature at P, 


G = E 



if 


The truth of this equation depends upon the assumption that 
the length of the mean fibre, across the generating lines, remains 
unchanged. We also assume that no effect is produced upon the 
equation by the existence of external fluid pressure. 


169. XSlliptic cylinder. To illustrate the use of these equa- 
tions, consider the case of an elliptic cylinder, formed of some thin 
rigid substance, closed at its ends and filled with air, the pressure 
of which exceeds by p the pressure of the external air. 

Eliminating N, we obtain 


Measuring s and from one end of the conjugate axis, 

- 

(a* sin^ ^ + 6® cos® 0)^ 

and, by the method of the variation of parameters, it will be 
found that 

. (a® sin® ^ + b'^ cos® + A cos ^ + iJ sin (j>, 

and therefore 

-r . . , r» ^ (a®-6®)sin<^cos<A 

iV^ = il sin<^~JBcos^-p. ^ \ , 

(a® sin® 0 + 6® cos’-^ 0)® 

Employing the consideration of symmetry, and also the law 
of the equality of action and reaction, it follows that N' vanishes 


at the apses, i,e. when 0 = 0, and when 0 = 


TT 
2 ■ 


Hence it appears that A^O, and 5 = 0, and therefore 
and — Oi)sin0.co80. 

A 1 — at "" ^ . 

d<f> ^ (a® sin® 0 + 6® cos® 0)® * 

g = -^p (-■ -V-- ^ + const.) 

sin* 0 + 6® cos® 0 / 

= ip (CD^ + const.), 

so that G' - G « (CD'® - CD®). 
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160. The Llntearia. 

We have shewn, in Art. (134), that the Lintearia and the 
Elastica are identically the same curves. 

If two opposite sides of a thin elastic plate are drawn together, 
and connected by a tightened sheet, the curve formed is the 
Lintearia of Art. (133). 



In this case = and, as an exercise, it may be useful to 
observe that the integration of the equation of Art. (157) will lead 
to the intrinsic equation of the Lintearia. 

If Q is the tension of the connecting sheet, and if T and JV are 
the tension and shearing force at P, we obtain, by considering 
the equilibrium of the pjrtion PB of the lamina, the equations 

T= — Qcoatf>, J\r= — Qsin^. 


161. We now propose to determine the law of pressure which 
will deform a thin elastic lamina, resting on two parallel fixe<l 
bars, in the same horizontal plane, into a Lintearia. 

The (juantities T and 6 will both vanish along the lines in 
contact with the bars, and theroforo the radius of curvature at 
these lines will be infinite. 


Hence in the equation, 

T=C-~. 

we find that (7 = 0, and therefore 

T=-^. 

^ 2r- 


The intrinsic equation of the Lintearia is 
V2 = c (cos ^ — cos a)“^, 
and p is given by the equation 

Ed^r SE/drV E 
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Making the substitutions it will be found that 

j&cosa 

vr • 

Now, in the Lintearia, Art. (133), 


so that 


7* = 


PL^ 


A’ COS a 

P = PL.—- . 


an<l therefore the requisite pressure can be obtained by pouring in 
liquid of density p, such that 

E cos a ~ gpc*. 


Hence it appears that the Lintearia form can be maintained 
by pouring in liquid, of the density given by the preceding 
equation, to the level of the bars. 


Further, 


Edr E . ^ 


.’. ^/}C®sin<^secof, 

N being the shearing force, at P, of the left-hand portion on the 
right-hand portion, inwards, so that — iV" is the action on the 
left-hand portion. 


Hence at B and C 

— iNT = gpc“ tan a. 

This last result can be tested by the fi\ct that the reactions 
of the bars support the weight of the liquid. 


Thus we have 



— '2N cos a = 2 j gpPLdx 

fj.f fJo ra 


= 2^/oc-*sin a. 


162. If we have an elastica formed by bending a given plate, 
and fixing the ending generating lines in the same horizontal 
plane, 6r = 0, at B and C, and the stress at each end contains 
tangential and normal components. If we now pour in liquid 
of the density suitable to the particular elastica, the shape will be 
unaltered, but the value of T at B and C will be increased, while 
the value of JV at P and G will remain unchanged. 
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EXAMPLES 

1. A vessel of thin rigid material, in the form of half a circular cylinder, 
is filled with water and supported by vertical forces at its bounding generating 
lines, which are horizontal ; prove that the stresses at any point distant (f) from 
the lowest point are such that 

27’=5rpa‘^(0sin0+cos0), 2iV=s -^(^rpa^^cos^, 

2G^gpd^ - 0 sin — cos . 

2. A lamina in the form of a rigid parabolic cylinder bounded by planes^ 
perpendicular to the generating lines, forms a vessel which, being closed in by" 
a band of thin cloth joining the generating lines through the ends of the latera 
recta, is filled with air, the pressure of which exceeds by p the pressure of the 
external air. If the breadth of the band of cloth bo to the latus rectum, (4«), 
in the ratio : 4, prove that, measuring 0 from the tangent at the vertex, 
7’=joa(sec</>- V2cos</»), calculate the values of iVand (J, and prove that at 
the vertex 

2(?=.;)a2(3+2v^2). 

3. A rigid cylindrical vessel, the cross-section of which is formed of two 
cycloidal arcs with the ends fitting together, has an excess of air pressure 
inside ; investigate the stresses along any generating line. 


4, A rigid thin lamina in the form of a cylinder, the cross-section of which 
is the ctxtonary, «=ctan0, is subjected to an excess p of air pressure on the 
concave side, and supported by two equal forces parallel to the axis of the 
catenary, at the angular distance a from the vertex; prove that, in this case, 


^ =cos sec a- 1 +sin <^log tan ^4 + 2) * 

^ = sin </) sec a - tan ^ - cos 0 log tan ^ j + 2) » 

^^2 = sec sec a - i sec*-* ^ ^ j log tan ^ -f A”, 

jlogtan + -JseeSa. 


where 

Prove also that each of the supporting forces 


=;)clogtan^j + 5^. 


0. A plane elastic lamina rests on two parallel horizontal bars, and is l)cnt 
<lownwards between the bars by a constant air pressure above ; prove that the 
radius of curvature and the dellectioii are connected by the equation 


(di 

W) 




A 


6. Find the law of fluid pressure which will bend the same lamina into the 
form of a catenary. 


7. If the same lamina is bent into the form of a parabolic cylinder, resting 
on the parallel bars, prove that the fluid pressure at the angular deflection </> 
from the vertex vaiies as 

cos^ <!> (7 cos*-* 0 — 6). 
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163. It is a well-known fact that if a glass tube of small bore 
be dipped in water, the water inside the tube rises to a higher 
level than that of the water outside. 

It is equally well known that if the tube be dipped in mercury, 
the mercury inside is depressed to a lower level than that of the 
mercury outside. 

If a glass tumbler contain water it will be seen that at the 
line of contact the surface is curved upwards and appears to cling 
to the glass at a definite angle. 

If the tumbler be carefully filled, the level of the water will 
rise above the plane of the top of the tumbler, the water bulging 
over the round edge of the top. 

If water be spilt on a table, it has a definite boundary, and 
the curved edges cling to the tjxble. 

These facts, and, many others, are explained by the existence 
of forces between the molecules of the fluids, and of the solids 
and fluids, in contact ; the field of action of the force exerted by 
any particular molecule being infinitely small *, And since these 
molecular forces are only exerted at very small distances, it follows 
that as far as molecular forces are concerned, every element of a 
homogeneous body, not near its bounding surface, is under the 
same conditions; but that at the surface itself the sphere of action 
of a p^ticular molecule is incomplete, and the molecule also falls 
within the field of action of molecules of whatever matter is on the 


other side of the bounding surface. 


Also if we assume that the 
of action are infinitely small jis 
compared with the radii of curva- 
ture of the surface, then all pirts 
of the surface of separation of 
two homogeneous substances are 


linear dimensions of the field 



o 


* The field through which capillary forces are exerted is extremely small. In 
Quincke’s experiments the same phenomena were observed with water in a glass tube 
silvered with a coating -0000542 mm. thick, as in a silver tube of the same diameter. 
Pogg. Ann, cxxxix. (1870), p. 1. 
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under similar conditions as far as molecular forces are concerned, 
and the surface potential energy due to molecular forces must be 
in a constant ratio to the area of. the surface, the constant 
depending on the nature of the substances in contact. 


164. Application of the principle of energy to the case of a 
homogeneous liquid at rest in a vessel under the action of 
gravity*. 

In equilibrium the value of the potential energy must be 
stationary, and it is composed of four parts: the gravitational 


energy 


/ [J 


where z is the height of an element dxdy dz; 


and the energy of the surfaces separating (a) liquid and air, (/8) liquid 
and vessel, (y) air and vessel. 

Hence wo require that 


gp jj I zdxdydz + -h 

should be stationary, where /Vi, S^, /S* denote the surfaces (a), (/9), ( 7 ) 
and A, B^C their energies per unit area respectively; subject to 

the condition that the volume j jj dxdydz is constant. 


For a slight displacement of the surface , between the liquid 
and air, if Sn denote the element of the normal to the surface 81 
between corresponding elements of 81 in the old and new positions, 


the variation of the first term is clearly gpjj zBiidSif, 


Suppose, in the first place, that the line of contact of the liquid 
with the vessel does not vary, then 8^ and S3 are constant and S, 
changes to S/. Consider an element of 81 bounded by lines 

of curvature ; the normals through the boundaries of this element 
cut the surface 81 in an element dsids^, and if pi, p2 are the 
principal radii of curvature, 

ds,'= (l -y ) dsu ds^ = (1 - tfo. ; 

* This discussion of the theory of capillarity is taken from Matbieu, TMorie de 
hi Capillaritey L883. 

t It is probable that the density of the liquid infinitely near the surface varies 
owing to the molecular action, but as the thickness of the layer of variable density 
is infinitely small compared with dn, we may neglect this variation without affecting 
the argument. 
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dSi-d8i=€lsi'ds3'—d8idsa=-(- + -^bidsidsi, 

\pl P'lf 

V, pa/ 

Blit we require that j 

JJ sSiidSi + ~ ^ 

or, that J fjffpz— -4 SndSj = 0, 

subject to the condition of constant volume, viz. 

J j BndSi = 0; and this is equivalent to 

where h is a constant and Bn is arbitrary. 


4 ^ + constant, 

Vi Pa/ 

Le. = (1)* 

\pl PJ 

where 11 is the atmospheric pressure and p the pressure just within 
the surface of the lujuid, so that the effect is the same as if the 
surtacij was in a state of tension, the tension at any point being 
constant and e(]ual to A the energy per unit area. 

Secondly, suppose that the line of contact of the li(piid with 
the vessel is displaced from 8 to s'. 

If we draw normals to the surface 
Si at Hi points of the line s, they 
will meet the surface S/ in a line 
<r, and the surface Si may be con- 
sidered as composed of two pirts, 
the one 2 enclosed by the line <r, 
and the other T between the lines 
a and $\ As before, we get 




* That the constant is equal to 11 is evident from the consideration that if the 
surface energy A were zero, then the pressure in the liquid close to its surface of 
separation from the air would have to be equal to the atmospheric pressure. 
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and, if Sk denote the distance between the elements ds, ds\ 2' may 
be considered as the piojection of the elements B\ds of the surface 
of the vessel on the surface S/, so that if i is the angle between 
the normals to the surfaces Si and Sg, then 

2' = J cos i B\ds. 

Also BS 2 = — BS^ = J S\ds\ 

Now since the potential energy is stationary wo have 
S JJJ zdxdy dz + ASi 4- + GS^ • = 0 

subject to the condition that the mass is constant ; or- 

gp J j zSti dS,,+ A(S + T- 8,) + BBS^ + CBS, = 0 ; 

COS { -^ B — C) B\ds = 0 

subject to the condition 


IJs7u18,=^0* 

and, since B\ is arbitrary, this gives equation (1) as before, and also 

Acosi + i^ — 0=0 (2), 

or the angle bet^veen the surfaces of the liquid and the vessel is 
constant along the lino of their intei-scction. 


166. From the foregoing considerations combined with the 
results of experiment we are led to two laws Avhich may be stated 
as follows : 

(1) At the bounding surface separating air from a liqu^, or 
between two liquids, thei'e is a surface tension which is the same at 
emy point and in every direction, 

(2) At the line of junction of the bounding surface of a gas and 
a liquid 'with a solid body^ or of the bounding surface of two liquids 
with a solid body, the surface is inclined to the surface of the body 
at a definite angle, depending upon the nature of the solid and of 
the liquids, 

* In the figure, PQ is an element ds of the line of contact s of the liquid with 
the vessel, and P'Q',pq are corresponding elements of the lines s', a respectively : 
P'pqQ' is an element of the surface S'. The variation in the mass represented by 
the wedge-shaped elements PP'q round the line of contact of the liquid and the 
vessel is of a higher order of small quantities than the rest and may be neglected. 
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In the case of water in a glass vessel the angle is acute ; in the 
case of mercury it is obtuse. 

Assuming these laws we can account for many of the pheno- 
mena of capillarity and of liquid films. 

166. Rise of liquid between two plates. 

If t be the surface tension, a the constant angle at which the 
surface meets either plate, called the angle of capillarity, h the 
mean rise, and d the distance between the plates, we have, for the 
ecjuilibrium of the unit breadth of the liquid, 

2t cos a =s gpkdy 

so that the rise increases with the diminution of the distance 
between the plates. 



It will be seen that the pressure at any point Q is less than 
the pressure at N hy (jp . QN, 

and . •. = n — ypQN. 

The atmospheric pressure at P being sensibly ecjual to the 
pressure at the water level outside, it follows that the weight PN 
is supported by the resultant of the surface tensions on its upper 
boundaiy. 

167. Rise of a liquid in a circular tube. 

In this case the column of liquid is supported by the tension 
round the periphery , of its upper boundary, and therefore, if r be 
the internal radius, 

2Trrt cos a = gpirr^h, 

or 2tco8a — gprh. 
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The pressure at any point of the suspended column being less 
than the atmospheric pressure, it follows that if the column were 
high enough, the pressure would merge into a state of tension, 
which would still follow the law of fluid pressure of being the same 
in every direction. 

It may be observed that the potential energy, due to the ascent 
of the column, is independent of the radius. 

168. The Capillary Curve. The capillary curve is the form 
assumed by a liquid in contact with a vertical wall. 

We shall take the case in which the angle of contact of the 
liquid with the wall is acute, such for instance as when water is 
in contact with a vertical plate of glass. 



If OF is the vertical wall, and OA the natural surface of the 
liquid, r the radius of curvature of the section through P perpendi- 
cular to the wall, and t the surface tension, then equation (J) of 
Art. (164) gives 

i=U-p = gpy. 

Hence, putting At = gpe^, 

& 

and, inverting the figure of Art. (135), we see that the capillary 
curve is a particular case of the elastica. 

The particularity consists in the fact that OA is a tangent to 
the curve, so that dyjdx = 0 when y = 0, and enables us to obtain 
the Cartesian equation. 
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Observing from the figure that dyjdx^ which is the tangent of 
- 7 r /2 + is negative, and decreasing numerically, it follows that 
d^yjda^ is positive, and that the equation, ivy = becomes 



Putting P ^ ^ integrating, we obtain 

-1 ^ 1 . dx , 2y— c- 

(1+^2)4 dy 

Observing that the tangent is vertical when y \/2^Cy and that 
the curve should meet the vertical plane at an acute angle, we 
have y v'2 less than c at all points under consideration, and 

dx 2;?/- — 

\ ‘ • dy “ 2y Jc*' - f ’ 

Integrating this equation, and taking the origin in a new position 
such that a; = 0 when y = c, we obtain 

or - = sech 

c 

If y = 0, X is infinite, and, taking the figure of Art. (135), the 
elastica is identical with the capillary curve when BG is the 
tangent at B and (7, but this is only possible when the length is 
very great. 

If a is the angle at which the li(|uid meets the wall, we obtain 
the height OF by putting — cot a for dy/dir, so that 

and .*. Oi^=csin^” — . 

In the case of a liquid, such as mercury, for which the angle 
of contact is obtuse, it will be convenient to measure y downwards. 


|(a;+ Vd-^-y-)! . 


169. To find the intrinsic equation, measure the arc from F, 
and the deflection 0 from F0\ then 


c* dr __ dy 
4r2 d<f> ~ d<f> 


— r cos <f>, 
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= sin <^, 



and 


2s , 

- =•<’8 


tan 


(M) 




If we measure the arc <r and the deflection yjr from A and the 
tangent at Aj 



then, when ^ w> » — FA , 

TT 

aufl when = 6-= — {FA — a), 

and we shall obtain 

2<t , ^ fir ylr\ 

which is the eciuation obtained in Art. (135). 

170. Parallel Plates. Form of the surface of a liquid 
between two parallel vertical plates, of the same substance, which 
are partially immersed in the liquid. 

In this case it will be convenient to take the axis Oy halfway 
between the plates, and the origin 0 in the natural surface of the 
liquid, and further, to measure the deflection ^ from the tangent 
at A. 
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As in the previous case, 



Hence'Jwe obtain 

80 that ( 7—008 0 must be positive, and therefore C must be > 1. 

, . dft & 

Again 2'd0 = 4’ 

2^2 ds __ 1 

c V (7 — cos <l> 



and substituting i = i; H- (7/3 

this becomes 

' — dv 

"Vl4 (t; ^2qsy(v^T^/n)Jv + 1"+ (7/3)} * 
_ r dv 

~ J « V14 - Cl) (v - ea) (v - e,)} ’ 
where = 2(7/3, = 1 — (7/3, = — 1 — (7/3, 

so that ei>e 2 >€s. 

Hence v = jp (t^ + c), where € is a constant. 
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Now z or cos ^ lies between 1 and sin a, where a is the angle 
of capillarity, 


1 - C/3 >i;>8ina— (7/3, 


or 


e.>v>ei\ 


and hence it follows that as jp(i^ + 6) lies between and es, the 
imaginary part of e must be the imaginary half-period cwg. Also 
= ^2 when 0 = 0 or = 1, and if we measure s from A then n = 0 
when <^ = 0, and so we must have i,p€ = e2 = p6)2, and therefore 
€ = (Wg = + Wgi and V = jp (m + ««)• 


Again 


dx 

ds 


= C08^ = ?»-|-^^i, 


\/2 dx 
c du 


= + ©2) + 


i^ 2 xlc + constant = - f (w •+• ©2) -h ie,u 
and a? = 0 when u = 0, so that 

^ixjc - + 0 ) 2 ) + (!)• 


We have also = C — ^ = — t;, 

that is 2y7c2 = ei - (?/- + ©a) (2). 

To complete the solution, we have that if 2a be the distance 
between the plates, then the u corresponding to x = a is given by 

sin a == ^ = p (u + ©g) + C/3, 


and since 


that is 


p(w + ©2)=:C3‘+ 


(^2 — ^1) ( ^g — 

pw - 62 




2 (1 - C) 

_ C{b 4- sin a)/3 — (1 -f sin a) 
3 (F- sin a) ' 


We may further remark that the relation (3) enables (2) to be 
written 23f7c® = (C^— 1) also that the elevations of the 

points A, B are given by 2y7c® == C— 1, and C — sin a, respectively. 


171. Circular Tube. Differential equation for the form of 
the surface of a liquid inside a vertical circular tube, which is 
partly immersed in the liquid. 
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Employing the figure of Art. (170) to represent a meridian 
section of the surfiice, we have, from Art. (164) (1), 

r r t ’ 

gpy being the excess of the atmospheric pressure over the pressure 
of the liquid just beneath its surface. 

Hence, since r' = a? cosec we obtain the equation 



which may be written in the form 



We have also the boundary condition, that, if a is the internal 
radius of the tube, and if a is the acute angle of contact of the 
licpiid with the surface of the tube, 

= cot a, when x = a. 
dx 

If the angle of contact is obtuse, the liquid will be depressed 
in the tube, and, if we measure y downwards, ypy will be the 
excess of the pressure of the lupiid just beneath its surface over 
the atmospheric pressure. 

As the case under consideration includes that of the free surfixee 
of the mercury in a barometer tube, it has been the subject of much 
discussion. A solution of the differential equation for the meridian 
curve has been obtained by Lohnstein* in the form of a series 
which converges so long as the tangent to the curve does not 
become vertical. The equation was also considered, as an example, 
in an article on a numerical method of solving differential eejuations 
by C. Riingef; and a geometrical method of approximating to 
capillary curves suggested by Lord Kelvin in NatureX has been 

* Dissert. Berlin, 1891. 
t Math, Annalen, 46 (1895), p. 167. 
t Nature, July and August, 1886. 
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discussed at length by C. V, Boys*. A method of approximation 
has also been given by F. Neumann f. 

172. Drop of Iiiquid. If a drop of li(|uid be placed on a 
horizontal plane, the equation of equilibrium will be 

1 1 

7* “ r 

where t is the surface tension, and w is the difference between the 
internal pressure and the atmospheric pressure. 

In general the drop will assume the form of a surface of 
revolution. 

Taking this case, let 11' be the pressure* inside the liquid at the 
highest point, and 1[ the atmospheric pressure; then, measuring x 
vertically downwards from the highest point, 

-cr = n' + (/pj) — n, 

1 1 _ IT' — n + .7/0'^ 

t ‘ 



Hence, if a is the radius of curvature at the highest point, 

2 ^ H' - n 

a t 



Taking the case of a drop of mercury upon glass, or of a drop 
of water upon steel, we observe that dyjdas is decreasing from the 

* Phil, Mag, Series 5. Vol. 36, p. 75, 1893. 
t Vorlesungen ilber die Theorie der Capillaritdt, Leipzig, 1894. 


B. H. 


12 
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vertex downwards, and we obtp,in the. differential equation of the 
meridian curve, 

dx‘ 1 _ 2 

+ -rTT=a + ^’ 




^ d p ^ 1 

Hence, if ^ is the inclination of the tangent at any point of the 
meridian curve to the axis of /r, p = tan 0, and 


/I d<j>\ 2 X 

cos ^ (y dx) a ^ c-‘ 


If the drop be large so that we may consider the top flat, and 
if we neglect the curvature of horizontal sections, the equation (1) 
becomes 

1 


or 


so that 


or 


d p _x 
dx vr+ p2 ~ ' 

flj iC" 

— = 1 — , since p = oo when x = 0, 

Vl+^^ 2c®’ ^ 


dy_ 


2c® — 


dx ” — (2c‘'' — a?-)®} * 

To integi*ate this equation put x = 2c sin 0, 
so that dy = c (cosec 0 — 2 sin 0) dd ; 

p 

y + & = clogtan2 + 2ccos 

, , , 2c — V4c‘'* — ip® , />i 9 ~ Q 

or y + 6 = c log - H- V 4c® — aj® ; 

X 

where 6 is a constant. 

At the point where the tangent is vertical, p = 0, and 

a7 = cV2. 

If a is the acute angle between the meridian curve and the 
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horizontal plane, i.e. if tt — a is the angle of contact of the mercury 
with the plane, and if h is the height of the drop, 

^ , when x = A, 

and A=2ccos|. 


173. Drop between parallel plates. If a drop of mercury 
be placed between two parallel horizontal plates of glass, so near 
to each other that the action of gravity may be neglected, the 
pressure inside the drop will be constant, and, if the surface be a 
surface of revolution, we shall have the equation 

1 1 _ 
r ““ t ' 

where is the excess of the inside pressure over the atmospheric 
pressure. 



In this case it will be convenient to measure x downwards from 
the plane which is midway between the two surfaces of glass, and 
we then have the equation 


dp 

^dy 1 - 05-2 

h + T * r > 

(1+pT ^ 


Integrating, and taking I as the value of y when x 


by 


^ y^ + lb — 


y ” + ^6 — 


0, 


12—2 
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Put w® « z, then we have 

_ (z + lh — Z“) dz 

V{4« {z — 1‘) (f — 6“ — z)} 

Whence if we write z = — v + + ^(l — by, we get 

{- « + J (6® + it — P)] dv 

[v+¥^-Uh^f\y 

dv 


die — ■ 


Now let 


-h 


f V {4 (v - e,) (o - Cj) (v - Cs)} ’ 
where e. = J (/ - by, e, = - § (i - 1)^ e, = - §Z= + J (Z - by. 


SO that ei>02>^aj 

then it follows that v = ^{u + e), 

where e is a constant. 

Now dyjdos^O wheny = /, so we may assume that y^l iwid 
z /*, and for dixjdz to be real we must therefore also have 
z^(L — hf. Hence we have 

or , 

that is, V lies between and e^, so if we take u to be real it follows 
that the imaginary part of € must be the imaginary half period Wj, 
and its real part may be taken to be zero by suitable choice of the 
lower limit for \i\ 

v = ^{u + (o^* 

Hence dzr = { - p + (o.,) + ^ (6“ + ^6 — i"*)) da, 
and by integration 

X + const. =s f -f eos) + \ic (6- + Z6 ~ 

But = 0 when z = 1 ^, 

or when . w = - f/® + J (?~ 6)® 

so that, for this value of x, u must be zero. 

and 2/“ = - j? (w + 0)3) + J (2P - 2 lb + ¥) 

gives the values of the Cartesian co-ordinates in terms of the 
parameter m. 

If the drop is so large that we can neglect 1/r', then so 

w 

that the meridian curve is circular. 
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In this case, if 2A is the distance between the plates, it is seen 
from the figure that 

7 * = A sec a, 

a being the acute angle between the mercury and the surface of 
each plate outside. • 

174. If a drop of water between two parallel horizontal plates 
of glass takes the form of a surface of revolution, the surface will 
be anticlastic, since the angle of contact of water and glass is acute. 

In this case, if 11 is the atmospheric pressure, and ir the 
pressure of the water inside the drop, and if r is the radius of 
curvature of the meridian curve, and / the radius of curvature 
of the perpendicular normal section, that is, the length of the 
normal intercepted by the axis of the surface, the equation of 
equiHbvium is 

1 

r r' t r 

for, ill resolving along the normal, the resultant of two of the 
tensions will be outwards, and the resultant of the other two will 
bo inwards in direction. 



Measuring a? downwards, as before, from the plane which is 
midway between the plates, the equation becomes 

dp 

dv 1 -cr 2 

say, 

(i+i»*)^ yii+fr * " 

leading to the equation 

iX+ff 
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from which we may deduce, as in the last article, 

0) = f (©a) - + © 3 ) + i - ®i) + lb- b% 

and — jp (w + *> 3 ) + i + 2lb + b-). 

For a large drop, we obtain, as before, 
r^h sec a, 

et being the acute angle between the surface of the water and the 
surface of each plate. 

176. Floating needle. The well-known experiment ol 
floating a needle on the surface of water can be explained by 
aid of the laws of surface. 

The figure representing a section of the needle and the surface 
of the water at right angles to the axis of the needle, the forces in 
action on the needle are the tensions on P and Q, and the water 
pressure on PAQ, which is equal to the weight of the volume 
NPAQM of water; these forces counterbalance the weight of the 
needle. 



Further the horizontal component of the tension at P, together 
Avith the horizontal water pressure on BD, is ecpial to the tension 
/it B, PD being horizontal and BD vertical. 

These conditions determine the equilibrium, and lead to the 
equations 

2t sin — gpc {c0 + c sin ^ cos ^ — 2A sin 6) = w,* 

U sin * \{0 — oi) — gp (c cos 0 — A)®, 

where a is the angle of capillarity, w the weight of unit length of 
the needle, h the height of its axis above the natural level of the 
water, and 20 the angle POQ. 

176! Liquid films. Liquid films are produced in various 
Avays ; a soap bubble is a familiar instance, and liquid films may 
be formed, and their characteristics observed, by shaking a clear 
glass bottle containing some viscous fluid,, or by dipping a wire 
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frame into a solution of soap and water, or glycerine, and slo\yly 
drawing it out. 

The fact that films apparently plane can be obtained, shews 
that the action of gravity may be neglected in comparison with 
the tension of the film. 

It is found that a veiy small tangential action will tear the 
film, and it is therefore inferred that the stress across any line is 
entirely normal to that line. From this it follows, as in Art. (149), 
that the tension is the same in every direction. 

177. Energy of a plane film. If a plane film be drawn 
out from a reservoir of viscous liquid, a certain amount of work is 
expended, and the work thus expended represents the potential 
energy of the film. 

Imagine a rectangular film ABCD, bounded by straight wires 
AI)j BC ; being in the surface of the licpiid, and CD a moveable 

wire. 

The work done in pulling out the film is equal to r .AB .AD, 
and therefore, if S be thcj superficial energy, per unit of area, it 
follows that 

It should be observed that what we have here called the tension 
of the film is ecjual to twice the surface tension of either side of 
the film. 

178. A wire in a vertical plane of any shape has a piece 
of thread, of given length and lueight, fastened at two points, 
and the tirire and the thread form th^ boundary of a plane 
liquid film. 

To find the form assuim^d by the thread, wo shall express the 
condition that the potential energy of the system is a minimum. 

If A be the area OABC, the enei’gy of the film 
= 8 A — / Sydx, 

and therefore if w be the weight of unit length of threjid, the 
potential energy of the system is a minimum when 

j8ydx-\-wjyds 

is a maximum, with the condition 

fds^l. 
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We have then to find the condition that the variation of the 
expression 

/ [Si/ + (toy + \) Vl + rf.r 

shall be evanescent. 



By the aid of the Calculus of Variations this leads to the 
ecpiation 

C-Hy' 

. \ , IS ot the form ~7~ " > 

dy Va + % + 72/' 

an exprcs.<;ion which is easily integrated. * 

This equation may represent, for certain values of the constants, 

a circle or a catenaiy, as is obvious d priori 


179. The ({uestion can be otherwise treated by wiiting down 
the conditions of equilibrium of an element of the thread. 

Measuring the arc from 0, let be the inclination to OA of 
the tangent at F, 

Then, if t is the tension of the thread at P, and t the tension 
of the film, we obtain the equations 

ht -f ^vhs . sin 0 = 0, 


tis 

r 


= tSs + %uh8 . cos 


r being the radius of curvature of the thread at P. 


Hence 
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and 1 ^ ] 

(1 + ff w(n-y)\ (1 ^ pi^ij 

Hence (a - (1 +i)«)- ” - (1 +i^) ’ ^ = J , 

SO that J + C, 

VI + p® 

which is the form obtained in the preceding article. 

In fact, if we assume that ^ = a, when y — 0, and that <^ = ^, 
when y = AB = h, the two unknown constants in each of the 
equations wdll be determined, and, observing that r = S, the same 
value of p, as a function of will result from each equation. 


180. Energy of a spherical soap bubble. The energy of 
a soap bubble is the work done in producing it. This consists of 
two parts, viz. the work done in pulling out the film and the work 
done in compressing the air in the bubble. 


If t be th(‘ surface tension, the former part is tS, where 
a denotes the surface, for the energy of a small plane element 
is For the latter part, let p denote the pressure of the air 
inside when the radius is and 11 the atmospheric pressure, then 


p — n == “- ; and, if the bubble contains a mass of air which at 
r 

pressure TI would occupy a volume F, then 
n F= J7r?'*p =p F, say, 

and by Art. (14) the work done in compressing the air from volume 
F to volume F 

= nFiog-^-n(F- V) 


c assume that the difference between the pressures inside 
and outside the bubble is small compared with the atmospheric 
2t 

pressure, we may take ^ as small, and the last expression becomes 




= 47rr», 


j^n 


2(° \ _ 
r“nv r J 

rH’ 
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80 that the work done in compressing the air is to that done in 
pulling out the film as 2t : Srll. 


181. The forms of liquid films. If the air pressure be 
the same on both sides of a film, the condition of equilibrium is 
that 


or that the mean curvature is zero. 

This condition is satisfied in the cases of the catenoid and the 
helicoid, which are therefore possible forms of liquid films. 

In Cartesian co-ordinates the equation becomes 



^dzdz d^z 
dxdydxdy ^ 



df 


= 0 , 


as in Art. (145). 

The discussion of this ccpiation is the subj(‘ctof many memoirs 
by eminent mathematicians, and several vt‘ry remarkable special 
solutions have been obtained. 

For instance, the surfaces 


j^nd sin z = sinh x sinh u 

cos X 

will be each found to possess the property that its mean curvaturi' 
is zero*. 

In Plateau's work, les liquides soiimis mix aeules forces 
molecidaires (2 vols. 1873), will be found an elaborate account of 
the labours of mathematicians on this subject, and of his own 
extensive series of experiments ; and, in Darboiix's Th4orie Ginirale 
des Surfaces, Tome i., Livre iir., there is a full discussion of 
minima surfaces, that is, of surfaces which satisfy the condition 
given above. 


182. If the form of the film be that of a surface of revolution, 
then, taking the axis of the surface as the axis of z. 

The vanishing of the mean curvature in this case gives 


iPr 



* Catalan, Journal de vAeoU Poly technique, 1856. 
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Integrating, 

= 7 -=-^- > and + 6 = a log (r + V — (t-), 

z+b —ft? 

or 2r = e " 4* (i^e ® . 

b h 

A ssuniing = a&^y 

z -l-fe —ft? 

the result is 2/* = «(e " ), 

shewing that a catenoid is the only possible tbnn of revolution of 
a film when the pressure is the same on both sides. 

183. The same result is obtained by the principle of energy, 
for the surface 

/ 2iryds 

is then a maximum or a minimum, and, by the Calculus of 
Variations, this leads to a catenary as the generating curve, the 
axis of revolution being the directrix of the catenary. 

In Todhunter s Researches in the Calculns of Variations it is 
shewn that it is not always possible, when a straight line and two 
points in the same plane are given, to draw a catenary which shall 
pass through the two points and have the straight line for its 
directrix. 

It is also shewn that, under certain conditions, two such 
catenaries can be drawn, and that, in a particular case, only one 
such catenary can be drawn. The two catenaries, when they 
exist, correspond to the figure formed by a uniform endless string 
hanging over two smooth pegs. 

When there are two catenaries the surface generated by the 
revolution of the upper one about the directrix is a minimum, but 
the surface generated by the lower one is not a minimum. When 
there is only one catenary, it is not a minimum. 

Hence it appears that if a framework be formed of two 
circular wires, the planes of which are parallel to each other and 
perpendicular to the line joining their centres, it is not always 
possible to connect the wires by a licpiid film. In certain cases 
it is possible to connect the wires by one of two catenoids, but, in 
the case of the catenoid formed by the revolution of the upper 
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catenary, the o(|uilibrium is stable, while the other catenoid is 
unstable. 

When there is only one catenoid it is unstable. 

There*is also a discontinuous solution of the problem, consisting 
of the two circles formed by the revolution of the ordinates of the 
points, and an infinitesimally slender cylinder connecting their 
centres. 

In the article on Capillarity in the Encijclopaedia Britamiica* 
by Clerk Maxwell, the question is discussed in the following 
manner. 

When two catenaries, having the same directrix, can be diawn 
through two given points, and the catehoids are formed by 
revolution about the directrix, the mean curvature of each catenoid 
is zero. 

If another catenary be drawn between the two catenaries, 
passing through the same two points, its directrix will be above 
the directrix of the other two, and therefore its radius of curvature 
at any point will be less than the distance, along the normal, of 
the point from the first directrix. 

The mean curvature of the surface of revolution is therefore 
convex to the axis, and it follows that if either catenoid is 
displaced into another catenoid between the two, the film will 
move away from the axis. 

Again, if a catenoid be taken outside the two, its mean 
curvatunj will be concave to the axis, and therefore if the upper 
catenoid be displaced upwards and the lower one downwards the 
film will, in each case, move towanls the axis. 

Hence it follows that the outer of the two catenoids is stable, 
and that the inner one is unstable. ♦ 

This argument however does not apply to any other form of 
displacement, and therefore, for a complete proof of the case of 
stability, it is necessary to have recourse to the methods of the 
Calculus of Variations. 

184. If the pressures on the two sides of a film be different, 
and if p be the difference, the condition of equilibrium is 

1 + ^ =£ 

r r t’ 

or that the mean curvature is constant. • 

* This article has been revised by Lord Rayleigh in the eleventh edition of the 
Encyclopaedia, 
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We shall apply the principle of energy to prove this relation 
for the case of surfaces of revolution. 

The fact that p is constant may be expressed by closing the 
ends and assuming that the volume of air inside is constant. 

The variation of the expression 

/ (27ry + X'lry^dx) 

is therefore zero. 

This leads to 


«n.I 

fis y ^ \ if 2 /d.v 

Hence, if PG be the noriiiixl, 



since' 


_ _ 1 d y 
ds^ ^ r (is ’ 


according as the curve is convex or concave to the axis of that 
is the mean curvature is constant. And, in the general case, we 
have to express th(' condition that the surface is a maximum or 
a minimum with a given volume, leiuling to the same general 
result*. 


186 . If the film be in the form of a surface of revolution, we 
can shew that the meridian curve is the pith of the focus of a 
conic rolling on a straight line. 

If p be the radius of curvature of the conic, and r the radius of 
curvature of the path of fif, 


1 

r SP 

= Jl 

1 


p cos SPG , , „ 

- T figure on next pagt‘) 


PG^ 

PLaSP^^ 


GL being perpendicular to <SP, 


PL 


^8P 


. 11 _^_PL 


In the case of the parabola, this vanishes, and r = — <SP. 

* See Jellet’s Calculus of Variations, or Todhunter’s Integral Calculus, 
t See Roulettes and Glissettes. 
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BC^ 1 

For the ollipsG, ”” tiP ~HP * 
and for the hyperbola, ^ . 


1 _J_ 
SP^'AC^ 



The first is the Catenoid ; the second and thinl are called by 
Plateau the Unduloid, and the Nodoid, the former being a sinuous 
curve, and the latter presenting a succession of nodes. 



To obtain a clear view of the generation of the nodoid, it must 
be considered that, as one branch of the hyperbola rolls, the point 
of contact moves olf to an infinite distance ; the line then becomes 
asymptotic to both branches, and the other branch begins to roll, 
thereby producing a perfect continuity of the figure*. 

Of the numerous works and papers on the subject of liquid 
films the student will find full accounts in Plateau’s work, and in 
Professor Clerk Maxwell’s article in the Encyclopaedia Britannica; 

* Plateau, Vol. i. p. 136. See also an article by Delaunay, Liouville^s Journal, 
1841, and an article by Lamarle, Bulletins de VAcaddmie Belgique, 1857. 
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and on the subject of Capillarity generally the following works 
and references may be useful : 

Mathieu, Theme de la Gapillarite, 1883. 

F. Neumann, Vorlesungen die Theorie der Capillaritdt, 
1894. 

Poincare, Gapillarite, 1895. 

The articles Kapillaritdt by H. Minkowski in Encyklop, dei' 
Math, Wissensch, Bd. v. 1907, and by F. Pockels in Winkelmann’s 
Handbuch der Pliysik, Bd. i. 1908, both of which contain a full 
bibliography of the subject. 

Example. ^1 8oap bubble, extends from fixed boundarv% so as inth them to 
form a closed space whose volume is contains a gas at pressure and 

absolute temperature The temperature of the gas is gradually raised. If 
A be the area of the film when the temperature is 6, and pressure p, shew that 



where t is the surface tension supposed constant, and the extei'iial pressure is 
neglected. Deduce the relation between p and 6 when the bubble is spherical. 
The change of energy 


But pv^kO] 

,', pbv^^kbB -vbp\ 



Wo A 6dp\ 
Bf, \ pMJ' 

For a sphere A =4rrr\ and 


2t^ 
r ’ 


Hence from above 


hut 



przsikB ; 

\prA=k6 or %tA — kQ ; 
Zk6dp_^, kBdp^ 
p dB~ ~p dB' 



+1=0 


.*. = constant. 
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EXAMPLES 

1 . Tw<i spherical soap bubbles are blown, one from water, and the other 
from a mixture of water and alcohol : if the tensions per linear inch are equal 
to the weights of one grain and grain respectively, and if the radii be inch 
and inch respectively, compare the excess, in the two cases, of the tohil 
internal over the total external pressure. 

2. Tf two soap bubbles of radii r and /, are blown from the same liquid, 
and if the two coalesce into a single bubble of radius prove that, if n be the 
atmospheric iiressure, the tension is equal to 

n 

3. The superficial tensions of the surfaces separating water and air being 
8*25, water and mercury 42*6, mercury and air 55, what will be the effect of 
placing a drop of water upon a surfjice of mercury ? 

4. A drop of oil, placed on the surface of water, at once spreads itself out 
into a layer of extreme tenuity ; explain the cause of this expansion of the oil, 
and prove, from observation of an attendant phenomenon, that the thickness 
of the layer may become less than -OfXX)! of an inch. 

What will hike iilaco if another di*op of oil is placed on the surface ? 

5. Shew that if a light thread with its ends tied together form part of the 
internal boundary of a liquid film, the curvatui*e of the thread at every point 
will be constant. 

If the thread have weight, and if the film be a surface of revolution about 
a vertical axis, prove that, in the position of equilibrium, the tension of the 
thrcjid is 

I being its length, w its weight jKjr unit length, and r the tension of the film. 

(). A plane liquid film is drawn out from a soap-sud reservfiir ; prove that 
the numerical value of the energy jicr unit of area (f') is equal to that of the 
tension (T) ^r unit of length. 

If the film bo removed from the reservoir, and if o- denote subsequently 
the mass of unit of area, prove that 

T= e - <r ^ . {Clerk ManvelL ) 

7. Any number of soap bubbles are blown from the same liquid and then 
rillowed to combine with one another. Find an equation for determining the 
radius of the resulting bubble, and prove that the decrease of surface liears a 
constant ratio to the increase of volume. 

8. The surface tension of water exposed to air is such that the stress across 
an inch is equal to the weight of about 3*3 grains. If 1,000,000,000 spherical 
drops combine to form a single spherical rain-drop A inch in diameter, shew 
that the work done by the surface tensions is eiium to about *0001277 foot- 
pounds. 

9. If a film under unequal internal and external pressure form a surface of 
revolution, prove that the inclination of the tangent plane at P to the axis 
is given by the equation 

. X h 
cosA=- 4-- : 

(t JO 

being the perpendicular from P on the axis and a, h constants. 
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10. A drop of liquid with uniform surface tension is made to revolve about 
an axis. Prove that the meridian cui*ve of the surface will be the roulette of 
the pole of the curve 



11. Two soap bubbles are in contact; if rj, be the radii of the outer sur- 
faces, and r the radius of the circle in which the three surface.s intersect, 

3 1 J_ 1^ 

12. If a frame of lino straight wire in the form of a tetrahedron be lowei*^ 
into a solution of .soap and water and drawn up again, there are found in 
certain cases plane films starting from the edges and meeting in a point. Shew 
that this is not a possible form of equilibrium for every tetrahedron, and that 
it is so if one face be an equilateral triangle and the others isosceles triangles, 
whose vertical angles are each leas than sec“^ ( -3)« 

13. If water be introduced lietween two parallel plates of glass, at a very 
small distance d from each other, prove that the plates are pulled together 
with a force equal to 

2 .<1^ cos a . . 

d 

A being the area of the film and B its periphery. 

14. A hollow right circular cone of glass is placed with its axis vertical and 
vertex upwards in homogeneous liquid. Find the height to which the liquid 
will be raised in the cone, and write down the differential equation of the sur- 
face inside. Deduce results for a cylinder. 

15. A needle floats on water with its axis in the natural level ofithe surface ; 
if cr be the specific gravity of steel referred to water, jS the angle of capillarity, 
and 2a the angle subtended at the axis by the .arc of a cross-section in contact' 
with the water, prove that 

(iro- - a) sin ^ 3) s^cos a cos J (a +/3), 

16. A capillary tube in the form of a surface of revolution is partly 
immersed in a liquid with its axis vertical. Find the equation of the generating 
curve if the liquid is in equilibrium at whatever height it stands in the tube. 

17. A soap bubble is filled with a mass w of a gas whose pressure is ^ x (its 
density) at the temi)erature considered. The radius of the bubble is a, when 
it is first placed in air. The ‘barometer then rises, the temperature remaining 
unaltered. Shew that the radius of the bubble increases or diminishes according 

9 kw, 

as the tension of the film is greater or less than g — 

18. Prove that the equation 

y=a?tan(a2-l*&) 

represents a possible form of a liquid film, the pressure on both sides being 
the same. 

19. If two needles floating on water be placed symmetrically jparallel to 
each other, shew that they will be apparently attracted to each other, and that 
this is due to the sur^e tension. 


an. 


13 



194 


EXAMPLES 


20. A small cube floats with its upi)er face horizontal, in a liquid such that 
its angle of contact with the surface of the cube is obtuse and equal to tt - a. 
If p is the density of the liquid, and a that of the cube, and if gpe^ is the sur- 
face tension, 2 Wvo that the cube will float if 



21. Two equal circular discs of radius a are placed with their idanes ijei*' 
i)endicular to the line which joins their centres, dnd their edges are connected 
by a soap film which encloses a mjiss of air that Avould be just sufficient in tho 
same atmosphere to fill a spherical soiq) bubble of radius c. If the film be 
cylindrical when the distance between the discs is h, prove that in order that 
it may become spherical the distance between the discs must he lessened to 2z, 
where 

c ( 3 a 2 ^ 2«:2) — 3fib ^ -I = (2a - c). 

l 

22. A framework of wires forms a prism of height b, the bases being eipii- 
lateral triangles of side a. If the fi*amework is dipp^ into soapy water, describe 
the arrangement of plane films in the state of equilibrium. Prove that for 
equilibrium to be possible with idanc films b must be greater than a/V6. 


23. A film of fluid adheres to tw<» wires each of which forms one turn of a 
helix, the axes of the two helices being coincident, and their stci>s equal. Shew 
that the condition of equilibrium of the film will be satisfied if the diftbreutial 
equation to any section of the film through the axis is of the form 

y \ 

when 2jra=8top of either helix (i.e. distance between consecutive threads). 


V 


24. To the extremities of the axis of a wire helix of ^litch whose length 
is very gi'cat compared with its diameter, an elastic string (modulus of elasticity 
E) is fastened, the wire being bent over radially at each end so as to meet the 
axis. The string when straight is tight but unstretched. If the helix and string 
be dipiied into a solution of soap and then removed with a film adhering to the 
wire and string, shew that, except near the ends, tho string will be drawn into 
a helix of radius t where r is given by the equation 

Treiiresenting the whole tension per unit of length (of both surfaces) of a soa 2 > 
film. 


25. A plaue jdate is partly immersed in a lii^uid of density p and surface 
tension t The angle of capillarity for the liquid and substance of the plate is 
/3, and the plate is inclined at an angle a to the horizontal. Pi-ove that the 
difference of the heights of the liquid on the two sides of the plate above the 
undisturbed surface level is 


.4 



cos 


-2/3 

4 


sin 


TT — 2a 


26. A framework ABCD is formed of. three straight wires AB^ BC^ CD 

joined by an arc of a helix DA of angle J3(7 being the axis and AB, CD radii 

of length a. Prove that, if the frame be dijiped into a soap solution, a film 
w'ill be formed whose surface energy is 

Tifia - 

2 {\/24-log (*y2 + l)}, 

where T is the surface tension and a the small inclination of AB to CD, 
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27. A fluid of density p and surface tension T is drawn up within a fine 
capillary tube of radius «, with which the angle of contact is a. Shew that, if 
T—gpc\ the height to which the fluid rises at the circumference of the tube 
is 

— cos a + ^ (2 sec^ a — 2 tan^ o - 3 tan a), 

OL o 

where the thii*d and higher powers of aje are neglected. 


28. A volume Jttc-'* t>f gravitating Ikpiid of astronomical density p is 
surrounded by an atmos 2 )here at x^ressui’c 11 and contains a concentric cavity 
tilled with air, whose volume at this atmospheric pressure is The surfixee 

tension of the liquid is t. Prove that the radius a? of the cavity in the con- 
figuration of equilibrium is given by the equation 





)= 2 .{. 






{ 





21). If a mass of liquid of density p is in equilibrium under the action of a 
conservative system of forces whose potential at any point is p/r, wherc r is 
the distance from a fixed point 0. ami if two parallel plates of glass are placed 
in the liquid with their nearer faces at very small (iisbinces on opi)osite 
sides of 0^ and have small apertures opposite 0 through which the liquid can 
flow, prove that a, h, the radii of tlie inside and outside circular areas of either 
l)late wetted by the liquid, are connected by the equation 
pcp (1/a — l/b) — S cos a, 

wliere a is the angle the air-lkpiid surface makes with the glass, and S is the 
capillary constant. 


30. A large glass plate is lifted from tlie surface of a liqiiid so that the 
liquid is drawn up to a height /q and (i is the coiiqdement of tlie angle of con- 
tact at the under surface of the plate. Prove that the radius of tlie circle 
wetted by the liquid is aiiproximately 

(1 - COs3 - 62 8iu2 

where b'^—-iTlgp, T being the surface tension, and p the density of the liquid. 

31. A liquid film hangs in the form of a surface of revolution with its axis 
vertical. The upper boundary of the film is a circular wire held horizontally, 
the lower bouiKlary is a heavy ehxstic thread, hanging freely in the form of a 
horizontal circle of radius r. The natural length of the thi’ead is 27 ra, its 
modulus of elasticity is A, and its weight is 27raw, The tension of the film is t. 
Prove that r sfitisfies the equation 

(A2-a2^2) ,.2- 2A2ar-p(X2+w2a2) a2=o. 


32. A liquid film is bounded externally by a closed rigid wire, not 
necessarily in the form of a plane curve, and contains as internal boundary an 
endless flexible thread. Prove that the radius of curvature of the thi*eaii at 
any point is constant, and that the radius of torsion is numerically equal to 
either of the radii of iiriiicipal curvature of the film at that point. 


33. A wire circle (radius a) is placed in the surface of soapy water and 
raised gently, so as to draw after it a film. Prove that, neglecting its weight, 
the meridian section of the film is a catenary, and investigate the angle at 
which the film meets the undisturbed surface of the water. Also prove that 
the parameter of the meridian catenary, when the area of the film is equal to 
is a/z, where z is given by 

cosh “ ^ - 1 


13—2 
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34. When the end of a capillary txiXye is dipped into water, the water is 
observed to rise to a height h ; the tube is withdrawn from the water, and a 
drop of radius r is formed at its extremity. If h' be the height of the suspended 
. water, measured from the bottom of the drop to the top of the column in the 
tube, prove that the surface tension is given oy the formula 

p denoting the density, and it being assumed that the drop is of spherical 
form. 


35. Two circular rings with a cominon axis at right angles to their planes 
support a closed liquid film containing air at a greater pressure than the cx- 

tornal air : shew that the ends <^f tho film are spheres of radius 

that the surface between the rings is a surface of revolution of which tho 

tV b . 

meridian curve has an intrinsic equation sin where 0 is the in* 

Cl X 

cli nation of the normal to the axis and x is the distance from the axis. 


36. Prove that, if fluid be drawn up by ca])illary action between two 

parallel vertical plates, the elevation at any ixnnt of the free surface above the 
undisturbed level is A/dii where h is the elevation of the vertex, s the 

arc of the free surface measured* from the vertex, the surface tension, T, is 

^gpc\ and the modulus 

37. A long circular cylinder of radius r entirely immersed in liquid, whose 
acute angle of contact with it is a, is gradually made to emerge, its axis being 
kept horizontal. Shew that conbict with the liquid finally ceases when the axis 
roaches a height h alK)ve the original and idtimatc level of the liquid given by 
the equations 

A=rcos ccos^ , 

^ sill - a) + 2 sin ^ - tanh ~ ^ sin ^ « 2 siii^- ~ taiih ~ ^ sin j , 

the ratio of the surfiice tension to the density of the liquid beiug \gc\ 


38. A drop of water hangs from the lower surface of a horizontal plate of 
glass ; if /i be the ratio of the surface tension to the specific weight of water, 
and u=iip(d<l)ld8)\ where s is the arc of the meridian curve of the drop, and 
0 is the "angle the tangent to the meridian curve makes with the horizontal, 
prove that 


(sin 0+m') (2 sin 0+3w')*=2tt tan (sec <i^ + tan (j ) . u'-X-u”) 

\ sec<^ tan^ / 


where 2 i'^du/d<l)f u"=d^u/d(l)'^. If the square of p be neglected, prove that the 
square of the curvature of the meridian curve is 


4 s er^dx 


where a’==^ tan^ and Xx is the value of x at the point of inflexion. 


39. A long wedge of vertical angle 2a, floats in water with its base hori- 
zontal and its top edge in the natural level of the surface. Provo that, if the 
capillary action at the ends be neglected, 

w - lo' = 22rsoc a (sin a + cos y), 

where w is the weight of the wedge per unit length, nf that of an equal volume 
of water, T the surface tension and y the supplement of the angle of capillarity. 
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40. A drop of mercury of volume V undor no external forces is pressed 
between two parallel glass plates at distance A, t being the surface tension, and 
^ the angle of contact for glass and mercury. Shew that the magnitude of the 
pressure required is 


where 


and 


A = 2a (dn^ M - ifc') du, V= 27ra^J^ (dn^ m - A') dn^ uduj 

=cotam ft cot (?‘+am jn). 


Shew that when the plates are very close together, the value of the pressure 
is, to a first approximation, 

2 Tiicosf 


41. A drop of fiuid under no forces except uniform external pressure and 
surface tension rotates as a rigid body about an axis ; shew that on the surface 
“ “jj - 1/^1 is constant, where TJi, JLj are the principal radii of curvature of the 


surface. 


42. Prove that, when the axis of 0 is along a downward vortical, and the 
origin suitably chosen, the surface of se[>aration of two fluids of densities fii, 
U 2 satisfies the relation 

where p, p' are the principal radii of curvature taken positive when the con- 
cavity is downwards, a^- 2 T/{gr(pi--p 2 )}f ^ i® capillary constant of 

the interface. 

Tf the surface is one of revolution about the 0 axis, shew that the approxi- 
mate equation (in cylindrical coordinates) of the jmrt near the axis is of the 
form 

2 (0 - 0o) ^ + A { zqO ^ -f- 200®) 

and indicate how, in the case of liquid in a tube, 00 can 1)e expressed in tenns 
of the angle of contact. 
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THE EQUTLIBRIUIM OF REVOLVING LIQUID, THE 
PARTICLES OF WHICH ARE MUTUALLY ATTRACTIVE 

186. If a liquid mass, the particles of which attract each other 
according to a definite law, revolve uniformly about a fixed axis, it 
is conceivable that, for a certain form of the free surface, the liquid 
particles may be in a state of relative etiuilibrium; since, hoAvever, 
the resultant attraction of the mass upon any particle depends in 
general upon its form, which is unknown, a complete solution of the 
problem cannot be obtained. 

For any arbitrarily assigned law of attraction, the (question is 
one of purely abstract interest, and it is only when the law is that 
of gravitation that it becomes of importance, from its relation to one 
of the problems of physical astronomy. 

Wo shall consider the fluid homogeneous, and confine our atten- 
tion to two cases; in the first of these the attractive forces are sup- 
posed to vary directly as the distance, and, in the second, to follow 
the Newtonian law. 

187. A homogeneous liquid mass, the particles of which attract 
each other with a force varying directly as the distance, rotates uni- 
formly about an aads through its centre of mass ; required to deter- 
mine the form of the free surface. 

The resultant attraction on any particle is in the direction of, 
and proportional to, the distance of the particle from the centre of 
mass ; and if ft be a measure of the whole mass of fluid, fjuv, py, pz 
may represent the components of the attraction, parallel to the axis, 
on a particle of fluid about the point x, y, z. 

Taking the origin at the centre of gravity, and axis of rotation 
as the axis of z, the equation of equilibrium is 

dp = /> — fw?) dx + {whj - py) dy — pzdz ] ; 

and therefore 

jp = C + Jp {(©® - /a) (as® + y®) -• pz% 
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At the free surface p is zero or constant, and the equation to 
^he free surface is 

.ho constant D depending upon a>, and upon the mass of the fluid. 

When o) is very small, the free surface is nearly spherical, and 
IS ©2 increases from 0 to /a, the spheroidal surface becomes more 
>blate. 

When a)- = /a, the free surface consists of two planes; to render 
ihis possible we may conceive the fluid enclosed within a cylindri- 
cal surface, the axis of which coincides with the axis of rotation. 

When ©2 > fi, the free surface is a hyperboloid of two sheets, 
^’hich for a certain value (©' )of © becomes a cone, the fluid filling 
bhe space between the cone and the cylinder. Taking account of the 
volume of the fluid, the value of ©' ctin be determined by putting 
= 0, since the pressure in this case vanishes at the origin. 

If © > ©', the surface is a hyperboloid of one sheet, which, as © 
increases, approximates to the form of a cylinder, and it is therefore 
necessary, for large values of ©, to conceive the containing cylinder 
closed at its ends. 

The results of this article, it may be observed, are e([ually true of 
heterogeneous fluid, whatever be the law of variation of density in 
thi* successive strata. 


188. A mass of homogeneous liquid, the particles ofiohich attract 
each other according to the Newtonian law, rotates uniformly, in a 
state of relative equilibrium, about an axis thi^ough its centre of mass; 
required to determine a possible frmn of the surface. 

For the reason previously mentioned a direct solution of this 
problem cannot be obtained, but it can be shewn that an oblate 
spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 


the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin,- on a particle 
at the point {x, y, z) will, be represented by. 


irrpx 


{(1 + V) tan-^ \ ' ^ 
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F= {(1 + X*) tan-> X - X}, 

Z » ^ {X - tan-> X} (1 + X«), 

parallel, respectively, to the axes*. 

The equation of equilibrium is 

dp SS5 p — X) di€ + “• Y) dy — Zdz\. 

But from the equation to the spheroid, 

xdx + ydy + (1 + zdz == 0, 

and as this must be a surface of equipressure, we must have 
- X\x = ^ Yly = - ^/(l + V) 

Hence we get 

CO* __ (1 + X®)tan“» X-X _ 2 (X - tan"^ X) 

27rp X^ X® 

6)* _ (3 4- X*) tan-' X - eSX 

2irp X» ^ 

If a and p are given, this eciuation determines X and thence the 
ratio of the semiaxes of the spheroid is known. 

To investigate the real solutions, let 

(3 + ai^) tan““' x — 3./* , 

^ — 

Substituting the series for tan"' a?, which is known to be 
convergent when a; < 1, we get 



. , dy (7** + 9) (a;® + 9) 

as* + 9 f 7ar* + 9a' . _i ) /s\ 

4 9 V 

= 

* These expressions wiU be found in Laplace’s M4eanique C^leste^ Poisson’s 
Micanique, Duhamel’s Mecanique, and Todhunter’s Statics, In the last named, 
the equation to the spheroid is (aj*+y*) a* +«*/a®(l -«*)=: 1, but the expressions 
used in the text will result from the expressions there given by putting 

By the use of X, irrational quantities are avoided. Equivalent forms are given 
in Kelvin and Tait’s Natural Philosophy, § 527* and Booth’s Analytical Statics, 
Vol. II. § 219. 
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The forms (7) and (13) shew that y vanishes for = and 
a? = 00 , respectively ; we shall shew that as x increases from zero y 
has one maximum value and only one. 

The sign of ^ depends only on that of /(a?), 
also when a? = 0, f(x) = 0, 


and when 


a?s=s 00 , 




TT 

2 ’ 


Again, we find that 




+ 1 )= (^ + 9 ) 2 ’ 


and this is positive from a; = 0 to a? = V3, and negative for all greater 
values of a*, so that /(a?) begins by being positive and increases as x 
increases to V3 and then decreases continuously; / (a?) therefore 
vanishes for a value of x greater than Vs. By the help of tables 
we can easily shew that /(2) is positive and /(3) negative, so that 
the value lies between 2 and 3. Also /(2*5) = *0025 approxi- 
mately, and Newton’s method of approximation gives for the 

root 2-6 - = 2-5 + -0293 = 2-5293... . 

/ (2‘5) 



maximum and its value is *2247. ' 


The graph of equation (^) is therefore as in the figure, in which 
however the ordinate is drawn on a larger scale than the abscissa. 

We conclude that if ©VZttp > *2247 the oblate spheroid is not 
a possible form of equilibrium, but if G>*/27rp < ‘2247 there are two 
spheroidal forms possible, for there are two real values Xj, Xj of the 
abscissa corresponding to every value of the ordinate less than *2247. 
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189. The ellipticity of the spheroidal forms. When there 
are two real values A.i, X2 of one is greater and the other less than 
2'5293. Let Xo be > \i, then iis is diminished we see from 

the graph that Xj decreases and X2 increases, and since Xg >2*5293 
therefore Vl + X2® > 2*72; but the ratio of the semiaxes is Vl +X®: 1, 
so that the larger value of X always represents a much flattened 
spheroid, and the smaller we take G>®/27rp the flatter does the sphe- 
roid become that corresponds to the root X2. On the other hand for 
small values of the root Xj will be small, and if e denote the 

ellipticity of the spheroid, we have 

c (1 + e) = c Vi + Xi* so that e = iXi^ approximately, 
and therefore from (7) 


(erj^TTp = 2 ( — 


4/1 

(2/1+ 1)(2^T) 



as far as the fii*st powc;r of e; or 

€ = ISw^/IGtt/o approximately*. 

Maclaurin was the first to prove that an oblate spheroid is a 
possible form of equilibrium of a rotating mass of homogeneous fluid, 
and the spheroids are therefore commonly called Maclaurin^s 
Spheroids. 


190. Application to the case of a fluid, the density of which is 
eqml to the eaHKs mean density. 

Assuming for the moment that the earth is a sphere of radius 
r and mean density p, the attraction at the surface, which also mea- 
sures the force of gravity (g) at the pole, is ^irpr. In.c.G.s. units 
g = 980 approximately and 27rr ==4x10*’ cm. 

Therefore in astronomical units 

p = 3^/47rr = 367*5 x 10-». 

If we make to^j^irp equal to its limiting value *2247 for the 
spheroidal form, and use the value just found for p, we obtain for 
the time of rotation 27r/tt) = 2 hrs. 25 mins. This is therefore the 
smallest time in which a homogeneous mass, of density equal to the 
earth’s mean density, could rotate uniformly in the form of an 
oblate spheroid. 

* For a disouBsion in which the value of ci^^/2irp is obtained correct to the third 
power of the ellipticity, see Darwin’s Scientific Papers, Vol. iii. p. 423. 
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Again, if we take for o) the earth’s angular velocity 


2ir 
24 X 


we obtain 

O)- 

2irp 


2ir X 10« _ 

24*^ X CO^ X 367-‘5 


*0023 approximately, 


which is less than the critical value *2247, so that for this density 
and angular velocity two spheroidal forms are possible, there being 
two real values for \ as explained in Art. (188). The larger value 
corresponds to a very flat spheroid, and the smaller gives a spheroid 
whose ellipticity is by Art. (189) 


1 I 

16% - i " 232 ""‘y- 

The earth, as is known by geodetic measurements, differs very 

slightly in its form from a sphere, im ellipticity being 299 * 15 *' 

is the axes of the spheroid are in the ratio 300‘15 : 29915. The 
fact that the axes of the homogeneous fluid spheroid, of the same 
mean density as the* earth and rotating in the same time, are, as 
we have just seen, in the ratio 233 : 232 shews that it is extremely 
unlikely that the earth was at any period of its history a homo- 
geneous fluid mass. 


191. The prolate spheroid not a possible form. It must 
be observed that we have not solved the general probleiii ot the 
form of a mass of rotating fluid in relative eciuilibriuin, but merely 
shewn that if < ’2247 an oblate spheroid is a possible form. 

And we notice that this result is independent of the mass of the 
fluid and depends only on the density and angular velocity. 11 
ft)-/ 27 rp > *2247, it does not follow that etpiilibrium is impossible but 
only that there is no oblate spheroidal form possible in this case. 

To examine whether a prolate spheroid is a possible form we 
may write — instead of V in Art. (188), where V is to be < 1 . 
E( juations (a) and (y) of that Article then give 

V _ X.'2W 

27rp” 7(2« + i)(2M-h3) ’ 

which is impossible because the opposite sides of the equation are 
of unlike signs. Hence a prolate spheroid is not a possible form of 
equilibrium. 

* See Encyc. Brit. Art. Figure 0 / the Earthy by A. R. Clarke andF. R. Helmert. 
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192. An important distinction has been pointed out by Poisson 
(Tome II. p. 547) between the surfaces of equal pressure in a fluid 
at rest under the action of extraneous forces, and in a fluid at rest, 
or revolving uniformly about a fixed axis, under the action of the 
mutually attractive forces of its particles. 

Let ABG be the free surface, and DEF any surface of equal 
pressure; then, in the former case, the resultant force at any point 
of DEF is perpendicular to the surface at that point, and is un- 
affected by the existence of the fluid between ABC and DEF] this 
fluid could therefore be removed without affecting the equilibrium 
of the fluid mass bounded by DEF, In the latter case, the force at 
any point of DEF, although perpendicular to the surface at that 
point, is the resultant of the attractions of the mass of fluid con- 
tained by DEF, and of the mass contained between DEF and ABG ; 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external to DEF cannot 
in general be removed without affecting the ecjuilibrium of the 
remainder. 

If, however, the fluid be homogeneous, and the particles attract 
each other according to the Newtonian law, so that the free surface 
may be spheroidal, the surfaces of equal pressure will be simikr 
spheroids; and in this case, since the resultant attraction of an ellip- 
soidal shell, bounded by two concentric, similar, and similarly situ- 
ated ellipsoids, on an internal particle is zero, the portion of fluid 
between ABG and DEF may be removed, provided the rate of rota- 
tion remain unaltered. 

Moreover we have shewn. Art. (188), that for a given value of 
CO not exceeding a determined limit, there are two possible spheroi- 
dal forms; let ABG, the free surface, have one of these forms, and 
describe within the fluid mass a concentric spheroid, GHK, similar 
to the other spheroid; then the fluid between ABG and OHK may 
be removed without affecting the fluid mass OHK, 

The action of the shell upon a paHicle at a point P of the sur- 
face GHK is not perpendicular to the surface at P, but this action, 
combined with the attraction of the mass GHK, and the hypothe- 
tical force measured by co^r, is perpendicular to the surface, at P, of 
the spheroid passing through P, which is concentric with, and 
similar to, the surface ABC, 

In other words, the direction of sensible gravity, that is, of the 
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weight, of a particle on the surface is normal to the surface, and of 
a particle inside, normal to the surface *of equal pressure which 
passes through the particle. 

In the same manner if the free surface, ABC, have one of the 
possible forms, we can imagine a concentric shell of liquid added to 
the mass, and having its outer surface of the same form, or of the 
other possible form. 

In the former case, ABC will still be a surlkce of equal pressure, 
but, in the latter case, ABC will cease to be a surface of equal 
pressure, since the new surfiices of equal ijressure will be similar 
and similarly situated to the outer surface. 

193. If a fluid mass be set in motion, about an axis through its 
centre of mass, with an angular velocity such as to make the value 
of G)^/2'!rp greater than the limit obtained in Art. (188), it does not 
follow that the fluid cannot be in equilibrium in the form of a sphe- 
roid, for it may be conceived that the mass will expand laterally 
with reference to the axis, taking a more flattened shape, until its 
angular velocity is so far diminished as to render the spheroidal 
form possible. 

If the mass consist of perfect fluid, its form will oscillate through 
the spheroid of equilibrium, but if, as is the case in all known fluids, 
friction be called into play by the relative displacement of the par- 
ticles, the oscillations will gradually diminish and at length a posi- 
tion of equilibrium will be attained. Employing the principle that 
the angular momentum of the system, relative to the axis, will 
remain constant, we can detennine the final angular velocity, and 
the form ultimately assumed. 

Considering the question generally, suppose the mass of fluid 
set in motion in any way, and then left to itself; the centre of mass 
will be either at rest or moving uniformly in a straight line, and all 
we have to consider is the motion relative to the centre of mass. 

Draw through the centre of mass the plane, in the direction of 
which the angular momentum is a maximum; then, however during 
the subsequent motion the fluid particles act on each other, this 
plane, which may be called the ‘momentar plane, will remain fixed, 
and when the motion of the particles relative to each other has been 
destroyed by their mutual friction, the axis perpendicular to this 
plane will be the axis of rotation of the fluid mass in its state of 
relative equilibrium. 
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Let H be the given angular momentum of the system, and ® 
its ultimate angular veldbity. 

Taking c and c V(1 + ^r the axes of the spheroid of equi- 
librium, and M for the mass, the expression for the angular momen- 
tum is + V) 6) ; 

we h.ave also i ’ t/jc* (1 X") = il/, 

and from these two equations, combined with the equation 
^{3 + X») tan-‘ X - 3X ^ 

27r p V 

jihe values of c, «, and X can be determined. 

From the first two we obtain 

2nrp i.- 

f(3 + V) t.an-;X -^3X) ,, . _ 25H‘ /4irpV' 

X* 1 


(l + X^""; 




is the equation which determines X. 

The equation always has a root, for the left-hand member van- 
ishes and becomes infinite with X, so that it ought to take a value 
equal to the positive constant on the right-hand side for some value 
of Xbetween zero and oo . It can be shewn moreoverthat there is only 
one positive root, for the derivative of the left-hand member can be 
shewn to be positive always. Therefore regarding H and M as 
given quantities there is one spheroidal form and only one, towards 
which the oscillating fluid mass continually approximates. 

This discussion may be found in Laplace^s Mecanique Celeste ^ 
Tome II. p. 61; Pont6coulant s Systhne die MondSy Tome ir. p. 409 ; 
and in Tisserand's Mecanique Celeste, Tome ii. p. 96. 


194. JacobPs Ellipsoid. It was discovered by Jacobi that an 
ellipsoid with three unequal axes is a possible form of relative equi- 
librium for a mass of rotating liquid. 

The following proof of JacobPs theorem is taken from a paper 
by Liouville in the Journal de Vilcole Polytechnique, Tome xiv. 

Taking the axis of rotation for the axis of z, suppose, if possible, 
that the surfixee of the liquid is of the form given by the equation 


a?® V® 

L - 4- 

l+X^^l+V- 


= 


( 1 ). 
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Then, if ilf be the mass of the liquid, the resultant attractions 
on a particle at the point {x, y, z) of the surface are respectively 

Ax, By, and Cz*, where 

_^M p v f^du 

jo(r+ X^)^f’ 

u^du 


B 


= f ‘ 

C* io< 


....( 2 ). 


, (1 + H ' 

„ 31f /■* u*du 

H ’ 

H representing the expression 

V(1 + 

The differential eejuation of the free surface is 

{Ax — w®a') dx + {By — m‘y) dy + Czdz — 0, 
and therefore, if the free surface be the ellipsoid (1), 

{A - w») (1 + X“) = {B- or) (1 + X'->) = (7 
Eliminating <o^, we obtain 

(1 + X») (1 + X'O {A-B) = C (X’» - X®), 
and, substituting for A, B, and C, this reduces to 

Rejecting the solution V = which leads to the case ol an 
oblate spheroid, and transposing, we obtain 

r I - ^ Q ^ ( 3 ) 

Jo 

an equation which, if A. be assigned, determines X'. 

Assigning a positive value to X* the left-hand member ol the 
equation is positive if X' = 0, and is negative if X' = oo ; hence there 
is a positive value of X'^ which will satisfy the equation. 

Moreover, from the equations (2), 

^ ^ ~ i + V 
_3^f* \<‘{l-uj)u‘du 

"■i^Jo(l + X»)(l + XV)-ff 

and is therefore a positive (][uantity. 


•( 4 ), 


* See the MScanique Celeste^ Tome ii.; Duhamel’s Cours de Mecanique; or 
Minohin’s Statics^ Vol. ii. p. 306. 
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Hence it is completely established that an ellipsoid with three 
unequal axes, the smallest of which coincides with the axis of rota- 
tion, is a possible form of the free surface. 

From equation (3) it is clear that we must have > 1, other- 
wise the integrand would be positive throughout the whole range 
of integration and could not vanish. Hence either or V* must be 
> 1, and therefore a/c or hjc must be greater than V2, so that the 
cllipticities of a Jacobian ellipsoid cannot both be small. 

196. The resultant action of gravity at the surface is the result- 
ant of the forces {A — 6)^) x, (B — co^) y, and Cz, and is therefore 
inversely proportional to the perpendicular from the centre on the 
tangent plane. 

Also, bearing in mind that the attractions of the liquid on an 
internal particle are Ax, By, and Gz, and utilizing Leibnitz's theo- 
rem, it is easily shewn that the resultant stress across any central 
plane section is perpendicular to that plane, and proportional to its 
area. 

196. It was pointed out by Mr Todhunter, and demonstrated 
in the following manner, that the relative equilibrium of the 
rotating ellipsoid cannot subsist when the axis of rotation does not 
coincide with a principal axis. 

Referred to the principal axes, let I, m, n be the direction co- 
sines of the axis of rotation, M any point {x, y, of the mass, and N 
the foot of the perpendicular from M upon the axis. 

Then ON = ia? + my + nz, 

and, if ON *= v, the co-ordinates of N are Iv, niv, nv. 

The acceleration osi^MN, when resolved parallel to the axes, gives 
rise to the components 

0)2 {x — lv)y w® (y - mv), 0 )® {z — tiv ) ; 
therefore the differential equation of the free surface is 
[(o%x - Iv) -Ax}dx-\- {c»®(y - mv) - By] dy + {toXz - nv) - Cz] dz = 0: 
hence the form of the free surface is given by the equation 
CO® (a® 4- y® + z^) — 0 )® {lx 4- my 4- nzy — Aa^ — By^ — Cz^ = constant, 
and this cannot represent an ellipsoid referred to its principal axes 
unless two of the quantities I, m, n vanish. 

Mr Greenhill remarks that a particle of the liquid at the end oi 
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the axis of rotation will be at rest under the action of the attraction 
of the liquid alone, since the expression ©V vanishes at that point. 

Hence the attraction on the particle must be normal to the 
surface, which is only the case at the end of an axis. 

197. The following demonstration of Jacobi’s theorem was given 
by Archibald Smith in the first volume (page 90) of the CavibHdge 
Mathematical Journal, in 1838. 

If a mass of liquid revolves, as if rigid, about the axis of z with 
the angular velocity to, and if X, F, Z are the components of the 
attraction at the point {x, y, z), the equation of the free surface is 

{X — G)^x) dx + {Y — (o^y) dy + Zdz = 0. 

Now, if the free surfape is an ellipsoid, 

X = Ax, Y=^By, Z==Cz, 
where A, B, G arc independent of x, y, z. 

Hence, if a, b, c are the semi-axes of the ellipsoid, we have if 
possible to identify the equations 

(A — (o^) xdx -f- (fi — o)®) ydy H- Czdz = 0, 


We must therefore satisfy the equations 

= C=|, 

from which, by the elimination of \ and (o\ we obtain 

a;%^(B^A)-(a^^b^)c^C=0 

Now, if D = {(a^ + u) (5- + u) (c® + w)}^, 

and if M is the mass of the liquid. 




-w: 


du 


du * 


du 
(6® + u) 


(c® +u)JD 

The equation (a) then becomes 


(a-- 6.)]; 5 


du( 




^1 = 0 . 

(H + Jtj 


((a“ + !i) (6® + w) c“ - 
* See Kelvin and Tait'a Natural Philosophy, Art. 494 n, or Minchin’s Statics, 
Vol. II. p. 308. 

B. H. 14 
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If a is diflferent froin 6, the relation between the axes must 
satisfy the equation 


r* udu /I 

0 W 


1 1 ^ 

c- ^ a^lr) 


m 


If a and b are given, this is an equation for determining c, and, 
since the left-hand member is negative when c = 0, and positive 
when c = 00 , there must be one real value of c which s«atisfies the 
equation. 

Since ujD^ is positive, and since 

*1 1 __ 1 . 

(jC^ ^ 6^ c- a-6- 


is positive if u is large enough, it follows that, when ?/ is small, this 
last expression must be negative. 

Hence it appears that 


1 11 
c» ^ 6= ’ 


and therefore that c is less than the least of the two quantities a 
and 6. 


To find the angular velocity, we have 


Jo 


udu 




and therefore, if a is different from b, 


0)® 



iidu 

(a'-^ + w) {b^-^uyD 


iy\ 


and, this expression being a positive quantity, a possible value of 
CD is obtained, and it is established that an ellipsoid with three un- 
equal axes is a possible form of a mass of liquid rotating about the 
smallest axis. 


198. Thato must be the least axis may also be seen as follows : 
. oM - <?C 


^SM _ £ )du 

2a»;o K + m c^ + ui*D 

-= (a3 —qi) r° 

2a* ^jo(a» + 


0 (o* + m) (c* + a) jD ’ 



EQUILIBRICTM OF REVOLVING LIQUID 211 

which shews that for (o to be real, we must have c < a, and similarly 

c <b. 

199. Wc notice that the forms given for B, C in Art. (197) 

can be reduced to those given in Art. (194) by writing c® (1 + X-*) 
for a’-, (1 + X' 2 ) for and for c* 4 - u, so that equations (/ 8 ), ( 7 ) 

of Art. (197) are the same as ( 8 ) and (4) of Art. (194). If the mass 
of the fluid M be given, we have also an equation ^irpabc == M, and 
this e(j[uati()n together with ( 7 ) of Art. (197) may be regarded 
as determining a, b, c in terms of if, p and o). 

These equations were investigated by C. O. Meyer*, and a full 
discussion will also be found in Tissorand’s Traite de Mdcanique 
Celestey Tome 11 . Chap, vii.f, shewing that the maximum value of 
ct)Y27rp that will make a Jacobian ellipsoid a possible form of equi- 
librium is *18709, and that for this particular value the ellipsoid is 
one of rotation coinciding with one of Maclaurin s spheroids. It is 
further shewn that this value gives a unique maximum to the func- 
tion on the right-hand side of equation ( 7 ) of Art. (197), and that 
for smaller values of there is one and only one ellipsoid. 

To summarize our results relating to Maclaurin’s spheroids and 
Jacobi’s ellipsoids, we have : 

if Q)‘-/27rp > *2247, no spheroidal or ellipsoidal form, 
if *2247 > w 727 rp > *18709, two oblate spheroids, 

and if *18709 > two oblate spheroids and one ellipsoid 

with throe unequal axes. 

200. We have seen (Art. 194) that the ellipticities of a Jacob- 
ian ellipsoid cannot both be small, in fact that one of the axes is, 
in every case, at least V 2 times the axis of rotation. In a complete 
discussion of the Jacobian ellipsoids containing numerical tables 
and diagrams Darwin remarks that the longer the ellipsoid the 
slower it rotates; that, while the angular velocity continually dim- 
inishes the moment of momentum continually increases, and that 
the long ellipsoids are very nearly ellipsoids of revolution about an 
axis perpendicular to that of rotation. 

* Crelle'8 Joarnah Tome xxiv. (1842). 

t For an abstract of the analysis see Appell, Traite de Mecanique Rationnelle, 
Tome III. p. 170. 

t “ On Jacobi’s Figure of Equilibrium for a rotating mass of fluid.” Proc. Royal 
80c, Vol. XLi. (1887), p. 319, or Scientific Papers, Vol. in. p. 119. 
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201. Elliptic cylinder. It can also be shewn that, theoretic- 
ally, an elliptic cylinder is a possible form of the surface of an infi- 
nite mass of homogeneous gravitating liquid, rotating, as if rigid, 
about the axis of the cylinder. 

If a and b are the semi-axes, the components of the attraction 
at the internal point y are 


4}7rpbx 
a + b 


and 


Cl -f- 6 


(Kelvin and Tait, Art. 494 p), and the e(piation of the free surface 
is therefore 



Identifying this equation with 
xda- ydy 

we find that 

6)'^ = 47rp(i6/(a + by. 

This determines co when p, ci, b are given; but if cd, p arc given 
we see that since 

b _ A _ 

Cl + 6 V Trp 

an elliptic cylinder will not be a possible form of (Hpiilibrium un- 
less G)® < TTp. 


202. Poincar^^B Theorem. We have seen that a Jacobian 
ellipsoid is an impossible form of relative equilibrium if 

a)V27rp> -18709, 

an oblate spheroid is impossible if (o^j2irp > *2247, and an elliptic 
cylinder is not a possible form if orj^irp > -6 ; Poincar6 has proved 
that if id^l27rp > 1 th£re is no figure of equilibrium possible*. For a 
necessary condition of equilibrium is that at every point of the free 
surface the resultant of the attraction and centrifugal force should 
be directed towards the interior, otherwise a part would be detached. 
Let V be the potential of the attracting forces and r the distance 
from the axis, and let 

£7 = F + iwV*. 

* Bulletin Astron. Tome ii. p. 117^ or Figures d'€quilihre dUine masse fluidet p. 11. 
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dU 


The resultant outward normal force is and, for equilibrium, 

dU 

at every point of the free surface ^ must be negative. By 


Green’s Theorem ^ where the first 

integral is taken over the surface and the second throughout the 
volume of the fluid. And 


V2 ?7 = V27^2ft)2 = -47rp + 2a)-. 

Therefore 

and if > 27rp, the left-hand member is positive, which implies 
that at some points on the surface the resultant force is directed 
outwards and therefore equilibrium is impossible. 


f = 2 (ft>- — 27rp) X volume, 


203. Other equilibrium forms. In addition to the forms that 
we have considered, the annulus was first considered by Laplace* 
in connection with the theory of Saturn’s rings, and has since been 
the subject of much investigation. 

In the second edition of Kelvin and Tait^s Natural Philosophy ^ 
§ 778'' a number of results relating to the stability of the forms 
already discussed were announced without proof. In attempting to 
establish these results, Poincar6 was led to write a celebrated paper 
which appeared in the Acta Mathematica, 7, Stockholm, 1886. In 
this paper the problem of figures of equilibrium is discussed in a 
more general manner. It is shewn that possible figures of equili- 
brium form linear series, that is, series depending on a single para- 
meter, such as the angular velocity, and such that to each value of 
the parameter corresponds either one and one only, or else a finite 
number of figures, and such that these figures vary in a continuous 
manner when the parameter is varied. Thus the Maclaurin’s sphe- 
roids form a linear series, and Jacobi’s ellipsoids form another. It 
may happen that the same figure belongs to two distinct linear 
series; such’ a figure is called a form of ‘bifurcation.’ Thus there 
is a particular member of the series of spheroids which at the same 
time belongs to the series of Jacobi’s ellipsoids. Poincar^ also con- 
sidered, in this paper, the question of the stability of forms of equili- 

* Micanique Celeste, Tome ii. p. 155. See also Tisserand, M€canique Cileste, 
Tome II. Chapters ix, x, xn, where the researches of Laplace, Clerk Maxwell, and 
Mme Kowalewski are^iscussed. 
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brium, and shewed that if a series of figures are stable up to a form 
of bifurcation then beyond that point the figures are unstable, the 
stable figures now belonging to the other series involved in the 
form of bifurcation. Thus Maclaurin’s spheroid is stable only so 
long as its eccentricity is less than *8127, which is the point of 
bifurcation, and at this point Jacobi’s ellipsoids become stable. In 
attempting to find points of bifurcation in the series of Jacobi’s 
ellipsoids by the use of Lamp’s functions, Poincar6 found that there 
are an infinite number of series of figures of equilibrium. All the 
figures are symmetrical with regard to a plane perpendicular to the 
axis of rotation ; they all have at least one plane of symmetry pass- 
ing through the axis and some of them arc figures of revolution. 
Among these figures only one is stable and it has only two planes 
of symmetry; it is the form that arises from the first bifurcation in 
the series of Jacobi’s ellipsoids and has b(‘en called the pear-shaped 
figure of equilibrium, because of the resemblance to a pear of the 
figure sketched in PoincarcAs paper* Further investigation how- 
ever has shewn that the true form has less resemblance to a pear 
than was at first supposed; it has been discussed by Darwin in two 
papersf, and its form determined to a second approximation. At 
the point of bifurcation the axes of the Jacobian ellipsoid are as 


B 



o c 


* Loc, cit. p. 347, also Figures iVequilibre (Tune niasse Jhiide, p. 161. 
t On the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil, 
Trans, Vol. 198 A (1901), p. 301, or Scientific Papers, Vol. in. p. 288, and “ The 
stability of the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil^ 
Trans. Vol. 200 A (1902), p. 251, or Scientific Papers, Vol. iii. p. 317. For a simple 
account of the stability of these figures see also an interesting paper by the same 
author on “The Genesis of Double Stars,” being Chap, xxyiii. in the volume Darwin 
and Modern Science, 
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65066 : 81498 : 188583, and = 14200 ; and the pear-shaped 

figure represents a small departure from this Jacobian ellipsoid, 
which takes the form of a protuberance at one end of its longest 
axis, and a blunting of the other end. 

In the accompanying figures taken by permission from the se- 
cond of Darwin’s papers just referred to, the dotted line represents 
the Jacobian ellipsoid, and the other curve the pear-shaped figure ; 
the upper is the equatorial section, and the lower is the meridional 
section in the plane of symmetry. 

204. The following expressions for the attraction of a solid 
homogeneous ellipsoid of small ellipticities are often of use in dis- 
cussing the forms assumed by masses of rotating lupiid ; viz. if «, 
5, c, the semi-axes, are such that 5 =* a (1 — e) iind c = a (1 — 
then the component attractions at an internal point (jx, y, z) are 

Apx, Bpy, Cpz, 
where .4 = ^tt (1 — — tri)i 

Th(*se expressions may also be written in the symmetrical form 
. . /_ 2 2a - 5 - 


= f TT 


& a- k\ 


where & = ^ (a + 6 + c). 

205. Example, inas^ m of homogeneous liqmd aiui a distant sphere of 
mass M receive in relative equUihriumaiout their centre of gravity wUh a small 
uniform angular velocity o>; shew that the free surface of the liquid is an ellipsoid 
of small ellipticities with its longest oasis pointing to M and its smallest axis at 
right angles to the ptane of motiwi^ and that the ratio of the ellipticities oj the 
principal sections passing through the line joining the centres of gravity of the 
bodies is 4Jf-hm : 3M+. (Math. TriiK)s, 1888 .) 

If d is the distance between the bodies, the centre of gravity 0 of the 

mass m has an acceleration and 0 may be reduced to rest if we apply this 
acceleration reversed to every element of the liquid mass. 


* See Eouth’s Analytical Statics, Vol. ii. § 221 (2nd edition), 
t Problems of this class were discussed by Laplace in the third book of the 
Mecanique Celeste^ 
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If A M the centre of gravity of the mass M, and P any point in the liquid 
mass, the forces at P are towards A, 

parallel to AO, the force due to the 
self-attraction of the liquid and the centri- 
fugal force. Now along PA is equi- 
valent to PO along PO and . OA i)arallel to OA, 



The former 


to the first order of r/d. 


fiMr 

{^2 4 - _ ^dr cos 3} ^ 


fiMr 


The latter combined with 


tiM 

A('P 


iJ4-r-«-2<frcosd*« d^ d^ \ ) 


__ 3/iJfrco.sd 


parallel to OA. 

If we assume an ellipsoidal form and take the axis of sc along OA. and Oi 
for axis of rotation, we have 

= 0,2 (,ijdx’\‘ydy) - Ap.vdx - Bpydy — Cp zdz - dr - 1 - - dx. 

And the free surface must be (jf the form 


^ {Cf, + . 

Now sinco the masacs are wtating about their centre of gravity O with 
angular velocity a, 


but 


(J^+m)Oe=J/d; 

. ,.8 f* (■*/■+’"). 
• • “ rf. > 


__ 0)2 2 3jif 
” p ^ Jf+m* 

since &^lp and a~& are small. 

So also aU ^{a» (l + 

«* g4i/’+W 

““ ~~ ® ~ I 

p- iW+W 
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But from the last Article, 

- fcsfl = S IT |(o* - 60 - S a* + S 6* 

and to get a result correct to the first order of the small difference a - 6 we may 
put k—hs^a\n the last factor, so that 


Similarly 


Hence 


a^A - I J wa (a — b). 
a^A^c^C=^\*^rra (a-c). 

a — f* ~ a^A - <^C ”” 4 J/+ m 


EXAMPLES 

1. A thill sjilierioal shell of radius a is just not filled with gravitating 
liquid of density p. If the liquid lie rotating in relative equilibrium witli 
angular velocity q> about a diameter, prove that the tension in the shell across 
the great circle at right angles to the axis of rotation is at any point in that 
circle eipial to Ko^pa^jH. 

2. A rigid spherical shell is jii.st filled with gravitating fluid consisting of 
a nucleus surrounded by a shell of lighter fluid. The wluile is made to rotate 
about a diameter. Shew that an oblate .spheroid is a possible form for the 
surface of seiiaration. 

3. A rigid ,s]»hcrical shell contains two liquids which do not mix, and the 
whole system rotates as if rigid about an axis through the centre of the sliyoll. 
Find the greatest angular velocity for which tlie common surface is spheroidal 
and does not touch the shell, and prove that, when the angular velocity does 
not exceed this value, the eccentricity of the spheroid is independent of the 
radius of the shell. 

4. A mass of liquid of density pi is surrounded by a mass of liquid of 
density p and the whole completely tills a case in the form of an oblate 
spheroid of small ellipticity e ; if the c;iso rotates about its axis with small 
uniform angular velocity o), prove that a possible form of the common suifjicc 
is an oblate spheroid of ellipticity €i given by 

15a)^/16»r = €ipi+§ (fi — f) p. 

5. A case in the form of a prolate s])hcroid of small ellipticity e is filled by 
a fluid nucleus of density p + cr surrounded by a fluid of density p. Shew that, 

if it robites round its axis of figure with angular velocity Q 7rp€^ , a possible 
form of the common surface is a sphere. 

6. A mass of homogeneous liquid of density p completely fills a case in'^he 

form of the ellipsoid and rotates as a rigid body aboht 

the lino afl^^ylm^zln with uniform angular velocity ca; shew that if ^\p is 
the greatest excess of the pressure at the centre over the pressure at a point 
on the surface. 



A"-X/a2 i?-X/62 


where Aa\ By^ Cz are the components of the attraction at an internal point. 
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7. A unifonn sphere formed of ordinary attracting matter and of radius a, 
describes a circle with small uniform angular velocity 6> about a distant centre 
of force, which attracts inversely as the square of the distance. Prove that if 
the sphere is completely covered with water whose self-attraction can be 
neglected, the volume of the water must be greater than 

where g is the value of gravity at the surface of the sphere. 

8. Twt) gravitating liquids which do not mix, and whose densities arc p, 

ar{p>ar), are enclosed in a rigid spherical envelope, and the whole rotates m 
relative equilibrium with a small uniform angular velocity a> about a diameter 
of the sphere. Shew that a ptissible fonn of the common surface of the two 
liquids is an oblate spheroid of ellipticity + 

9. An infinite homogeneous cylinder of moan radius a, of small ellipticity e 
and density p, is surrounded by a imiss of homogeneous liquid of density (t, 
The whole revolves about the axis in relative equilibrium under its own 
attraction with uniform angular velocity cd. If a is the mean radius of the free 
surface, prove that a possible form of the free s\irtace is an elliptic cylinder of 
small ellipticity 

TTd^ (p — O’) f / (27r (p — O’) + TTO’Q'^ — a^. 

10. A given mass of gravitating fluid of density p can rotate in relative 
equilibrium with angular velocity Q with its free surface in the form of an 
ellipsoid with three unequal axes, the greatest semi-axis being a. A rigid 
vessel of this form is now made and the fluid in it is set rotating with the 
vessel ill relative equilibrium with angular velocity q> about the least axis. 
Prove that the pressure at any point of the surface is 

hp (o)^ “ 12®) +y®) or ^p (o)2 - 12‘^) (.i;2 -f-y-i - 

according as <o is greater or less than Q. 

11. A solid sphere of meiin density p is covered by a thin layer of liquid 
of unifonn density tr. The whole rotates with small uniform angular velocity o> 
alKJut an axis through the centre of the sphere; the solid sphere attracts 
according to the law of the inverse square as if concentrated at a point on the 
axis at a small distance c from its centre, and the liquid also attracts jiccording 
to the law of the inverse square. Shew that the outer surface of the liquid is 
apnroxiniately a spheroid of ellipticity 15a)-/87r (5p - So-), with its centre at 
a aistance pc/(p - <r) from the centre of the sphere. 

12. A solid gravitating sphere of radius a and density p is surrounded by 
a gravitating liquid of volume .\7r (6® - a®) and density o-. The whole is made 
to rotate with small angular velocity «, Shew that the form of the free surface 
of the liquid is the spheroid of small ellipticity c given by 

*“8n-{5'(p-(r)a3+2er«»»}’ 
and is Legendre’s coefficient of the second order. 

13. A mass of homogeneous liquid, of density p, and volume — a®), 

surrounding a fixed solid spherical core of nvdius a and density o*, is rotating 
)is if solid with small angular velocity a> about the polar axis, under its own 
attraction, that of the core, and the aUraction of a particle of small mass M 
situated on the polar axis at a distance c from the centre of the sphere. 
Determine the form of the free surface, no portion of the sphere being uii- 
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covered ; and prove that the volume of liquid on the half of the sphere nearest 
to M is greater than if M were not present by 


\^ii 




(<r-p)-+ 


Discuss the case when p is neai’ly equal to or. 


14. A homogeneous gravitating fluid just does not fill a rigid envelope in 
the form of an obLate ellipsoid. The fluid is rotating in relative equilibriuni 
round the polar axis with kinetic energy E. If it rotates with kinetic energy E\ 
tlie envelope is a free surfixee of zero pressure. Prove that, for all values of E 
xvhether gretater or less than the tension per unit length across the 
equatorial section of the envelope is 

15A’-A\ 

32 .1 ’ 

where -.1 is the area of a ])olar section of the ellipsoid. 


15. A nearly s^iherical solid of mass the equation to whose surhice is 

S' mass m of liquid on its surface, the solid and liquid 
attracting according to the Nowtouiaii law, and the whole robites about the 
.i\is of the harmonic with angular velocity (d. Shew that the equator will be 
uncovered if m<9oJ//(l!2X — 4) -5fi)2rt3y(iox -6), and that the poles will be 
uncovered if /a<6ai//(3X— l) + 5o)W/(r)X->3), where X is the ratio of the 
density of the solid to that of the liquid. 

16. Assuming the Earth to consist of a fluid supounding a solid s 2 >herical 
nucleus, iirove that the ellipticity, sujiposed small, is given by 

Dip 

‘ ”* 4/5+2 (i>/p-'l)’ 

where m is the ratio of the centrifugal force at the equator to the gravity' there, 
/) IS the mcfxn density of the whole Earth, and p the density of the fluid. 

Deduce the cases of 

(1) a completely fluid Earth, 

(2) a very shallow sea on a solid nucleus, 6=J»a. 
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1. A quantity of elastic fluid whose particles attract one another according 
to the law of nature fills a sphere in whose centre resides a central force 
The radius of the sphere is c and the mass of fluid (2ic-/jt) c, where pic=p. 
Show that the conditions of equilibrium are satisfied if p varies inv^ei’sely as 

2. A sphere (radius c) is just filled with water, and rotates about a vertical* 

axis with angular velocity <o, such that ; prove that the pressure in 

the surface of equal pitissure which cuts the sphere at right angles is 3^pc/4, 
p being the density of water. 

3. A mass of liquid is contained lietween throe co-ordinate planes, each of 
which attracts with a force varying as the distance, and the absolute forces of 
attraction p, p.” are in harmonic progression. Half an ellipsoid is fixed with 
its plane face against one of the co-ordinate planes, and its surface touc'hiiig 
the other planes, its axes being parallel to the* co-ordinate axes and inversely 
proportional to 

s/p, 

If there l)o not sufficient fluid quite to cover the olli]>soi(l, the uncovered 
part will 1)0 bounded by a circle. 

4. A mass of licpiid is subject to the mutual gi'avitation of its [larticlcs, 
and to a re])ulsive force tending from a plane through its centre of gravity and 
varying as the perpendicular distance from that piano ; shew that the conditions 

oquilihrium will lie satisfied if the smface be a jirolate spheroid of a certain 
ellipticity, jirovided the repulsive force be not too great. 

5. A triangular area is immersed in a fluid with one side in the surfi\ce ; 
the ellipse of largest possible area is inscribed in it ; show that the dei)th of 

the centre of pnwsure of the remainder of the triangle is the 

3o<yr3“ IZfT 

depth of its lowest point. 

6. Fluid self-attracting, according to Newton’s law, just tills a vessel in the 
form of the ellipsoid +^2 + ^=1 ; find the jiressiirc at any point, and the 
l)oints of maximum and minimum pressure on the vessel. 

7. If a, 3, y, 8 he the depths of the corners of a quadrilateral area which 
is wholly immersed in liquid, and A the depth of its centre of gravity, the 
depth of its centre of pressure is 

i («+^ + y+d) — +0^ + 08 + /88H-yfi). 

8. A conical vessel of height A, vortex downwaixis, is filled with liquid the 
density of wliich is Xo?, .r being the depth. This is poured into another vessel 
in the form of a surface of revolution, and it is found that the new density is 
pj?®. Prove that the form of the vessel is given by the equation 

^ ^ tan* a. 

9. An embankment of triangular section A^C supports the prossui'o of 
w’ater on the side BC : find the condition of its not being overturned about the 
angle A when tlie water reaches to B, the vertex of the triangle: and shew 
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that, when the area of the triangle is reduced to the minimum consistent with 
stability for a given depth of water, 


3 -« ’ 


tan J 




where s is tlie specific gravity of the embjuiknient. 


10. A mass of fluid is in equilibrium under the action of its own attracticm : 
prove that the pressure at any point (a?, y, z) is given by tlic equation 


where p is the density at (a?, y, z). 

An infinite mass of fluid such that where k is a constant, surrounds 

a rigid spherical shell and is in ecpiilibrium under its own attraction, the 
pr(issurc at infinity being n : find the j)rcssui*o at any point. 


11. A bridge of boats supports a plane rigid roadway AB in a horizon tfil 
l)osition. When a small moveable lo<id is placed at G the bridge is depressed 
uniformly ; when tlie load is placed at a point C the end A is unaltered in 
level ; when at D the end B is unaltered in level ; and when at P the point y 
of the roadway is unaltered in level. 

Prove that AG , GC=BG . GD=^PG , GQ\ and that the deflexion produced 
at a point li by a load at P is ediial to the deflexion produced at P by the sjimc 
load at R. 


12. A cup floats upright in oil, and is ballasted with water ; find its form 
and sketch it, when the difference of level of the two li(piid surfaces is the Siune 
for all degrees of immersion. 

13. If a liquid be inclosed in a vessel of any form and be allowed to run 
into another vessel of diftcrent form, and if p be the pressure at a?, y, 2, in either 
of the vessels referred to rectfingular co-ordinates independent of thorn, the 
difference betwtxin the two values of |jj pdxdydz differs from the work done 
by the liquid in running from the uiqjer to the lower vessel by the work 
required to bring the surface of the fluid in the lower vessel to the same hori- 
zontal plane with the original surface in the upper. 


14. A vessel in the shape of a paraboloid of revolution contains sumo fluid 
which is rotating about the vertical axis of the paraboloid. Find the angular 
velocity when the fluid begins to spill, and shew that, if this is the vessel 
must have been half full of fluid. 


If the paraboloid be not of revolution but of the form -£=*7 + ^, the axis 

b b 

of z being vertical, and if z^ the greatest and least heights of the curve 
in which the surface of the fluid meets the vessel, prove that 


*8 2 , 


where c is the distance between the vertices of the two paraboloids. 


15. A cylindrical diving-bell is suspended with its axis vertical at a depth 
such that the water rises half-way up the bell : find the least distance of the 
centre of gravity of the bell from the centre of its upper surface, consistent 
with the condition that the equilibrium may be stable with reference to an 
angular displacement of the axis* 
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16. Incompressible fluid is at i*est under the action of force.s 




ro-spectively parallel to tlie axes, and a ])article, the density of whioli is less than 
that of the fluid, is placed anywhere in the surface 




prove that, neglecting the resistance, the velocity of the particle when crossing 
the surface detiiied hy the quantity vi' varies as 

Jm' -'in. 


17. An elastic spherical envelope is in equilibriiun when it contains air at 
twice tho atmosphei’ic density, and its ratlins is twice the natural size ; if the 
barometer fall of an inch, iind th('. tune of a small oscillation in the mag- 
nitude of the enveloiie. 

18. A right cone rests in a vessel ci»ntaitniig oqiuxl depths of two given 
fluids, with its vortex fastened to the lK)ttom and its axis vortical. Find the 
condition for stable equi librium. 

19. A straight uiiifonn rod consisting of matter attracting as (dist.)~> is 
siirrouiided hy fluid at rest subject to its attraction only ; shew that the 
differential equation to the meridian sections of the surflices of equcxl pressui-o 
can be put in the form 

g.v.+iog;=o, 

/ being the distances of the point (cp, //) from tho ends of the rod, and ^ the 
angle subtended hy the rod at that point. 


30. A porti<ni of a })araholoid, latus rectum 4a, is cut off hy a plane ^ler- 
potidicular to the axis at a distance 3a from the vortex ; if tho. vertex of the 

piraboloid bo fixed at a depth a beneath the surface of a lupiid, show that 

it will rest with tho focus in the surface if tho ratio of the density of the liquid 
to that of the solid he 739 : 232. 


21. A imias (Af) of fluid, in which the density at any point in the pm of a 
given constant quantity and a quantity bearing a given con.stant ratio to the 
pressure at that point, revolves about a fixed axis with a given constant angular 
velocity, and is attracted to a point in that axis by a given force which varies 
as the distance : find the fonn of the free surface ; and sht'.w that its least seml- 
<liameter {h) is detcmiiued by the eq\iatiou 

fh 

A/=:'ni I e r- 
JO 

where m and c ai’e given constants. 

22. A centre of force, repelling inversely as the square of the distance, lies 
below the surface of a homogeneous inehtstic fluid, which is also acted on by 
gravity and is at rest : the intensity of the force, at a point in the surface of 
the fluid vei-tically above its centre, is ^ual to that of gravity : prove that the 
|ud;emal surface of tho fluid has a horizontal asymptotic plane, and that the 
iS^re of force is environed by an internal cavity, the suiiimit of which is at 
me external surface of the fluid. 

Find the volume of the cavity in terms of its length. 
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23. A right prism on a square base has another prism, also on a square 
base, attfiched to it, so that tlieir axes arc coincident and sides parallel, and 
the whole floats on a fluid with their common plane in the plane of flotation. 
If the sides of the bases of the two prisms are in the ratio 2 : 1, find tlicir 
limiting heights in order that the equilibrium may bo stable. 

24. A heavy cube is moveable about an axis, which pa.s.ses through, and 
bisects, the opposite sides of one face; this axis being fixed horizontally within 
an emxjty vessel, so that the cuIks is .susi>onded in the position of equilibrium, 
find the depth to which fluid must poui*6d in, so as to render the equi- 
librium unstable, and the greatest ratio of the densities of the cube and fluid, 
that tliis may be possible. 

Supposing the cube half immei'sed and the eipiilibrium stable, find the 
time of a small oscillation. 


25. A cylinder whose axis is vertical is floating in a fluid in which the 
density at any point varies as the w*** jiower of the ilepth ; the cylinder is 
depressed till its upper end just coincides with the surface of the fluid, and on 
being lot go it rises just out of the fluid ; shew that, when the cylinder was 

J 

floiiting, the depth immersed was to the height of the cylinder as 1 to (»-f 2)”+^ . 

26. The height and latus rectum of a uniform paraboloid of revolution ai-c 
h and ly and its specific gravity with ix^siioct to a fluid in which it is floating is 
s \ shew that there will certainly be only one position of equilibrium with the 
vertex immersed if 


27. If a vessel of thin material, in the shape of a paraboloid of revr^lution, 
contain liquid, show that the equilibrium will be always stable, provided the 
density of the fluid inside be greater than that without ; the weight of the 
vessel being neglected. 


28. A frustum of a cone floats with its axis vertical in a liquid of twice its 
own density. Pnivc that the oquilibrium will be stable if 


h^< — , , where 

1 ((|S+6S)t 


h being the height of the frustum, and b the radii of its ends. 

Also if it float with its axis horizontal the equilibrium will be stable if 

a^+4ab-\-b’^ 


42 > 


29. A vessel in the form of a cube of side 12a containing Ihpiid is placed 
so as to rest on the top of a perfectly rough fixed sphere of radius 5a ; neglecting 
the weight of the vessel, prove that for displacements in planes parallel to the 
vertical fixees there will be stability i)rovided the depth of the liquid is between 
4a and 6a. 


30. An isosceles triangular lamina, of which the sides A By AC are equal, 
floats with the angular i)oint downwards in a liquid of which the density varies 
as the depth : if .<4i> be peri)endicular to BCy prove that if the lamina can float 
with the line AT) inclinecf at an angle 6 to the vertical, B is given by the 
equation 

81cr sin3 6 = 64p cos^ a (sin® $ - sin® a)®, 

where 2a is the angle BAG, a is the den.sity of the lamina, and p is the QeiisK^ 
of the liquid at a depth equal to AB or Au. 
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31. A solid of revolution floats with its axis vertical, and is sunk to 
different depths l>y placin'^ weights at a fixed point of its axis. Find the form 
when the equilibrium is always neutral. , 

32. If a body float at rest, shew that for any displacement, consistent with 
the condition that the weight of the fluid displaced be equal to that of the float, 
the difference of the distances of the ccnti’es of gravity of the float and of the 
fluid displaced below the surface of the fluid will, in general, be a maximum 
or minimum according as the equilibrium is unstable or stable. 

Moreover if ^1)C this difterence, and the body be symmetrical with respect 
to a vertical plane, perpendicular to the line about which the displacement 
aforesaid is made, ami 6 be the inclination of any fixed line in the body and in 
that plane to the vertical, the time of a small oscillation will be that of a 

simple pendulum of which the length where k is the radius of gyration 

about a line through the centre of gravity parallel to the axis of displacement. 
Mention any conditions which limit the generality of those theorems. 


33. An ellipsoid floats with the legist axis (2c) vertical in a fluid of twice 
its density, and makes small oscillations in a vertical plane about a point in 
the major axis (2a) which is fixed. Shew that the period is 


27r 




8 Jr>ic‘*i-fa2-fc2 


where k is the central distance of the fixed point. 


34. A pneumatic railway carriage can move freely without friction in a 
tunnel which it exactly fits. It is place<i at rest at one end, and an engine 
begins to exhaust the air at the other, pumping (nit ecjual volumes in cc^ual 
times. Shew that at time t the distance of the carriage from the end to which 
it is travelling is determined by an equation of the fonii 
iPx . ... 


35. A solid of revolution possesses this property. A portion being cut ofl^’ 
by a plane perpendicul^ir to its axis and immersed vertex downwards in a 
liquid and then displaced through a small angle, the moment tending to restore 
equilibrium is independent of the amount cut off. Shew that, if y =/ (a?) be the 
generating curve, to determine / we have 

[/(^)f [1 +{/ [/{^+/(^')/ W}P, 

p being the density of the solid compared with the fluid. 

3fl. From a solid hemisphere, of radius r, a portion in the shape of a right 
cyliniler, of height /#, coaxial with the hemisphere and having the centre of its 
base at the centre of the hemisphere, is i-emoved. Into this portion is fitted a 
thin tube which exactly fits it. The solid is placed with its vertex downwards 
in a fluid, and a fluid, of density p, is poured into the tube. Find how much 
must be poured in, in order that the equilibrium may be neutral ; and if the 
tube be filled to a height 2A, shew that 

p_r4-2624a 

’ 

4 being the density of the solid. 

37. A solid body is floating in a liquid of variable densit^r and its position 
is slightly changed so that the mass of liquid displaced remains unalter^. If 
/ («) be the density at -a depth 2 , and (a?, y, the co-ordinates of any point in 
the immersed surface of the body, referred to the surface as the plane xy^ prove 
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that the point in the plane of flotation about which the body turns is the 
centre of gravity of that plane treated as a lamina, the density of which at the 
point (07, y) is/(«). 

38. A cup whose outside surfSawso is a paraboloid of revolution of latus rectum 
and whose thickness measured horizontally is the same at every point and 

very small compared with ^ has a circuhu* rim at a height h above the vertex, 
and rests on the highest point of a sphei'e of radius r. If water be now poured 
in until its surface cuts the axis of the cup at a distance A4 from the vertex, 
and if the weight of water l)e four times that of the cup, snew that the equi- 
librium will be stable, if 

h 

l^2r+r 

39. An isosceles triangular lamina ACB is at rest with its plane vertical, 
and its vertex C fixed at a d^h c below the surface of a liquid, the density of 
which varies as the dejith. If the density of the lamina be the same as that 
of the liquid at the depth d, and if B lie the angle which the altitude h of the 
triangle makes with the vertical, prove that 

(d + a) cos-* (d — a) « 3c* cos* a cos B, 

the angle ACB lieiiig 2a. 

40. A hollow cylinder of height 24 and radius c with both ends closed con- 
tains water, and is ]>laced with the centre of its base in contact with the highest 
point of a rough s^ihere of radius r ; the weight of the water is equal ti> that of 
the cylinder ; shew that the ^uilibrium will l)o stable if the water oocui)y a 
length of the cylinder which lies l)etwcon the roots of 

2.t?* ~ 4 (2r — 4) .37+ c*»0. 

41. A weightless shell in the form of a paraboloid of revolution rests in a 
similar shell, the jiarameter of whicli is double that of the former, and contains 
fluid whose density varies as (depth)". Find the depth of the fluid in order 
that the equilibrium may be neutral. 

42. If when the barometer stands at 30 inche.s, the specific gravity of 
mercury being 13*596 referred to water, of which a cubic inch weighs 252*77 
grains, a cubic yard of atmospheric air is compressed into a vessel containing 
a cubic foot, find approximately the numerical measure of the energy stored 
up therein. 

43. The expansions of water and glass are given by the formula) 

F4{l+a(^-4)2}, and F,- ^ 0(1 +5a0, 

where t is the temperature centigrade. If a water thermometer be constructed 
and graduated in the same way as the common mercurial thermometer, prove 
that except at the freezing and boiling points it wdll always give too low a 
reading ; that that reading will be negative from O'* to a little over 13“ ; and 
that the error will be a maximum when 6a^* + 2^=100. 

44. A quantity of air, whoso density is p and pressure p, is enclosed in a 
spherical vessel. Shew that if a centre of force be plackl at the centre of 
the sphere the density at a distance r from the centre will bo 

s 

»i+l g* j ® __ 

3 3^^ [p(w + l) 

the intensity of the force being supposed so great that the density of the air 
in contact with the vessel may be neglected. 



B. H, 
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45. The pressure and density of the atmosphere at the earth’s surface being 
po, pQ and the temi)erature at higher iM)iiits varying inversely as the wth power 
of the distance from the centre of the earth, prove that the pressure p at a, 
distance r from the earth’s centre is such that 


where a is the radius of the earth. 

If ?i = l, shew that a spherical billoon of material equally extensible in all 
directions will have its volume greatest when r is given by the eqiuitioii 

( w-n 

2X 





where 7 n— X is the modulus of elasticity, and c is the unstretched radius 
Pi) 

of the l)alloon, it being just filled and unstrctched when it leaves the ground. 


46. A balloon is at a certain moment at a height descending with 
velocity T, and moving horizontally with a velocity V' equal to the velocity of 
the wind at that height. If the velocity of the wind be proportional to the 
height, and if with a view to descending at a particular spot the escape of the 
gas be regulated so as to keep the velocity of descent constant, prove that a 
miscalculation dh in the initial height will pi*oduce in the point re#iched an error 

!H-Jc*-e-''(l+c)}, whcrec= |^. 


47. Prove that the work done during the (w + 1 )th stroke of a Smeaton’s 
air pump, supposing the expansion to be isothermal, is equal to 

A being the volume of the receiver and B that of the barrel. 

48. The condensation being isothermal, find the work done during the wth 
stroke of a condenser. 


49. Prove that if a receiver of volume A is charged with air by a con- 
densing pump of ca])acity B so rapidly that the loss of heat by conduction 
may be neglected, the pressure of air in the receiver after /t strokes will be 
(I +nB/A)y times the pressure of the atmc»sphere; and deteraiine the tem- 
perature 111 the receiver and the work done in compressing the air. 

Determine also the pressure of the air in the i*eceiver after thermal 
e(pnlibrium by conduction is re-established. 


50. A solid spherical nucleus of given mass and radius is surrounded by a 
gravitating atmosphere of elastic fluid {p = Kp). Prove that the equation 
determining the iiressure is 


dp\ 
dr \/? dr) 


+ fjr^=0. 


Find the conditions that the pressure may be of the form ■ 


51. Assuming that the surfaces of equal density in the interior of the 
earth are concentric spheres, and that the pressui*e is connected with the 
Ic 

density by the formula jt?=- where pa is the density at the surface, 


prove that 
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where a is tho radius of the earth, and r the distance of the j>oint under con- 
sideration from the centre. The gravitatimial unit of mass is here used, and 
the effect produced by the earth’s rotation is neglected. 

52. A solid is composed of two cubes, symmetrically joined together, but 
of different material and size. It floats with the common plane in the surface 
of a fluid. Find the condition of stability. 

53. A solid in the form of a paraboloid of revolution floats with its axis 
vertical ; if the centre of gravity coincide with the metacentre, prove that tho 
equilibrium is stable. 

54. A solid in the form of a paraboloid of revolution floats with its axis 
vertical in a liquid, the density of which is n times that of tho paraboloid. If 
the height h of the paraboloid is such that its centre of gravity is above tho 
metdcentre at the height <?, prove that thei*o is a position of equilibrium in 
which the axis is not vertical, and the bise is entirely out of the liquid, if 

55. A ship of mass M has its sides in the neighbourhood of the water’s 
edge vertical : the depth of the centre of gravity of the water displaced is z 
A sin.ill extra load 6M is placed symmetrically on the shij), wliich sinks 
through a distance Z ; and I becomes -e + dc. Prove that, retaining the squares 
of small quantities, 


5(j. A homogeneous ellipsoid floats in a liquid with its least axis COC' 
\ crtical, and a weight of that of the ellipsoid, fixed at the upper end U, 
such that the plane t)f flotation passes through the centi-c. Prove that, if it 
be turned about the mean axis (/>) tlirough a finite angle the moment of the 
couple which will keep it in tliat position will be 

w {c - <te^ cos cos® B) ^ 4} sin B, 

where e is the eccentricity of the section (a, c). 

57. A mass of m tons placed amidships at the distance c from the medial 
line on the deck of a vessel, whose total displacement is fi tons, is observed to 
heel it over through a small angle B ; shew that for the unloaded ship the 
height of the metacentre above the centre of gravity is approximately equal 
to runlfiB ; and that this expression may be made correct to tho second order by 
adding to it 



where b is the height of the centre of gravity of m above the water line, /^ is 
the depth of the keel, and A and I ai*e the area and moment of inertia of tho 
section at the water line, supposed to lie approximately known. {Tripos^ 1 886 .) 


58. A small spherical cavity (radius =/2) in an attracting mass is filled 
with homogeneous incompressible fluid, and the attraction at the centre of the 
sphere is evanescent : jirove that the fluid pressure at the centre ctinnot be 
less than - Jpc/2®, and the total pressure on the surface of the cavity not less 
than - (c+^TTp) 2n-pA!^, where p is the density of the fluid, and, U denoting 

the potential of the attracting mass, c is the least algebraical value of ^ at 

the centre for an element ds drawn in any direction from tho centre. 


59. A cylindrical water-tank is free to swing on a horizontal axis which is 
a diameter of one of its cross sections, situated l)elow the middle of its height. 
Shew that it will hold less water before it tips over, if the surface of the water 
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is free than if it is held by a lid fixed to the tank. If in the former case the 
water may rise to a height H above the axis of free rotation, shew that in the 

latter it may rise an additional height where the moment of 

inertia of the cross section, of area A, with respect to the axis of rotation, is 
Ak\ 

60. Two spherical closed Mloons of equal weight and radius a, one made 
of inextensible material, the other of extensible material whose modulus of 
elasticity is are Mled with equal amounts of the same kind of gas at 
atmospheric pressure n. They are supported at the same height at the ends 
of a light string which passes over a smooth pulley. If the stiing be cut, shew 
that the difference of the heights of the balloons when in equilibrium will be 

3ll T 3ll Td 

’ log where r is the real root of the equation r®-ar2- ' „«:0, T’ is 

ffp ^ SngpE 

the tension of the string, and p the density of air at pressure n, the tern- 
]ieiature being supposed constant. 

61. An elastic unstretched circular membrane is attached by its circum- 
ference to a rigid ring, and, being acted upon on one side by fluid pressure, 
takes up the form of a surface of revolution. It is found that any small squai’e 
traced on the unstretched membrane with one side along a radius is distorted 
into a rectangle with its sides in a constant ratio ; prove that the new form 
of the membrane must be a cone, and find the law of the fluid pressure upon it. 

62. Given that the surface tension Tof water is 81 dynes per centimetre 
at 20° C., and that dT/dt— - 37550, investigate the coefficient of expansion of 
a soap-bubble as the temperature t rises. 

63. A drop of viscous fluid rotates uniformly about an axis through its 
centre, and is under the action of no forces beyond its surface tension. 
Assuming that the form is that of a surface of revolution, and measuring j/ 
from its centre along the axis of revolution, prove that the meridian curve is 
given by the equation 

^ 

where a is the equatorial radius. 

64. A tube in the form of a right circular cylinder of natural radius a is 
made of a perfectly flexible material, which is inextensible along the generating 
lines but elastic along the generating circles. Two discs just fitting the tube 
are firmly fastened to it at its ends ana then gas of a given pressure is forced in, 
the discs being free to approach each other; prove that the differential 
equation of the meridian section is 

where 7fi is a fiinction of the elasticity and pressure. 

For all pressures the principal radii of curvature of the tube at the discs . 
are in the ratio of 2 to 1. 

For different initial lengths of the tube, the maximum curvature of the 

w /I 

meridian section at the broadest point ^ ( 2 "* w other principal 
curvature being 



65. A spherical soap-bubble of mass m contains air which obeys Bpyle’s 
Law : and the tension (0 of the film does not vary for small changes of radius. 
The film is performing small oscillations about its position of equilibrium. 
If the film be not distorted from the spherical form, ^ew that the time of an 
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oscillation is \ where the inertia of the air is neglected and the bubble 

has been placed in a vacuum. 

66. A closed surface is formed by the revolution of a catenary of para- 
meter c round a chord parallel to the directrix and distant h from it. If it be 
ftlled with liquid of density a- which rotates round the axis with uniform 
angular velocity and be immersed in the same liquid, a small aperture at 
one of the angular points allowing communication between the exterior and 
interior liquid, prove that the principal tensions at the distance r from the 
axis will be 

r)/8c, and (ra>*r3(4j{r-5r)/Sc. 

67. If the particles of a spherical soap-bubble, of radius r and tension 
rei)el each other according to the iaw of the inverse square of the distance, and 
if Fbe the potential, prove that 

68. Into a spherical brass shell, of radius « , water is forced until the radius 
of the shell is found to expand to r. Having given that the coedicient of 
elasticity of the shell for stietching is and that the compressibility of water 
is X ; shew that the quantity of water in the shell is 

where p is the density of uncompressed water. 

In the previous question you are given a =4, centims. : and the 

following data : — 

The compression of water for 1 atmos. (1 mcgadyne jier sq. cm.)« *5 ; 

thickness of shell = *5 mm., and a brass wire of 1 sq. mm. section lequires a 
force of 9000 megadynes to double its length, if its elasticity remain constant. 
Determine the measures in C.G.S. units of the quantities involved, and thence 
shew that the mass of water in the sphere =535 grams approximately. 

69. A hemispherical bubble is floating on water. Assuming that its radius 
is such that the ratio of the difference of the internal and external pressures 
to the external pressure is a small quantity whose square may be neglected, 
And the form of the water surface inside the bubble, and shew that its greatest 
depression below the external water surface is 



where r is the radius of the bubble and the ratio of the surflice energy for 
air and water per unit area to the weight of unit volume of water. 

{Mr Burmide,) 

70. Giffard’s freezing machine consists of two cylinders, the pistons of 
which work on to two cranks on the same shaft, driven by an external source 
of power, and of a large air I’escrvoir which is always maintained at the tem- 
perature of the external air. In the first cylinder air is compressed till its 
pressure is the same as in the reservoir, when valves open and the air pMses, 
as the stroke is completed, into the reseiwoir. The second «md smaller cylinder 
acts as an engine receiving compressed air from the reservoir for such a portion 
of the stroke thsit being expanded for the remainder of the stroke it is dis- 
charged at atmospheric pressure, but at a lower tempjerature. If Vi and 
be the volumes of the cylindera, and if the compression and expansion be 
supposed adiabatic, prove that the work done during each stroke in the first 

cylinder is n Fi ^ ^ — y~ , and in the second cylinder is U ^ ^ ( Fi - T’i), 

n being the atmospheric pressure. (Dr Hopkirmn,) 
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7J. A spherical homogeneous solid earth, supposed to be fixed, is siir- 
roimdod by a shallow sea, which is attracted by a distant fixed body ; prove 
that, iieglectiiig the attraction of water on itself, the surface of the sefi will 
remain spherical, but that its centre will deviate from the centre of the earth 
by a disbince amounting to the same fraction of its radius that the attraction 
of the disturbing body is of the attraction of the earth on an element of the 
liquid. 

72. If the eartli be supposed spherical and covered with an ocean of small 
depth, and if the attraction of the piirticles of water on each other be omitted, 
the ellipticity of the ocean spheroid will be given by the equation, 

2 ^ centrifugal force at the equator 
force of gravity at the earth’s surface * 

73. A small quantity of fluid is spread over the surfice of a material 
prolate spheroid. Sliew that the free surface of the fluid is also a spheroid, and 
that the depth of the fluid at the cqimtor is to the depth at the pole as the 
major axis of the spheroid to the minor. 

74. If the earth be completely covered by a sea of small depth, prove that 
the depth in latitude I is very nearly ^ual to jET (1 -csin*^^), where H is the 
depth at the equator, and e the ellipticity of the earth. 

75. If the i>articles of a ma^s of liquid, rotating luiifomily about a fixed 
axis, attract one another according to such a law that the suifaces of equal 
j)rossure are similar coaxial oblate spheroids, prove that the resultant attrac- 
tion of a spheroid, the particles of which attract according to the same law, is 
the resultant of two forces perpendicular to the eqiuitor and the axis of revo- 
lution respectively, and varying as the distance of the attracted point, 
1 ‘espectivcly, from the equator and the axis. 

76. In the case of Art. (194), prove that the mean pressure throughout the 
liquid is ^ of the pressure at the centre of the ellipsoid : and if the equation 
of the free surface is 

^•2/a2 2-2^^^ -- 1 ^ 

and the mass of the liquid is Jf, jirove that the kinetic energy t)f the system is 

where A, B, 0 are the forces at the ends of the axes a*, y, 2 due to the attrac' 
tiou of the liquid, the rotfition being round the axis of s. 

77. In the case of Art. (188), find the pressure at any point of the interior 
of the liquid mass when X is so small that powers beyond may bo neglected. 

In this case, if n is the ellipticity, prove that the pressure on the equatorial 
plane will be approximately equal to (5 — 69i)(7rpa^'^/lli astronomical units of 
force, where a is the equatorial radius. 

78. An infinite mass of uniform gravitating liquid of density 0 surrounds 
an infinitely long thin rigid cylinder of which the section is an ellipse of axes 
2a' and 2b', The liquid and the cylinder rotate with uniform angular velocity 
o) about the axis of the cylinder ; })rove that a possible form of the free surface 
of the liquid is a confocal elliptic cylinder of axes 2a and 26, such that 

tt>2 (a + 6)*=47rp {oh - a!h'). 

79. A mass (i/) of homogeneous liquid revolves in relative equilibrium 
about a fixed axis with a uniform angular velocity such that the ellipticity (e) 
of its surface is small. If the part p,M of the mass were collected into an in- 
finitely dense material point at the centre, and the density of the remaining 
XMirt (1 — /Lt) M wei*e diminished in the ratio of 1 to 1, find what would be 
the ellipticity of the new surface of equilibrium, supposing the time of rotation 
to be the same as before. 
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80 . A solid ellipsoid of uniform density being supiwsed to revolve round 
its lefist axis of figure, and to carry with it a surrounding envelope of homo- 
geneous liquid of diftercnt density, the entire mass attr^ting according to the 
law of nature, it is required to find the conditions requisite for the permanent 
assumption of the ellipsoidal form by the free surface. (Prof. Townsend, Math, 
of Ed, Times^ Vol. xxxv.) 

81 . A number of solid spheres of density p + <r arc in equilibrium in a fluid 
of density p, the whole filling a hollow sphere. Prove that, if the whole mass 
be gravitating, the centre of mjiss of the spheres must bo at the centre of the 
hollow sphere ; also that, if there be only two spheres, the pressure between 
them at their point (»f contact is 

where a, h arc the radii of the spheres. 

82 . In the interior of an otherwise solid honit)geiicous ellipsoid there exists 

a concentric spherical cavity full of incompre^sii)le and homogeneous fluid, 
the whole matter attracting acconhng to the law of nature. Shew that the 
surfaces of equal pivssure arc conicoids ; aiul that, if P be any point of a 
determinate sui*face of the system, the resultant fluid pressure across the plane 
drawn through the centre O periiendicular to PO is where K 

are constants deiiending on the surface of ccpial pressure chosen. 

83 . Shew that a diving bell suspended by a chain and totally inimcmed 

in the water will not remain with its axis vertical unless , 

is positive, where W and W' arc the weights of the bell and the fluid displaced 
by the air inside, V the volume of the air inside, « the s.Q. of the substance of 
the bell, Ak^ the moment of inertia of the cross section at the level of the 
water inside, d and d' the depths of the centre of gravity of the bell and the 
volume rbelow the point of the bell to which the chain is attached. 

84 . A diving bell is bounded internally by a paraboloid of revolution ; its 

height is b and the radius of the base a. When the depth of the base l>elow 
the surface is prove that the water will have risen a distance A in the hell, 
whei*e * 

H being the height of the water liaromcter. 

Also if the bell, supposed wholly submerged, be displaced through a small 
angle d, prove that the righting moment is 

{C-nagd^ (/>-/i)2(4&2-4M4*3a2)/1262} e, 
where C is a constant, independent of A, and cr the density of water. 


85. A number of liquids of densities pi, p 2 , Pn are in equilibrium in 

a gravitational field of force. Prove that the work done against the fluid 
pressure in slowly pushing a solid sphere whose volume o is small in comparison 
with that of each of the liquids, and which is originally completely immersed 
in the outermost liquid p„, until it is completely immersed in the innermost 
liquid pi, is approximately 


v {( P- 1 F2) Pi + (1 P2 - 2 P3) P 2 + — — 

+ (n-2^ l^n)p»-l + (w-l 


Pn-nPn}, 


where P, P' are the potentials at the centre of the sphere in its new and 

original positions, ancfi Pg, 2 P3, «-i P»i are the potentials at the surfaces 

of separation. 
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86. Two lioiuogciiooutt Mpheres, of i*adii h and V and of densitioH or and a-', 
are iiimicr»ed at i*est in an incoinpresaible honiogcneou.s fluid of den«ity p, the 
masses being measured in gravitational units. The whole mass is enclosed in 
a rigid s])herical envelope which just contains it. Prove that all the forces of 
attiMction and pressui’c on the sphei*o of tlensity <r can he combined into a 
repulsive force — h^c from the centre of the enclosing envelope, and 

a repulsive force * from the centre of the other sphere ; 


wliere c, d are the distances of the centre of the sphere considoi’ed from the 
centre of tlie envelope and the centre of the other siiliere. 


87. An attracting mass of which the surftice is an equiiioteiitial surface is 
surrounded by fluid whose attraction on itself is neglected : prove that the 
pressure at any [uunt is less than the pressure at the surface by 

where Jl is the resultant force, M the total attracting ma-ss, p, the constant of 
attraction, and tlie integratitui is througlmiit the volume between the two 
surfaces of eqiii pressure. 


88. A homogeneous gravitating solid of volume \7r//"and density /i-fo, in 
the form of the ren/ nmcly ^ptierind ellipsoid 

S = a - + hf + rz^ + + ’2/ij:y — I , 

is surrounded by gravitating liquid of volume {FP — /d) and density p. 
Shew th«it a possible form of the tree surface when th(^ system is in equili)>riuni 
is the clliiisoul 

-f (.v“+//- + :-0|, 

where X (2//‘*p + O/i-V). 


8J3. A small arbitrary displacement is given to a [lerfcct fluid at every 
point of it, the components of the, tlisplacemont of any point parallel to the 
axes Insing d.r, 5//, bz ; where are arbitriiry continmuis functions of .» v:. 

Prove that the total work done by the pressure throughout tlie volume is 




whore is the pressure at any point and the integration is taken throughout 
the volume. Hence prove that the conditmn for the e(|uilibriuui of the fluid is 
djt ~p(Xd:c-^ Vdy-^Zd:) ; 

■where p i". the density and A”, V, Z the comiM)iients of the attractive force per 
unit mass. 
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